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PREFACE.

HE Analyfis explain’d in thé§ ™
following Work fuppofes the
common Analyfis, but is of a

§ very different Nature from it;
the latter being confin’d toFi-

[ I nite Quantitics, whereas the i

’ - former extends to Infinity it-

* felf. By means of this Analyfis we compare

. the infinitely fmall (Differences or) Parts of fi- ]

. nite Magnitudes, and find their Ratio’s to each |
Lother; and hereby likewife learn the Ratio’ssl
tof finite Magnitudes, thofe being in reality (o ¢
% many infinitely great Magnitudes, in refpect ;
. of the other infinitely fmall ones. This Ana-
1 lyfis may ever be faid to gobeyond the Bounds

of Infinity itfelf; as not %cing confined to in- %

- finitely fmall (Differences or) Parts, but difco-

vering the Ratio’s of Differences of Differen- |,
ces, or of infinitely fmall Parts of infinitely -
fmall Parts, and even the Ratio’s of infinitely
fmall Parts of thefc again, without End. So L ~_ -
that it not only contains the Doérine of Infi-
mites, but that of an Infinity of Infinites. It
is an Analyfis of this kind that can alone lead
us to the Knowledge of the true Nature and
Principles of Curves: For Curves being no o-

A2 ' ther
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ther than Polygons, having "aff mﬁm{c Num-

.. Ber of Sides, and their Differences arifing, al- )

~t‘b’glcthcr from the different Angles which their

infinitely fmall Sides make with éacli othery it
is the Doétrine of Infinites alone tha® muft-en-

_ablé us to determiné the Pofition 'of thefe Sides,

in order to gef the Curvature formed by them;;

. and€hencethe Tahgents; Perpéndiclirs, Pdints

ofu Inflexjon?and Retrdgreflion, refleéted and

'refralted Rays, {J¢. of the Curves.

. Polygons, circumfcribed about or infcribed

‘in Curves, whofe Number of Sides infinitely
augmented till at laft they coincide with the

Curves, have always been taken for the Curves
themfelves. But the Notionrefted here, with-
out farther Improvement, for many Ages: And
it was the Difcovery of the Analyfis of Infi-
nites that firft pointed out the vaft Extent and
Fecundity of this Principle.. )
What the Ancients, and particularly “Ar-

 chimedes; have done heréin,- may cldim’out’

Wonder ;_‘but. then’ they have ofly? confi--

"déi*d a'féw. Curves, "and thofe too, flight-
‘ly endugh :*Théy have left us lirtle other than .

a Courfe ‘of particular Propofitions, which give

'no Indication of any’ uniforin and' confiftent
‘Methdd.. Yert ought they by no!means to be
‘reproachied on this fcore, confidering the great

Force of Genius ¥ they thew’d in penetrating

‘fuch Obfcurities,: and_fetting foot-in’ 4 Land

utterly unknown before ! If-they did not tra-

* Though I bave twice or thrice read over Archimedes’s

"Treatife of Spirals with the utmofft Attention, to compre-
< hend the Art employ'd in bis fubtle Demonfirations relating

20 the Tangents of Spirals, yet cowd T wever rife from bim

without fome [ufpicion. that I bad mot bere taken the whole
" Force of the Demonfiration,&c, BuLL1ALDU 5 Pref,
. d¢Lineis Spiralibus. SR

- vel

{
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PREFACGE

wel far, nor took the moft dire&t Way, yet
whatever Vieta * may imagine, they did not
deviate far; and the more difficult and thorny
the Routs they took, the more furprizing it is'

" they were not loft. In a word, the Ancients

appear to have gone as far as their Time could
sdmit of,; and dane the-fame that our later Ge-
nius’s would, - if under the fame Circnmitan-
«es:"And had'the An¢ients lived in ours, it is
Jeafonable to. believe, they would have had our
Views; this being a Confequence of. the natu-
1l Equality we find in'Genius’s,..and the' ne-
ceflary ‘Fime requiredfor ' the Succeffion of
Difcoveries. -, *Tis. therefore.ng Surprizé the
Angients have not gone farther, in this Affair;

- but.veyy ftrange indeed .that great Men, un-

doubtedly a5 great as apy of the Apcients;:thou’d
fo long h);vegfat dowag.yhctc,-' and:with. a kind
of {uperftitious Veneration contented thiem-
felves to read and comment the W orks of An-
tiquisy, without allowing-themfclves any other
Ule of their Faculties, than barely ferv’d them
as Followers, that durft not think for them-
felves, or carry their Views beyond the Difco-
veries of their Predeceffors. ,

- Inthismannér magy employ’d themfelves; they

wrote; the Number of Booksincreaed, yet no

farther Progre(s made; the Labours of many Ages
feving anly to fill the World with obfequious
Comments and multiplied Tranflations of O-

ngingls, that in themfelves were often worth- -

Such was the State of Mathematicks,
and principally of -Philofophy, till the Time
9f Defcarres; who,-at the Inftigation of his

’81 tie;&Archimedes, Salleciter conclufit Euclides, @r
suppl. Geom. . . . .

A3 g
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great and commanding Genius, left the Anci-
ents, to follow the fame Guide, Rea/on, that
had conduéted them: And this happy Bravery,
tho’ treated as a Revolt, was 'folgpw’d by an
infinite Number of new and ufeful Views, both
in Philofophy and Geometry. People now
begun to open their Eyes and think for
themfelves.

"To keep to Mathematicks : Defcartes
‘here began where the Antients left off,
@iz. with the Solution of a Problem, at
which, according to Pappus, { in Cellez. Ma-
them. Lib. 7. at the Beginning ] all of them
ftuck. ’Tis well known to what a Pitch he
carried ‘Algebra and Geometry, and how eafy,
by the Introduétion of the former into the lat-
rer, he has render’d Solutions of innumerable
Problems, which no one before him "could

mafter. But as he principally applied himfelf

. to the Refolutions of Equations, Curves were
by him confider’d no farther than as they might
affitt him in finding their Roots: So that com-
mon Algebra being fufficient for this, he did
not endeavour to find any other, except in the
Bufinefs of drawing Tangentsto Curves, where
he has happily applied it; and the Way he
difcover’d for that purpofe appear’d to him fo
excellent, that he 'cEd not fcruple to fay,  this

* Geom. < Problem * was the moft uchﬁll and general,
Lib. 2.  not only that he then knew, but even that
[ he ever had a Defirc to know in Geome-
(44 t Add ) .
The Geometry of Defcartes having brought
the Conftrution of Problems by the Refolu-
tions of Equations into great' vogue, and %i-
ven a confiderable Infight into the Affair, the
major part of Geometricians now apply them-
. felves to ftudy and improve it with thcilr) ic‘gcwn.
o-

A



PREFACE
Difcoveries, which thus daily advance it to-
wards Perfoltion.

Monfieur Pafchal indeed directed his Views
ite another way: He examined Curves in
elves; and under the Form of Polygons,
found out the Lengths of fome, the Spaces
contained under them, the Solids defcribed by
thofe Spaces, their Centres of Gravity, (3.
And from a bare Confideration of their Ele-
ments, that is, their infinitely fmall Parts, he
difcovered fome general Methods relating there-
to: Whichare the more furprizing, as he feems
to have come at them without Algebra, by
the fole Foree of Imagination. :
- Soon after the Publication of Deféartes’s
Method of Tangents, Monfieur De¢-Fermat
difcovered another, which Defzartes himfelf
at length allows, (Se®. 5. Tom. 3.) to be
more fimple than his own on feveral Occa-

Barrow afterwards made it, from a clofe Con-
fideration of the Nature of Polygons, which

fions. Yet this itfelf is not fo fimple as Dr. %

vﬁ

maturally reprefent to the Minda little Triangle? -

confifting of a Particlc of a-Curve, (contained’;
between two infinitely near Ordinates,) the ;
Difference of the correfpondent Ab{cifs’s ; and}
this Trriangle is fimilar to_that formed by the
Ordinate, Tangent, and Subtangent: So that’
? one fimple Analogy, this Method of Dr.*
arrow's performs the Bufinefs, without the
Calculus required in the Method of Defcartes
and De Fermat. o ’
Dr. Barrowrefted not here: Healfoinvented
a kind of Calculus fuitable to the Method,
(Le&. Geom. page 80,) tho’ deficient as well as
that of Defcartes, in clearing Equations of
FraQtiops and Surd Quantitics. :
. Ag The
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The Defett of this Method was fupplied
by that of Mr. Leibnitz’s, * [orratherthe great
Sir Ifaac Newton.1] He began where Dr.
Barrow and others left off: His. Caleulus has
carried him into Countries hitherto unknown 3
and he has made Difcoveries by it.aftonithing
to the greateft Mathematicians of Ewrope. The -
Meflieurs Bernouli were the firft who perceived
the Beauty of the Method; and have carried
it fuch a length, as by its means' to furmount
Difﬁglulticsv that were before thought infu~

rable. ' ST -
p¢This Calculus is of vaft Extent; as being
fuited to mechanical Curves, as well as geo-;
metrical on¢s. Radical Signs:are no Incum-
brance at all in it, but fomctimes 2 Conveni~
ency. . It extends to any number of-indeter-
minate Quantities; and the Comparifon of in-
finitely fmall Quantities of all kinds is perform-
ed by it'with equal Facility. Whence arife
an Infinity of furprizing Difcoveries with re-

ard to-Tangentsy as well Curyes: as right

ines, to Problems de maximis €3 minimis;
Points of Infle€tion and Regreflion, Evolutes,
Caufticks by Refletion and Refraion, &¢:
as will appear in the Work itfelf. :
. T have divided it into ten Setions; - the firft
whercof contains the Principles of the Me-
thod; the fecond fhews the ufe thereof, in
finding the Tangents of all kinds of Curves,
let what willvbehthc number of in‘c:lgermitl)latc

uantities in the Equation exprefling their
Fl\%tturcs. Tho’ ijc'l(.'migs, ggced, (gin Lib.
de Quadr. Figurar. Curvilin. part 2.) thinks it
only s;gplicablc to geometrical Curves. The
‘third thews the ufe of the Method in folving
all Problems de maximis & minimis. 'The
g . - fourth



PREFACGE.
fourth. determines the Points of Inflexion and
Retrogreflion of Curves. The fifth fhews
| bow to:find the Evolutes of Monficur Hugens
i all kinds of Curves. -The fixth and feventh
- thew the Method of finding Caufticks by Re-
- fletion and Refraétion; whereof M. Tfchirn-
. baufen-is the Inventor. : The eighth contains

~ the farther ufe of the Method in finding Points -

in Curves that touch an .infinite number of

Right: Lines, or Curves of.a given Pofition.
. The ninth contains a Solution of fome Pro-

blems that depend upon the’ foregoing Difco-
véries:* And the tct}:th exhibits f ncmvg way of
~ wfing the Calculus Differentialis, (or -Method
~ of Fluxions) in geametrical Curves:. From
whence is deduced.the Method of Defcartes

ind Hudde, which is only applicable'to fuch

h:}dotf!Curves 3 o d'8bz
- In'the 2d, 3d, 42b, 5th, 6th, 7th,and 8¢k
Setiorts; thcrc; aré iﬁdg;:d only a7f'ew Propo-
fitions: But then .theéy.are all General.. And,
18 & were, fo many Methods, eafils ‘agp'lica-
bleto any number of:iparticular Propo:
But I have only.applied them in fome feleét
- Examplés, being perfiiaded, thdt in Mathema-
ticks general Methods. are. beft; and that the
' Books-containing’ Details, or particular Pro-
Eﬁtions,. mifemploy- the Time both of the
talder add -Author. .. 'Whence I fhould not
havé added the-Problems: of the.iozh. Sé&ion,
if they were: not curions and. exceedingly ge-
neral. ‘Thus the:io#h Setion-likewfe con-
tains fisthing but Methads which’the Calrulus
Differentialis givesta the. manter.of ‘Defiartes
and Fudde,for drawing!of Tangents. .. And if
thefe are le(s general, all the precceding Me-
thods fhew, that the Fault. is not in.our Cifd-
S culus

tions. -

. e bt P




PREFACE.
culus, but in the Manner of Deféartes, wherc-
to it is confined. ' ,

On the other hand, there can be no better
Proof of the vaft Ule of our Calculus, than
this great Variety of Methods, as compre-
hendin%l the Whole of what Defcartes and
Hudde have done in the Affair of Tangents.
And the univerfal Proof it gives us of the ufe
of arithmetical Progreffions therein, leaves na
room ta doubt of the Certainty of this laft
Method. . -

I intended to -have added another Se&ion,
to thew the furprizing ufe of this Calalus in
Phyficks, and to what degree of Exaénefs it
may bring the fame; as likewife the ufe there-
of in Mechanicks; But Sicknefs has prevented
me herein. However, I hope toeffet it hereaf~
~ ter,and prefent it the Publick with Intereft. And
indeed the Whole of the prefent Treatife is on-
ly the Firft Part of the Calculus of M. Leib-
#itz, or. the Dirett Method, wherein we de-
fcend from Whole Magnitudes to their infi~
nitely fmall Parts, of what kind foever. com-
paring them with each other, which is called
the Calculus Differentialis: But the other Part,
called the Calculus Integralis, (or Inverfe Me-
thod of Fluxions,)' confifts in afcending fromy
thefe infinitely {mall Parts to the Magnitudes,
or Wholes, whereof they are the Parts. This
Inverfe Method alfo I defigned to publiths
but Mr. Leibnitz’s having wrote to me, that he
was at work upon this Subje&, in order for a
Treatile de Scientia Infiniti, I was unwilling to
deprive the Publick of fo fine a Piece, ‘which
muft needs contain whatever is curious in the
Inverfe Method of Tangents, Reétifications
of Curves, Quadratures, Inveftigation of Su-

, perficics



Newton likewife difcover’d fomething like the
“.Caleulus Differentialis, s appears by his excel-

.
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perficies of Solids, and their Solidities, Cen-

wes of Gravity, £Jc. Neither would I ever
have publithed the prefent Treatife, had he

" not intreated me to it by Letter; as likewife

becaufe I believed it might prove a neceffar
Introduion to whatever fhall hereafter be dilY-
covered on the Subjeét. :

I muft own my felf very much obliged to
the Labours of Meffieurs Bernoulli, but parti-
cularly to thofe of the prefent Profeflor at
Groenengen, as having made free with their
Difcoveries as well as thofe of Mr. Leibnitz :
So that whatever they pleafe to claim as their
own, I frankly return them.

I muft here in juftice own, (as Mr. Leib-
»irz himfelf has done, in Journal des Sgavans
for Augufty 1694.) that the learned Sir Jfaac

lent Principia, publithed firft in the Year 1687.
which almoft wholly depends upon the Ufe of
the faid Calculus. -But the Method of Mr. Leib-
#nitz’sis much more eafy and :E:ditiops, onac- {
count of the Notation he not to mcn-z
tion the wonderful Affiftance it affords on ma-
ny Occafions. .
When this Treatife was nearly printed off,
Mr. Nieuwentiit’s Performance happened to
come to hand; the Title whereof being .fna-
Jyfes Infinstorum, gave me the Curiofity of run-
ning it over; upon which I found it very dif-
ferent from mine: For the Author not only u-
fes a Notation differént from Mr. Leibnitz’s,
but abfolutely rejeéts fecond, third, ¢ Dif-
ces (or Fluxions; ) and as the greater Part
of my Book is built upon that Foundation, I
fhould have thought my felf obliged to anfwer
his

xj
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“his Objections, and -thew their Infufficiencyy
if Mr. Leibnitz’s had not already fully ‘done it .

to my hands, in the X&a Eruditorum An.1697«
P- 310 and 369. : .
To conclude: The two Poffulata or Sup-
ofitions laid down at the Entrance of this
ork as the fole Foundation thercof,.-appear -
to me fofelf-evident, a8 not to leave the Ira
Scruple about their Truth and Certaingy;on
the Mind of an attentiveRedder. They might -

‘however havebeen demonttrated after the Man-

ner of the Antients, if I had gt intended to-
be thort in things already. known,.;and-apply
my felf principally. to fuch as are new. © . -

~
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THE
TRANSLATOR

TO THE

READER

edleﬁ for me 10 fay any
in Commendation of the
r’s- Piece, the Charatter
of 'is. fo well effablifp’d :
ad be wrote likewsfe a fe-
arty or. the Inverfe Me-
. ".thod-of Flaxions; or Calculus
Integralls, ‘(as Foreigners call it) the Whole
would, no.doubt, have been an excellent lm‘rodu-
Hion 10 this admirable DofFrine. ‘
. My Déefign at*firft was to have publ _/lred fbe
Tranflation alones but confidering that it would
be imperfect withost the Inverfe Metbody I there-
fore bave fupplied ity and fbewn its Ules in the
Quadratures of Curv'd-lin'd Spaces, the Rettifi-
cations of Curves, Cubations of Solids, Quanti-
ties of their Superficiesy and the Invefligations of
Centres of Gravity and Percuffions the Whole
concluding with a few mifcellancous Problems.
- The frft Section, being a general Introduttion,
bandles the Doirine of infinite Series, which is
Jo neceffary to what follows,. that without ity &
’ - ! . P ”ﬂ”



Xiv © 7he TRANSLATOR °
Perfon can bave but a very flender Skill in the
Inverfe Method of Fluxions.

In the [econd Seétion, concerning the finding of
Fluents, you bave not only the ufual Ways of
performing the Bufinefs, (as well when they can-
not be bad in finite Terms, as otherwife,) but
likewife the Manner of ufing the Tables of the
iate learned Mr. Cotes for tiat end: By which,
and the Tables of Logarithms and natural Sines,
elegant Expreffions of Fluents may be bad,
without the Labour of throwing Quantities into
Seriesy, which in many Cafes is not a little emba-
rafing.

In the [acceeding Seétions you bave a Number
of [elest Examplesy whafe Solutions will more di-
vert than trouble, and at the [ame time [ufficient-
dy infirul? the indufivious Learner. - Among thefe
you bave the analytical Proceffes of all the Pro-
blems of Mr. Cotes, abour Quadratures, Redti-
Sicationsy Cudationsy and the Quantities of the
Superficies of round Solids, (the bare Conflructi-
onswhereof be bas given us in bis admirable Trea-
tifey entituled, Harmonia Menfurarum,) from
whence we gain the neat and elegant Confirutions
be bas given in the aforefaid Treatife.

In the Section concerning the Invefligations of
the Centres of Gravity, you will find a Mean 0b-
ferv'd in the Choice of Examples, both as to
Number and Facility of Solution: You have bere
alfo the Determination of the Centres of Gravity
of Hyperbolick and Elliptick Spaces im the Mea-
fures of Ratio’s and Angles. In the next Seé¥i-
on you have nothing new : Thofe that bave awmind
20 tryy may perbaps get mot inelegant Confiructi-
ons of Fluents, determining the Cemtres of Per-
cuffion of - Hyperbolick and Elliptick Spdces, &c.
after Mr. Cotes’s Way. -

2



tothe READER. XV

T2e firft foar Problems at the End may ferve
1o give the Learner a Tafte of the Inverfe Me-
shod of Tangents, about which I might bave been
more fully but thefe alone will teach the Manmer
-of folving others of the like nature. And it is
for this Reafon I bave given alfo fome phyfical
Problems, which may direG bim to mafier thofe
of a more difficult Kind, whenever they occur.
As the illafirious Author bas omitted the Ex-
ponential Calculus, er Manner of finding the
Fluxions of Exponential Quantities, fuch asx*
=a, X* =Y, {Jc. where the Index’s of the
variable Quantities are alfo variables thinking,
as I fuppofe, this Branch of Doltrine to be of ve-
#y little or no uft, fo I bave been filent in this
Master alfoy which it is much better to bey than
take up the Reader's Time in learning what is on-
ly mere Specuiation. Thus you bave a fummary
View of what is contained in the Appesdix. Once
for all; that I may not be thought a Plagiary, 1
freely own, many things are bere taken from Sir
Ifaac Newton, 5. ‘
. In a wordy I am of opinion that the Tranfia-
tiomy together with the Appendix or [econd Part, :
may ferve very well for an Introduiion to the ®
Doétrine of Fluxions, and will [o far qualify the
Learner, as to render bim capable of underfiand-
ing with moderate Eafe the more [ublime Difco- -
wveries iw Mechanicksy, Phyficks, &c. that hav,
Boen found by this Art. Such a Work becomﬁ——_—/‘
the more necefary, becanfe there ave but two Eng- '
lith Treatifes om 1he Subjed, (that I kmow of)
2be one besng Hays's Introduétion to Mathema-
tical Philolophy, 4#d the otber, Ditton’s Infti-
tution of Fluxions; zbe former of which is by
far 100 prolix for Learners, abounding in geseral [
Raules and Examples, many of which will rather .
confound [ om.



xvj  Zhe TRANSLATOR
* i~_, confound than infiruct bim; and'is at the fame
time deficient in things that would not a little for-
ward bim; not to mention the Book’s being ont of
Printy and very likely for ever o to comtinue.

On the other band, Mr. Ditton’s Book is by
much soo [paring in Examples of the Ulfes of the
Methods : Thofe few be bas given us being by no
means fit for Beginners. He is alfo too redundant
at bis firft fetting out, in the Explanation of the
Definstion of Fluxions, as Sir lfaac Newton has

¢it: Whichy tho' it be true and exal, it is next to
smpoffible for one who has not been comverfant a-
[ bout Infimites to apprebend it. That of our Au-
y zhor is much eafiery tho lefs Geometrical, who
) calls a Differential (or Fluxion) zhe infinitely |
¢ fmall Part of a Magnitudes not deterring bis
i Readers at firft from proceeding, by dwelling long
¢ on the Explication of an intricate Definition, but
T comes immediately to the Algorithm, or Arithme-
~dick of the Arts and thence to plain Examples
of Solutions by it. : T

But I would not bere be thought in any wifé
2o leffen the Value of Sir lfaac Newton’s Defi-
wition: When the Learner bas made fome Pro-
grefss 1 would bave bim then make bimfolf Ma-
Seer of it

us much for the Work ; preparatory o the

due Perufal whereof, it may not be amifs to give

- fome Notion of the general Nature and Origin of

Flyxionsy according to the Senfe of the great Au-
thor and Inventor thereof, Sir lfaac Newton.

In order to this, we are to confider Quantities
wot as made up of very [mall Partsy but as de-
[eribed by a comtinued Motion.- For Example, &
Line is deferibed, not by the Appofition of kittk
Lines or Parts, but by the continual Motion of &
Point, A Surface or plain Superficics is defvri;

bed

1]



tothe READER XV
bed By the Motion of 4 Line, (ot according to
its own Direllion.) And a Solid, by the consi-
wual Motion of & Superficies, (mot according td
its own Direttion.) ) »
Now the Pelocities of the Increafes or Incre-
wenss of Magnitudes thus moving in very fmall
articles of Time, at the firff Inflant of -
the Gemeration of thofe Increments are called
Fluxions, and thefe Magnitudes Fluénts, or
Flowingm@mtitia. ‘ co
Tbefe Fluxions are mearly proportiomal to the
Becrements of the Fluents or Flowing Quanti-
tiecs, gemerated in very [mll - equal Parts of
Timey bus accurately as the Velocities wherewith
they arife and begin to be gemerated that is, they
are thofe very Velocities; as was [aid before. e
e reafomwbhy the Increments generated in [mall
equal Parts of Time, are mot exaétly proportional |
20 the Velucities wherewith they are generated, is, |

| becanfe thofe Pelocities are not conflantly equable, ,

awbich, if they were, the little Spaces deferibed

n czal Particles of Time, would then be exaitly. .

as the Velocities, (which is. an allowed Principle

8 Mechanwicks ) but the Pelocities are mutaple,

or accelerated continually, and fo the [aid little

Spaces defiribed, cannot be conflantly proportional

20 the Pelocities wherewith they were firft deferi- -

bed, or proportional to any ome of thofe mutably

Velocities. N~
26t if the Particles of Time be taken very fmlf,t o

and the Acceleration be [o likewife, Fluxions may ™ -

be taken as proportionsl to shefe Incyementsy and

Jo the faid Incréments,: may. regrefent Fluxions is ~

#ll Operations 5 the Refults of which will be as ex- "',

all, as if they bad been desermined from the Ve~ -

docities of the Motions wherewith the [aid Incre~ -

ments begin to be gemerated. But to [orupuloss.

(a) Peyfons .
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Pesfans the Proveffos witl not be aljowesd fa geo
wmetrical. Neitber indeed is it [0 fatisfaGory 0
throw oyt Quaniities from an, Eguations on ac-
‘count-of their being infinitely lefs than athers, (a5
i | all whe ufe an Increment for a Flpxiem dey) A5 to
o[ reged them, bocaufe they. really vanilh -and bes
iy :}om egual to wathing -.as Sir Maa¢ Newion
- oes.. g R L
"7 Upan this latter Foundation is huilt the Galcue
“lus Differentialis, firf} publifbed by: Myr. Leib~
Ritzyin the Year 1684.3 baving been fince fol-
Jowed by abwof all the Foresguers: b roprefens
- “the firft Intrement, or Differential, (as. shey call
;’/t,)agydtbe@lmw l-:, zz: fecond b;?l dd; sbe. third
dy, Cge.s ¢ Fluentsy ar Flowi: E"‘”..
t'i};:, being called Intograls. - But ﬁnc:gtb:; Me-
‘thed. i the Prattice theseef, does mot diffeyr from
that of Fiuxions,and sn Increment.or Differential
may be taken for a Fluxiens out of . vegard 10
’ see Com. Sir laac Newton, who iwvented* tbe [ime be-
mercium Jore the Year 1669, I bacve altered the Netatien
Epiftoli- of our -Autbory and infiead of d, ddy &%, e
- UM out bis Natation, viz. X, ¥, Xy €5c. or' fame o~
ther of the final Letters of the Alphabet, point-
ed thasy and called the infinitely fmall Incrementy
or Differential. of a Maguitude, the Fluxion of

e

1. . . : woa L .
" 8o far of the general Natyre of Fluxiens: 1
" Jball conclude with propofing the Solutions of the
two follvwing Prokiewss to fuch as.dre cspakie.

- 1..The Latitude ‘of a Place and the Day of
.the Year being given;- to find the Time. of
that Day the Heat of the Sun fhall be the
" greateft, admitting it be.as any Power. of
the Sun’s Duration abowe the Horizon, and as

- any Power of ‘the Sine of his Ammd‘ﬁ. .
. o
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II. To find the Nature of one of the
Superficies of a Wall of uniform Matter, of

a given Height, Lct?th, Breadth at Bottom .

(vsz. the Ground) and Top, the other oppofite
upn?bt Superficies being a right-angled Pa-
rallelogram, as alfo the Setion at the Ground
and the Top, that fhall ftand firmer, or be
leaft difpofed to fall, when the Wind blows
direftly againft the upright plain Superficies
of it, than when the gupcrﬁcics (to be found)
is of any other Nature; allowing the Particles
of the Air to be equally diftant from each o-
ther, of equal Magnitudes, and all to move
with equal Velocities parallel to each other;
and the Wall to break off at the Surface of
the Ground, with a fufficient Force of Wind.

Note, The ithree Sides of the infinitely [mall
Triangle, mentioned in Pagevij. aforegoing,
are an infinitely [mall Part of the Curve,

" the Differcnce berween two infinitely near
Ordinatesy and that of two infinitely near
Abfcifs’s.

TABLE



PR

-~

B



CONTENTS.

| SECTION L

i O F finding :bg Haqum of Quantities, Pagc 3
| . SECT L
|
|

' e Ufe of Flusions in drawing Tangents to al}
Sorts of Curwesy - 13
SECT. I

| Of the Ufe of Fluxions in finding the greate

| and leaft Ordinates -in a (?me, 2o which fﬁ
| Solution of Problems de maximis #nd mini-
| -mis max be yeduced, - SRS ‘54
|

SECT. IV.
) Of the Ufe of Flusions in finding of the Points

of Inflexion and Retrogreffion of Curves, 73
el SR



g

.The CoNTENT's.’

Coew

SECT. V -fn‘
e U/é of Huxmm in the Doﬂrma qf Evolute
and Irwolate Cams, Pa_gc 94
Ny S
' LS.ECT YI..N -
Ibe Ufe of Flaxwm in ﬁndmg of Cauficks by
by Refloxion, : 137

SECT. VIL .

‘ Tﬂe ljfj? of Flixions in ﬁndmg of Caufticks ly

Re m&um, 1 j'

SECT VIII

Tbe Ufe of Fluxions 'in’ finding ‘the Points of
Curves touching an infinite Number of Curses,

-or right Lines given in Po/itzon, 73
SECT X -
The Solution of fome Problems depﬂdmg apop the
" Methods aforegomg, 191
SECT Xl

The Uj& qf thmm in Gom;mml Curves aﬁ‘er
a new smanwery from whence is deduced, the
_ Method of Defcartes and Hudde, - 216

¢

,‘In ~



‘The ConTanys i
In the APPENDIX.
. sEcT i

OF the Reduttion of fraiEional Expreffions and
- Jurd Quantities 1o infinite Series,  Page 1

. SECT. IL
~ Of finding the Fluents or flowing Quantities of
given fluxionary Expreffions, 21
I
| Uz of the Inverfe Method ix the Quadrature of
" Curve-lin'd Spaces, 3y
| "8ECT. IV.

- Ufe of Fluxions in the Rettification of Curves, 89
|
" SECT. V.

 Of the Ufe of Fluxions in the Cubation of So-
© lidsy and in the Quadrature of their Surfaces,

116
SECT. VL
- Of the Ufe of Fluxions. in finding the Centres of
. Gravity of Figures, , 153
SECT. VIL
' Of sbe U/é of Fhuxions in finding the Centres of
v Percuffion of Figuresy, 169

SECT.



iv  The CoNTENTS.

" SECT. VIL

Of the Refolution of fome mifccllancons Problems
by Fluxsonsy . Page 181

A TREA-



| A .
TREATISE
FLUXIONS.
" PART L
SECT. L

Of finding the Fluxions qf’ Quantities.

DEFx;&uTION I.

SECEBE) Ariable Quantities are thofe that
e | co:iltinually increafe or decreafe;
WA and conflant or flanding Quantities,
o are thcf‘c that c%ntirﬁx?t’he fame
while others vary. As the Ordi-
nates and__Abfiiffes of a Parabola are variable:
. Quantities, but the Parameter is a conftant or
fanding Quantity. . o

| .
| ‘ Derrvn IL

' TH E infinitely -{mall Pait whereby a varia-
|

i

ble Quantity is continually increafed or
decreas’d, is called the* Fluxion of that Quan-
tity. , L
: B . For
% See the Tranflator’s Preface,
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A Treatife
For Example: Lot there be any. Cusie
Line 4 M B, whofe Axis or Diameter is the
Line 4C, and let the right Line P M be an
Ordinate, and the right Line pm another in-
finitely near to the former. o
Now if you draw the right Lijie MR pa-
rallel to 4C, and the Chords 4 M, Am; and
about the Centre £ with the Diftance 4 M,
you defcribe the fmall circular Arch AS:
then fhall Pp be the Fluxion of P43 R#»
the Fluxion of Pm; §m the Fluxion of ZAf;
and Mm the Fluxion of the Arch #M. In
like manner, the little Triangle M _4m, whofe
Bafe is the Arch Mm, {hall be the Pluxion
of the Segment #M; and the {mall Space
MPpm, will be the Fluxion of the Space
contained under the right Lines 4P, PM,
and the Arch 4 M.

COROLLARY.

I. I T is manifeft, that the Fluxion of a con- |

ftant Quantity, (which is always one of
the Initial Letters , &, ¢, {9¢. of the Alpha-
bet) is 0: or (which is all one) that conftant
Quantities have no Fluxions.

ScHoLIUM.

THE Fluxion of a variable Quantity expref~

fed by a fingle Letter, which is commonky
one of the later Letters of the Alphabet, is re-
prefented by the [ame Letter with a Dot or Full-
point over it: as the Fluxion of X is X, that of
Yy is Y, that of 2isz, and that of wisv. And
of you call the wariable Quantities A P, x3
PM,y; AM,z; the Arcbh AM,uj the ﬂ;:xt;

2 in



of FLUX10NS.

iwd S§pace APM,s; and the Segment AM,t:
then will X exprefs the Value of Pp, y the Va-
lue of Rmy 2z the Value of Smy Q the Value of
the fmall Arch Mm, S the Falue of the little

Space MPpm, and © the Value of the fmall

wmixt-lin'd Triengle M Am.
PostuvraTeE L

2. GRANT that two Quantities, w
Difference is an infinitely fmall Quan-
tity, may be taken (or ufed) indiffercntly for

3

1} .

z

cach other: or (which is rhe ame thing) that 1

a Quantity, which is ir :.¢afed or decreas’d

oaly by an infinitely f.-all Quantity, may be }
Lot

confider’d as remai the {ame.

For Example: Grant that Ap may be ta-
- ken for 4P ; pm for P M3 the Space dpm
for AP M the fmall Space A Ppm for the

]
&

P N

fmall Reftangle MPpR; the fmall Sefor

4MS for the fmall Triapgle 4/ Mm; the An-
gle p 4m for the Angle PAM, 5c.

PosrtruvratTe Il

3 (GRANT that 2 Curve Line may be con-

fider’d, as the Afflemblage of an infinite

Number of infinitely fmall right Lines: or
(which is the fame thing) asa Polygon of an infi-
nite Number of Sides, each ofg an infinitely
fmall Length, which determine the Curvature
of the Line by the Aagles they make with
¢ch other. .

For Example: Grant that the Paxt Mm of
the Curve,. and the Gircular Arch A S, may
be gonfider’d as frpight Liaes, qp account of

- their being infinitely fraall, fo that the litde
' B2 Trian-
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Triangle mSM may be looked upon as a
Cright-lin’d Triangle. . }

Pliop. 1.

4'! 'O find the Fluxions of fimple Quantities
connelted together with the St;g;z?' ~+ and

Itisrequired to find the Fluxion of 4}~ x 4y
"==2z. If you fuppofe » to increafe by aninfinite-
“ly fmall Part, viz. till it becomes ¥ 4 & ;
~ then will y become y+ j; and z,z2-}-2: and
* 4+ 1. the conftant Quantity 4 will * ftill be the
-fame 4. So that the given Quantity 2 4 x|
y=—z2 willbecofles 4= x + %y + y—z—23
and the Fluxion of it (which will be had in
“taking it frofn this laft Expreflion) will be
x + 5 — z; and o of others. From wheace

- we have the following

Ruvre I

For ﬁna’ihg the Fluxions of fimple Quantities cone
neéted together with the Signs <~ and —.
Find the Fl{qxion of each c’IS‘tccT of the -

- Quantity propofed; which conn together
by the (ch rcfpe&’ivc Signs will give another

Quantity, which will be the Fluxion of that

- given. :
Provr IL

5. find the Fluxions of the Produét of fe-
* veral Quantities multiplied, or drawn in-
_ %0 each other.
S C 1. Thé Fluxion of xyisyx+txy: for'y
; becomes y -+ y, when x becomes » - % 3 and
; thereforexythenbecomesxy -4y 5 - » %’?V —{l;le'l '
- - c

5
A

N
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Which is the Produ& of x-}-x into y4-7,
and the Fluxion thereof will be yx x5 -

tity infinitely fmall, in refpeét of the other
Terms y% and xy: For if, for Example, you
divide yx and x5 by %, we fhall have the
Quotients y and §, the latter of which is infi-
nitely lefs than the former.

Whence it follows, that the Fluxion of the
Produst of two Quantities, is equal to the Pro-
duit of the Fluxion of the firft of thofe Quanti-
ties in the fecond Plus the Produtt of the Fluxion
of the [econd.into the firfs.

2. The Fluxion of xyz is y24% +xzj«
xyz. For by confidering the Produ& xy as
one Quantity, we muft (as has been before

thewn) take the Produét of the Fluxion y x 4~

xj into the fecond Quantity z, (which will be

yzx-+xz3y) Plus the Produ& of the Fluxion

z of the .fecond Quantity z into the firft
Quantity xy (which is xyz ;) and therefore
theFluxion of xyz will be yz x +xz5 + xy z.

3. The Fluxion of xyzuisuyzx -t uxzy
+uxyz-t-xyz4, Which is proved as in the
Cafe aforegoing, by confidering the Produé
¥yz as one Quantity. Underftand the fame
of others. Hence we have this

Ruvre II

For the’ Fluxions of Quantities of fevera} Di~

menfions.

The Fluxion of a Quantity of feveral Di-
menfions, or (which is the fame) of the Pro-
du& of feveral Quantities multiply’d into one
another, is equal to the Sum of the Produéts

B3 of

5

.zj ‘

ij, that is, * y x4« y: becaufe % j is aQuan- * 47t

ALY L

d .
LR

.
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of the Fluxion of each of thofe Quantities

‘into the Produ& of the others.

Se the Fluxion of ax is 0+ a &, that is,
ax; and that of axX8—y is br—ys —
@y —xy. ‘

PRro s IIL
6. }TO find the Fluxio of a Frattion.

L]

The Fluxion of -:— is -’T*’—';ﬂ- For fup-

pofing ;izz, then will » be = jz; and

fince thefe variable Quantities x and 5 & oughg
always to be equal to one another, whether
they increafe or decredfe, it follows that their
Fluxions, that is, their infinitely {mall Incre-
ments or Decrements fhall likewife be equal.
And therefore will * ¥ =y34-zj, and z =
d ';' Z)=2Z ;"l-l by fubftituting z forits Va-
tue ;— Which was to be done, £7c.  Hence

we have this
;R_ vis IIL

For the Fluxions of Quantities divided by one
andthery or Frations.

The Fluxion of a Fration is equal to the
Produ&t of the Fluxion of the Numerator in-
to the Denominator Minus the Produé& of
the Fluxion of the Denotninator ifito the Nu-
merator: the whole being divided by the
Square of the Deftomingtor,

As
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As the Fluxion of Tis =% and that of

x
x . ax
l#xwmbeaa-l-zax-{-xx'
Pror 1IV.

7. TO fnd the Fluxion bf any whole or bro-
ken Powers of 4 wvariable Quantizy. .

- Before we lay down a general Rulé fof
finding the Fluxions of all forts of Powers,
we muft explain the Analogy that there is be-
tween their Exponents or Indices. In order
to this, if there be 2 Geometrical Progreffion
having t for its firft Term, and the fecon
Terin be ary Quantity x; and if the Indices
. or Exporent? be orderly fet under them, it is
pldin that the faid Exponents will form an
Arithmetical Progreffion. :

" Prog. Geom. 1,x,xx, %%, x4 2% 2% «7, &c.
Prog. Arithm. 0,1,2,3, 4, §, 6, 7, &c.
And if the Geometrical Progreffion be con-

tinued dowriwards from Unity, and the A-

rithmetical Progreffion downwards from o,

the Terms of this laft fhall be the Exponents

of thofe to which they anfwer in the other;

3 1 - 1
s — 1 is the Exponent of —3 — 2 of
’ T Y 1, % -
Prog. Geom. x, 1, > 7 59 - &c.

Prog. Arith. 1,0,--1,—2,—3,—4, &c.

But if fome new Term be brought into the
‘Geometrical Progreffiony, we muft find an an-
fwerable Arithmetical one for the Exponent

of it. .
B4 ‘ As
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As if the Term be y/x, its Exponent will
be ;: 3/x, will have 2 forits Exponent : /x4 4 :
1 | §

3. L. 5.1 7 .
Y2 PR Y R R 2? e
So that thefe Expreffions /» and x%, {/» and

t

x%, Yxtand x*, v and x"%, &c. fig-
nify the fame thing. S
Progr. Geom. I3 v/ %y ¥ Iy3/x, 3 /%y %1, 5 /%y Y /s /5% Y/ 4%

Progr.Aritho, 3 10 § §, 1.o, 5 % % % I.
) L H 1 1 1 1

) § I 1
) [T LI L S HOE O I .
Prog.Geom prlvtime il Yt {/x”xx B x we
Prog. Ar. —1,—i,—2,-1.—%, —§,—2.—3,—h—4.

Where you may obferve, that as o/ x is

a Geometrical Mean between 1 and », } is

. an Arithmetical Mean between their Expo-

nents o and 1. In like manner, as J/x

is the firft of two mean Proportionals be-

tween 1 and ¥, fo § is the firft of two A-

rithmetical Means bétween their Expo-

nents o and 1: Underftand the fame of others.

Now from the Nature of thefe two Progre(-
fions it follows,

1. 'That the Sum of the Exponents ‘of any
two Terms of the Geometrical Progreffion,
is the Exponent of the Produét of thefe two
Terms drawn into each other, as x4 +3 or »”
' *

is the Produét of «*into #%, and & ' ¥ orx
is the Produé of " into x;', and x T ¥ op
» —y is the Produ& of x—7 into x;, .
In like manner x-}-"-’l' or x%, is the Produ&

of » 7 drawn into itfelf, that is, the Square of
1%,
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ity and x*—+242 or x¢ is the Produét of «*
into ¥* into #*, that is, the Cube of i$, and

1

o e ¥ g L e L

#3073 orx—?', is the fourth Power

of x>, and fo of other Powers. Hence it
is manifeft, that the double, triple, {F¢. of
the Exponent of any Term of the Geome-
trical Progreffion, is the Exponent of the
Square, Cube, €9¢. of that Term; and con-
fequently that the 3, §, {Fr. of the Exponent
of any Term of the Geometrical Progreffion,
fhall be the Exponent of the Square Root,
Cube Root, €9c. of that Term.

2. That the Difference of the Exponents
of any two Terms of the Geometrical Pro-

greflion, {hall be the Exgoncnt of the Quoti-

ent arifing by the Divifion of one of thofe

 Terms by the other, as #* ~1==x° fhall be

the Exponent of the Quotient of #* divided

= —t —
byx’yandx °* ‘=« Tz"ﬂmll be the Ex-
ponent of - the Quotient of the Divifion of
¥ divided by x*; whence you fee that it
— 1

isthe fame thing to multiplyx *by x ¥, as
todivide # . ° by #*: and fo of others. This
being well underftood, there may happen two
Cafes in finding the Fluxions of Powers.

. L. When the Power is a whole one, that
5, when its Exponent is a whole Number.
Now the Fluxion of xx is 2 ¥, of #* is 3xx%,
of x#is 4 %3 %, &c. for fince the Square of x
5 only the Produ& of x into #, the Fluxion
thereof fhall be * x % -+ » %, thatis, 2x%. In
like manner, fince the Cube of x is only the

- Product of » into x into #, the Fluxion of it

will

S 4. %,
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*4rr.5. willbe¥* xxk ¥ xxxt xxk, that is, 32253
and fince it is the fame of any otheyiof thefe
Powers whatfoever, it follows; that-j€ 7% re-
preferits any whole Numbet, the Flisxion  of

™ willbe mx™—" 4. 1.
If the Exponent be negative, the Fluxion
of x~ " or of — fhall be =R =

-

—— mx—m—r, .
2. When the Powet i§ broken, that is,
when the Expofient is a Frattion. It is requird

to find the Fluxion of J/4™ or ,Fm (%bc- '

ingany Fradtion.) Suppofe #" =z, andby rai-
fing both Sides of the Equation to the Power
'ny we fhall have x® =2 and- finding the
Fluxions of both Sides, (as in the firft Cafe)
then will max™—1x=szn—12, and z =

mx=—1yx m 21 m .
e e oy A Mmeteq.
AT —1 — 5 x° x,_ or '—” x‘Vx “, by

fubftituting #x™ % for its Value Azn=1,
If the Exponent bé tiegative; the Fluxion of

P I |
—-—-x~.,l P

T

¥ T orofx*  fhall be ———
oo T x;_-

. m
—% % ® 5 Fromhencewehavethe

=t

following general

Ruve IV.
For she Flusxions of all Kinds of Powets.

"The Fluxion of any Power (whole or bro-
ken) of a variable Quantity, is equal to the
. Product
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| Produ& of the Exponent of that Power made
by that fame Quantity, raifed to a Power lef-
- fn'd by 1, and multiply’d by its Fluxion.

As if m exprefles any whole Number or
Fraftion pofitive or negative, and x any varia-
ble Quantity, the Fluxion of «™ will be al-
ways mx~ &,

ExAMPLES -

The Fluxion of the Cube of ay—uxx,
that is, Of ay—xx, i IXAY—x% KBY —2%%
—-;a’yyy-—-daax:tyy+;a~4]-—-6¢a”x!
F128y23%—6 20 x.

The Fluxion of ny+yy ot of xy+yy 5
m%x.xy+yy "xyx+xy+zyy, ot
ey + zn

2/x3Fyy

The Fluxion of y'a*-t—axyy orof ¢axy ,
| ﬁwxa‘*-{—ax]] Xayyx+zaxyy, or

aitianyy
rwatLaxyy
The Fluxion of ‘/ax +xx or of axi 5

—-—-----——~ 3 ———k e,
ByXex4+wunx xa~+zxx, or
dxt2a

—

3Yaxtux o

Ththmcmof' Wht-}-xx + ¢a‘+axyy ordf
ax-l-xx-}-‘/a‘;axyjy ‘,ls-:qu-!—xx—h/ t:Fa.anry';v

yyx L a2ax9y
X ax 2x% —=
+ + 2¢ﬂ"+ak’] ,0

axdzxx

Z; 'x+’x+¢aﬁ+a xyy
— ayyx 4~ 2axyy

& st eazyy % 2 4x o wx ey 6t A axyy
- Laply,

11
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f{/ axtxx

Lafly, the Fluxion o
viy+yy

accord-

® 4r1.6,7. ing to this Rule fhall be*

. 2 o e L . A )
aﬁiﬁny-{-yy pi Ry —2y XY ax—-xx.
2 : :

3/ axt-xx. vxyt+yy
#y+yy.

ScHoLIUM

8.HER’E we are to obferve, that in find-
+ ing theFluxions of Quantities, we have
hitherto {uppofed one of the variable Quanti-
ties x as increafing; while the others y, z, &c.
do fo likewife: That is, when the ™ be-
come x 4 x, the 5 and 2, {5¢c. become y4-y,
24z, &¢c. So thatif it thould happeo that
fome of them do decreafe, while others in-
creafe, then the Fluxions of the former muift
be look’d upon as negative Quantities, with
refpet to the Fluxions of the latter increafing
Quantities; and confequently the Signs of the
Terms affeCted with the Fluxions of thefe de-
creafing Quantities, muft be changed.

To make. this plairi, let » increafe- while
y and z decreafe; that is, when « becomes
x4 %, let y and = become y—jand z—3:
Firft, get thchluxion xyztxzi4y2%

Art. §.) and change the Signs of the Terms
gbﬂz;&cd ,?with J and g ’Andglt)lsxis Expreffion

- thus alter’d, viz. y 2 x—x y 2 —=x 2 y, fhall be

the Fluxion fought.

SECT.
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SECT. IL

Of the ‘Ufe of Fluxions in drawing .
Tangents to all kinds of Curve Lines.

DErFINITION.

F one of the fmall Sides M m of a Poly- Fig. «:
gon, whereof a Curve Line confifts *, be * 4+ 3.
continued out; the faid fmall Side thus conti-

.nued, is a T'angent to the Curve in the Point
Mor m.

Propr 1,

,D-IT is required to draw a Tangent M'T from gy 5.

' a given Point M, in a Curve Line A M,

- whofe Nazure is expreffed by any Equation, re-
Drefenting zhe relation of an Abfiifs AP toits
Correfpondent ordinate PM. - S

Draw the Ordinate M P, and conceive the
right Line M/ 7 meeting the Diameter in the
Point 7, to be the Tangent fought; more-
over, let 7 p be an Ordinate infinitely near
MP, and draw the {mall right Line M R
parallel to # P. Now call the given Lines
AP,x; PM,y; and then will P p or M R
be=4% and Rm =3, and the fimilar Tri-
angles m R M, M P T, will give this Propor-
‘tonmR (y): RM(x):: MP(y): TP

. =”~ Now by Means of the Fluxion of

‘the



14

F1ie 4

® 4rz. 8.

Fic. 3.

A Treatife

the given Equation, we can get a Value of ¢,
exprefled in Terms that will be all affeCted
with §; which being multiplied by 5, and di-
vided by 5, will give us the Value of the Sub-
tangent P 7 in known Terms, freed from
Fluxions; by which the fought Tangent M 7~
may be drawn. o S

ScHoLIUM

10. HEN the Point 7 falls on the con-

, trary Side of the Point 4, wherethe
x"* begin, with refpe& to P, then it is plain,
that while » increafes, y does decreafe; and
confequently, the Signs of all the Terms of
the Fluxion of the given Equation affeted
with 5, muft be * changed: Otherwife, the
Value of # in y will be negative; and there-

fore that of P 7' (’—; . Notwithftanding,
to avoid Trouble, it will be beft to get the

- Fluxion of the’ given Equation, according to

the Rules laid down in Se. I. without any
Alteration: For, if at the End of the Ope-
ration, it happens that the Value of P7 Be
pofitive, then the Point 7 muft be affumed on
the fame Side the Vertex f of the Diameter,
as was fuppofed in the Operation; but if it be
negative, 1t muft be taken on the other Side
the Point 4. “All this will he plain by the
following Examples.

ExamerLr L

IL. 1. r 4 x=y y exprefles the Relation of
. AP to P M, the Curve 4 M will be

a Parabola, the given Quantity 4, being the
Parameter;
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Paameter; and if you throw beth Sides of
the Equation into lzluxions, then will 2 x be

. . __2y5 1EN _

z—"—’ = 2 %, by fubftituting g » foryy the Va-
lue thereof.  Hence, if you make P 7 equal
to the double of 4 P, and draw the right
Line M 7, this fhall be a Tangent to the
Curve in the Point M. '

2.Ifaa ==y, be an Equation exprefling F1a. 4

the Nature of an Hyperbola betwesn the Afym-
totes. By throwing both Sides of the Equa-
tion into Fluxions, we thallhave x5 4y x=o03

and therefore P T (’i) =—x. Whence, if

)

ou take P 7 = P A4 on the ather Side of the

oint 4, and draw the right Line M7, this
will be a Tangent to the Hyperbola in the
Point M. i :

3. Let »™ = x exprefs the Nature of all
Kinds of Parabolas, where the Exponent 7,
reprefents a pofitive whole Number o Fra-
&ion. As alfo of all Kinds of Hyperbola’s,
when that reprefents a negative Number or
Fra&tion. Now the Equation being thrown
into Fluxions, will be my™—*j=&; and

therefore PT {l]—“—) =m y™ =m» by {ub-
flituting » for ™, which is equal to it. Ifm

be =1, the Equation will be ¥y =ax, €x-
peefling the Nature of one of the Cubick Pa-
rdbola’s, and the Sub-tangent PT=1x. If
# = —2, the Equation will be a*=x1y,
expreifing the Nature of a Cubick Hyperbola,
and the Sub-tangent PF=—2x. "

1§
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If a Tangent be to be drawn to the Point
A the Vertex of the Diameter of a Parabola,,
{?ou mutft find theRatio of # to J in that Point -

or it is plain, when that Ratio is known,
that the Angle made by the Tangent and the
Diameter, will alfo be determined. In this
Example, #: j:: my™" : 1. Whence it
appears, that y being==0in 4, the Ratio of
5y to & will be then infinitely great, when 7 is
§reatcr than 13 and infinitely fmall when the

ame is lefs: Thatis, the Tangent to the Curve
in' 4, muft, in the former Cafe, be parallel to
the Ordinates, and coincide with the Diame-
ter in the latter Cafe.

ExaMPLE ’II._

lz.Ir A M B be a Curve Igine of fuch a Na- -
ture, that APxPB(xxa—-x) :

IW’(”) o dﬁ () : AD (bj. Then

£)) — 4% —xx3 and throwing both Sides of

b .
the Equation into Fluxions, we havé 3‘{1.

S . x 24
=agx—2xx3 whence PT 22 )=222r
ab=—2bx
28 Xe=m2% X

= T;x—, by fubftituting 4 x — x x for

ax
.

225 and PT'— 4P, or AT=
| } , QoD %
Now if’m.z-f-?:ﬁ)(-lﬁ_,é2 (.::%(a-—--.’:z :PM’:

(9%) :: 4B (a): 4D (8); then willv%:bc

=x*x 4 — % and throwingboth Sides of this
S Equation
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s 4 h
Equatxon into Fluans, we have ¥ ..%—Z-

--3mxa—-x *—2a%f2xaxs’s and fo
yx rx¥xae—x*

y 3xxxa"'-—' #*—2872x%Xx*
foa-—-x s fax—fxx and .dT=3
;a—;x—-zx 38— yx

2ax

o=

3@—5x

A N p general ' 1fmbctheE nent of
the Powcr of'AI-"y and » that ofthePowcraf

men
P B, we fhall have == "y

which is 2 general Equatmn for all Kinds of
Elliples. thtowing both Sidesof this Equa-

~
=x" XG—“N 9

 tion into ‘Flumons, we havé LT i

b
-..=mr"'"’xxa—-x“--ma—-x"""xx£" and ﬁ)

by fubﬁztunng ORG— 2 for -.T_’ the Va-
lue thcrcof thcrcwxll comeowt PT ('y )

xﬂﬂ' XG"“'A‘ .
o m w "
= 'xa-—x—-zm—-xn xx®

‘mAnxXa—w ;. ” +nxax——xx
p—— dor PT= ——=—=="2

Examerne IIL

17

13."2E fame Things being fu ofcdasinp 6.
#T Brampl, only e

the foregoing here the
Pomt B fills on the other Side d, with re-
C fpelt
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{pect to the Point P, and we fhall have this

g jmin . .
Equation .d_}.lz-—=xmx§:|:x 5 _wh;s:h €X-

prefles the Nature of all. Hyperbolas with res -

fpet to their Diameters.  Whence, as above,
mt+nxax-+xx ‘

we get P 7 POl i and 47
hax : : ' '
ma+m:an"

Now if 4 P be fuppofed to be inﬁnitd-y :
great, the Tangent 7M will meet the Curve

‘at an infinite Diftance ; that is, it will be-
.come the Afymtote CE; in which Cafe 47

nax B . n ) .
m) Wlll bc = ﬁ+”‘ d:dc,

~ beraufe 4 being infinitely lefs than », the
Term ma willbe ¢ in regard to mFzx.

By the fame Reafon, the Equation of the Curve

here will be gy"+" =44+ -And ma- -
‘king .m -} n=p, for Brevity fake, and ex-’
t

ca T sas e e e emees =

ing the Root p of both Sides, then will

J Jfa=x%/b, the Fluxion of which will be
yy/a=%/ %&. Sothat if you draw £ E pa-

rallel to the Ordinates, and concéive a fmall
Triangleto be at the Point wherein the Afym-

tote (" E meets the Curve, the following Pro-
portion will arifes % :y:: or /a: Yb:: 4€C
”n

(;’:—-a ):AE— > %6a?~".- Now the

Value of C 4 and C E being thus détermined,
the Afymtote C E may be drawn.

If m =1, and =1, theCurve will be the
common Hyperbola, and 4C will be=+4;
and AE =24 /ab; that is, one half of the con-

lifhed from other Principals.

J
€
. ExamMpPLE

.l;-gill)tc Diameter, which is a known Truth
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o EXAMPLE V.

14. LET there be an Equapon y'—x* =axy, F1o. &
(AP being = x, PM=y, and 4 is

a given right Line) exprefling the Nature of

the Curve 4 M. The Fluxion of ‘this fhall be

3.7.7_7——;xxx—axy+ayx Whence 2% =

3—;—_':‘—”’ anddf'( —-x) ._y"

g —3x*—2axy _ ax_y v S
T3 a7 3xx+ay by fubftitue
'gtgaxyfor =3 ‘
ow if 4P and P M be fuppofcd infinites
‘great, the Tangent 7'M will become the
mptote C E,and the right Lines 4%, A4S,
wiﬁ‘&come AC AE,-and thefe’ will detcr-
mine the Pofition ‘of. the Afymptote. Now

AT which call 1, ls._'__%? from whence
we- gct y::-i-——- mwhcnzﬂ'bbcomcs

ax—at
4C, becaufe thett at is 0 w:th refpc& 0 a¥.
And puttmg down}.-i' for 7 in y’——x’

ax 9, and there will cbmc out 271 x*—a' '
== 34?7 x5, and firiking out the Term 34°txx,
fince xbmn% infinite, it is o with regard to

the two others 2775 and 4*»*; then will
AC (t) =}a4. In hke manner ‘4 § -

(_7 - —) which call s, is =l

3yy—axd

whence we get 2 = =35 fince »
ay TR

ban%);nﬁmtc with refpeét to s, the 'f‘urm #s

<] comyar’d t0 4 y; angd pu;nn%that

i ¢
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Value in the Equation of the Curve, we fhall
get AE (s) =!a. Whence if 1 you take /C
- =AE=qa, and draw the right Line GE, it
will be the Afymptote to the Curve 4M.
Thefe two latter Examples will ferve as
:Guides in ﬁndmg the Afympmtcs of .other
. Curve Lines.

PRQP II. o

Fia.7. 1 Fi in.the Propo tion aforegeing, the Ab i
70 I fes AP be gnmvedfo be Pam-v)@i 5
Curve Line that we know bow to dragw. the Tag- |
-gewts (P'T) of . 1t s requir'd to draw the Tan-
gem MT from the grvm Point M in the Curve |
‘AM.

Driw the Ordmatc MP, and the Tk f
P, and fuppofé the right Line MZ; ‘
- cutsit in 7, to bethe Tangent fought hkc- a
wife fuppofe another Ordinate #sp itifinitely
. bear te- the formen; and - et the little l‘lglt ’
meMRbepargtogPﬂAZje:lnd ;

Quantities AP, x, as ;
Ed:orewcﬂmllhavel? or MR=x, Rm= '
“$, 4nd becaufe of th(!‘ﬁpnﬁiﬁr Triangles wRM, |

+ M PTwehave thisProportionsgsiz: mR(5); RM

“(F)::MP(3): pw-z; Now-. M,J

.MththeE/qmnoncxreﬂ'm theRe jon of
..the Abiciffes 4P (x) to the Ordinates PAI(y),
as in the aforegoing Exa.mplw, and morcovex;
thcﬁ:llpw‘lngona. '

- Examrnn ) & R
‘&Lxr -”bc w ;hi?;hrowq
e - to |

e
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' imoFluxions willbe 22XL— VI % . *Vaatsy
|

) X% p)
Xy , and rcducing the fame intoan
ayaatyy ’ —

Amlogy 5 : & (M‘I":Pﬂ"')::-‘-/-.‘.’._‘......_. Fry
p:

¥y . 2%y %y '
' FE ey And therefore the
gclation of the given Ordinate MP to the
ubtangent P 7 fought, is exprefled in known
Terms freed from Flaxions. ~ Which is what
.was propofed to be done. . .

AY

Examepre II .

o I,n'xbe..—..%l. This thrown _into

| Fluxions, and we. bave .i-:-_fg-; ad PZ

' (Zf =%='x. If the Curve 4P B béaSe-
J

micircle,and the Ordinates M P, continued out
to 9, be perpendicular to the Diameter 4B

- thenthe Curve A M C fhall be a Semi-Cycloid.
And when b==4, the Cycloid will be a com-
mon one: when 4 is gredter than 4, the Cy-
cloid will be a Prolate one, and when it islefs,
a Lurtate one.

- - CoroL. Lo
18. HEN the generating Point of the Cy-
W cloid is i;glct?xc Periphery of the Cii;-'
cle, if you draw the Chord 4P. I fay, it
will be parallel to the Tangent MZ. For the
Triagngle MPT bcx?:g then an Ifofceles one,
‘ C3 L the

21

N N
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the external Angle 7P 9 fhall be the Double
of the internal oppofite Angle TM/ Q. But
the Angle 4P 9 is equal to the Angle /P T,
becaufe half of the Arch 4P is the Meafure
of each of them; and therefore it is the one
half of the Aﬁgle Tﬁ% Whence the An-
2

glesTM9Q, 4 be equal to each o-

thers and confequently the Lines M7, 4P

allbepuallel
Provr IL

19. T ET AP be any Curve Line, and the

right Line KN A Q a Diameter of it
and [uppofing the Method of drawing Tangents
(PK) 20 it known; likewife let AM be anc=
ther Curve fuch, that drawing any how the Oy~
dinate M Q cutting the former Curvein the Point

- P, the relation of the Arch AP to the Ordinate

M Q Ze expreffed by any Equation: 1t is requir'd
to draw the Tangent M N from a given Point M.

Call the known Quantities P K,t; K953

‘the Arch 4Pyx; M9,y: then ﬁlppofigg

another Ordinate m¢ infinitely near M 9, an
drawing PO, M § parallel to 49, we fhall
have Pp=—=x,m§ =y, and fince the Triangles

‘KP9 and Ppo, mS Mand M N are fimi-

lar; therefore PK(r): KQ(s):: p(x): PO
sx . X
or MS="". AndmS(5):SM —;)::MQ

€):QN ::%f Now by means of the Fluxi-

on of the given Equation find a Value of x in
‘Terms that are all affeéted by 5, and if you

_ fabflitute this Value in %"— for x, the j* will
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vanith, and the Quantity of the Subtangent
NN fought, will be expreffed in knownTerms. -
-Which was to be found. ‘

'Pnop. IV.

zo.LE T’ there be two Curves AQC, BCN, F1a. 8§,
: the right Line'T EABF being a Dia-

meters and [uppofe the Metbod of drawing the
Tangents QE, N'F, to be known 5 morcover, let

there be another Curve Line- M C fuch, that the

" Relation of the Ordinates M P, Q Py, N P, be
expreffed by any given Equation, It is required

to draw the Tangent M'T from & given Point M

in this latter Curve,

I M AcinNE the fmall Triangles 1%0 g
MRm, NSn, at the Points Q , M, N, and
call the known Quantities P E, 53 PF,#;
PO ,xy PM,y; PN,z; then will Qg be
=%, Rm=4, Sn=—2z, becaufe * when * 4r*. 8
x and y increafe, z decreafes. And fince the
Triangles QP E and ¢0 9y NP FandnS N,
MP T and m R M are fimilar 3 therefore 9 P
(x): PE(5)::q0 (%):0Q or MP o SN =

’-xi‘. And NP (2):PF(t)::n§ (—2):SN

—tz $x ee t ——STX
=—"="",( Whence arifes x = .
4 X - Ix

'AndmR(j):RMC-;)::‘MP(y’):PT |

X %
=—_2—f +  Now if — =2 be fubftituted for
xy tx

z in the Equation of the Curve thrown into.
Fluxions, we fhall have a Value of # iny;
Cq which

.
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' thch being put in- —;- 5 and the ys will de-

ftroy one another; and fo the Value of the
Subtangcnt P T will be bad in known Terms.

EXAMRLm

z!.I ET yy==x2; this thrown into Fluxi-
’ . ) . .. 1Zx—sZ x
ons,is 2 §=2z x +x 3 =———F"

iby putting-—-s-—zﬁfor z3 whence we get x
=_2;£2'.Z’ andthercfomPT —1—

tz2—s2

25t
i z“_yg‘ - = :, by ﬁxbﬂ:ltutmg xzforyy.

Again, let there be given this generatEqua-~
tion, viz. y™+"=+"2"; this thrown into

~ xions willbe 7+ y“"l‘" ') =me" ™ X

T T

gt = mEZE X" ‘x  ms2'x
o 3 1

by pusting— R por ; whence we get PT°

'(:yx) mst:Fnsty"'-!- ___m:t+mt’

xj S mrzx”—nszx T mt—as

if x™ 2" be put for y™+".
Hcre g ou may obferve, that if the Curves
CN, bccomc right Lines, theCurve

‘MC wxll be one of the Conick Section kind,

viz. an Ellipfis, when the Ordinate CD,drawn
from the Point of Concurrence C, falls be-
tween the Extremities #and B an Hyperbola,
when it falls on either Side; and a Parabola,
when one of the Extremities 4 or B is infi-
nitely diftant from the other, or when one gf
% the
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the right Lines C.A4 or C B is parallel o the
Dimeter 4 B.

Pror V.,

' 22.LET APB be a Curve beginning at the F1c. 9.
Point A, and fuppofe the Method of

drawirig Tangents (PH) toit knowns and let the

Point ¥ be affumed without this Curve, always

having the [ame Situation, andif there be another

Curve CMD fuch, that any right Line F MP

being drawm, the Relation of the Part F M

thereof, to the Part AP of the Curve, is ex-

preffed by any given Equation. It is required to

draw the Tangent M'T from the given Point M.

Draw FH perpendicular to FP, meeting
the given Tangent P A in the Point A, and
the fought Tangent M7 in the Point 7, fup-
pofe a right Line FRm Op making an Angle
infinitely {mall with FP, and from'the Centre
F defcribe the fmall Arches PO, M R,.of a
Circle s the little Triangle pO P fhall be {imi-
lar to the right-angled Triangle P FH; for
the Angles HP F, Hp F, are*equal, becaufe ® 4r:. 2.
they differ only by the Angle P Fp, which is
fuppofed to be infinitely fmall; and moreover
the Angle pOp is a right Angle, fince theTan-
.gent in O (which is the Continuation of the

ittle Arch P O confider'd as a right Line) is
icular to theRadius FO. Bythefame
eafon, the Triangles m RM, MFT, will be
fimilar, Now it is evident, that the little
‘Trianglesor SeGors FP O, FMR are fimilar.
And call the known Quantities P H, t5 HF,s;
FM,y; FP,z; and the Arch AP,hx; :
then

P
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then thall PH () : HF () : : Pp(%): PO =4
.‘t_". And FP (z): FM(y):: PO fti‘)

MR= ’“‘ AndmR(y');RMCJ_"

FM ’(J') FT= S—yl— And bythrowmg the

given Equation i mto Fluxxons, what is &till to
‘ bc donc may be effected.

"EXAMPLE.

.II-‘ the Curve 4 P B be a Circle, the Point .

F being the Centre ; it is plain that the .
Tangent P H does become parallel and equal
to the Subtangent FH, becaufe HP fhall be .
alfo perpendicular to PF and fo, in thisCafe, -

FT= ‘ y:; -—'?-;}Lf, by calling FP(z),a, "
fince it is now a conﬂ:ant Qlantxty This be-
ing fuppofed, if the whole Periph or any

'determinate Part thereof, be called@y and you

make b: x::a: 9, the Curve C M D, whichin
this Cafe is FM D, will be the Spiral of Ar-

chimedesy and y =.‘.’.b_’f » Which thrown in Fluxi~

ons,will be y -*-=a—;-c-3 whence arifes ¥ ,}=%’-’=

%3, by putting ? for y3 and therefore FT'

yyx ) x5, And fo we get the following

> From
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-~ From the Centre F with the Radius FM, ’

defcribe the circular Arch M 9, bounded in

9 by the Radius F 4 joining-the Points 4, F3

and take F@ =Arch M9, 1 fay, the right

. Line MT will be a Tangent in M, For be-

caufe of the fimilar Sectors FP 4, FM 9, the

following Proportion will atife FP (3) ; FM

U):: 4P (%) : M.Q-#Zf =FT.
If you fuppofe generally, that b:x::4%:3=
(the Exponent m exprefling any whole Num-

ber or Fra&ion) the Curve FMD will be a
Spiral of all Kinds ad infinitum. And thepy™

:,-"-3;—:‘, and this thrown into Fluxions, and

X . m -
myn Y= ?:;s whencearifesy P

alﬂ

=mxy,by putting.“_;;;’f fory™; and there-
NI e
fore Ffl:ga’. )'—'T—mXM'%

Prop. VI, .

24.J ET there be a Curve Line APB, the Fic.1w
Method of drawing Tangents (PH) to it
being knowny and let ¥ be a given Point taken
without the [ame, always keepmg its Situation.
Let there be likewife another Curve CMD fuch,
that any bow drawing the right Line FP M, the
.Relation of FP to Fifl be expreffed by any given
Equation. 1t is required to draw a Tangent
- MT from the given Point M. e

Draw the right Line FHT pe erdiciflar
to FM, and fuppofe (as in the ] Pr°P°ﬁ3
' ‘ : tion
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tion) the little Triangles P Op, M R s fimilar
to the Triangles H¥ P, TFM; then calling
the known Quantities FHys; FPyxy FM,y 5
and we thall have PF (x): FH (5):: pO (%): =

: 5% . . Y.l X
oP="", AquP(x).FM(;)..QP(;)

s M=% AndmR(D:RMOZEY..
:RM= AndmR(y).RM(”),,‘

XX
FM (y)iFI':ay—i-;.f. What is farther to be

done, may be effected by throwing the given
Equation into Fluxions. ' '

, - ExampLE.

zy.I F inftead of the Curve 4P B, youwould
"~ #*haveaftraight Line PA, and the Equation
exprefling the Relation of FP to PM be y—x
‘=a; that is, if P M be always equal to the
fame given right Line 4; then willy be=x;

and therefore FT' s_y_)_«_:_s) :.:f-y-'z, Whence
; : xxy %% :
we get the following Conftru&tion.
Draw ME parallel to P H, and M T paral-
lel to PE: I fay, the fame will touch the
Curve in M. : o

For FP (x):FH ():: FM (3): FE=-2"

And FP ():FE(2)::FM (5): Fr=22-

Xt is therefore manifeft, that the Curve CM D
‘is the Conchoid of Nicomedes, the right Line
P H being the Afymptote, and the Point F
thg, Pole. e

Provr:
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! Ef’ ARM & a Curvey the Mothod QfFW 1z )
| drawing Tangents (M H) toit being known,
| and Zet the right Lime EPAHT be a Diameter
thersef, without which ket the Peint F pave &
eonffant Pofision s and from the {ame let theinde=
fmite right Line EPS-M iffue, cutting the Dia~
-meter in.P, and the Corve in M. Now if you
concesve ‘the right Line-F P M 20 vevolve about
the Point ¥, and @t she [ame time 1o move the
Plane P A M confantiy parallel to itfelf along the
} indefinise immoveable vight Line E'T, fo thatthe
Difiance P A be évery sobere the famey, it is evi-
dent that (M) the comtinusl Imterfeciion of the
Lines ¥ My AM, by _this Motiow, will deforibe
the Curve CMD. From the gives Point M of
which, it is regmmi to draw MT to touch the

C'nrw
} Th:PhncPJM fu pafodto be-come
to a Situation pam ncar, and the

right Line RS dmwn el to 4 P, it'is

evident (from the manner- of Generation) that

Pp=Aa—Rm 3 and therefore that R S—=8§m

' . —Pp. Now if you call the known Quanti-

, Yies FPor Fp, x5 FM or Fmyy; PH,s;
"MH, #; and the Fluxion Pg,z: Then from
the fimilar Triangles FPp and FSmy, MP H

and MSR, MHT s0d M Rm, we thall have

} .Fz(&)‘:Fm (9)::Pp (&):Sm= x(wh_cnqte
l} S R= ’z"“”z) Ande(s)-HM(f)g,:sze
. (’z‘;"“ RMa-zm il And MR

3
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(BE55). R &):: MH @) HT=

5%
Whence if FE be drawn parallel to M
you take HT—PE; the Line MY fhail

the Tangent fought.

If A M were aright Line, the Curve CMD
would be an Hyperbola, and the Line ET
would be one ofy the Afymprotes. - And if it
were'a Circle, the Point P would be theCen-
tre, and the Curve C M D would be the Con~
choid of Nicomedes, the Line ET" being its
Afymptote, and the Point F thePole of it. But
if it were a Parabola, the Cutve CM D would -
be one of the parabolick Kind, mentioned by
Defcartes in Lib. 3. Geom. and at the fame time
would be defcribed below the right Line EZ,
by the Intcrfc&mn of F M thh the othct balf
of the Parabola

Procvr. VIII

27. LE T AN be a.Curve, whoft Diameter is

AP, and let ¥ be a Point withaut therh,
baving a con/iant Situation : Moreover let CMD
be another Curve [urh, that any bow drawing
the right Line FMPN, the Rélation of the Parts

x

"FN, FP, "M of it, is expreffed by any i‘}%

Equation. It is required to draw a Tangmt
Sfrom any given Point M in it.

Thro’ the Point F draw the Lme H'K per-
endicylar to F N, meeting the Diameter 4 P
m K, and the given Tangent NH in H. From
the CentrcF, with the Diftances ¥ N, FP, FM,
defcribe the fmall Arches N9, PO, MR,
tgrminated by the right Line ¥ fup ofed t.o

make an infinitely fmal}Anglc thhF

being fuppofed.

Cal
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Call the known Quantities FK,s; FH,t;
FP,x; FM,ys FN,z; then becaufe of the
fimilar Triangles P FK and pO P, FM R and
FPO, FPO and FNQ, HFN and NQn,

3L

m R M and M FT, we thall have thefollowing

Proportions: PF(x): FK(s):: O (%): 0 P=
X And FP (x): FM(y): :POG’.‘.):MR::
= :

2. And FP(s):FN @)::PO(Z): N,

, X%

sZx . @) N :—z—x
=22 aod BF () FN @) NQ()
XX

.\ Sz2X . Sy
: —F)—— R(5)= <
£r (=22 hutn 09 RN

2:F M (y): FT: =le Now by throwing
XXy '

the given Equation into Fluxions, we fhall .

find a Value of yin¥ and 2; in which fubfti-

522X
HHng N
fes, z decreafes’s and- then.all :the Terms will
be affected with & : So that at length this Va-

lue being put in"_;;”_f‘ , the ¥*will go out ; and
therefore the Value.of F7 will: be exprefled
in known Terms freed from: Fluxions. -

" M the r'Iight Line 4P-were fuppoftda Curve,
and the Tangent P K had been drawn, we
thould find that F 7 would always have the

forz; becaufe when x increa-

famie Value, and the Reafoning would have been .

the {ame.

.ExaMPLE .
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ExaMPLE.

Fic. 14 .28.LE T the Carve 4N be a Circle ;

: thro’ the Point F (fo fituated with res

{peck to the Diamectes 4 P, that the Live FB |

rpendicular to the Game Diameter, paffes
thro’ G-the Centre of the Circle) and let P&
be always equal to PN'; it is manifeft thatthe
Curve CMD, which ’in this Cafe becomes
- FM 4, will be the Ciffoid of Diocles, and the
Equation thereof z-4-y—2x; which throwa

into Fluxmns, will bc y—zx—z—- ' ‘

T

above (4r:. 2.7) forz. And ;herefom.ff
‘(syyx) styy o
NXXY 2xx 4522 ;
If the Point- M coincides with the Peint A, '

. the Lines FM, FN, P, will be each

to F4; as alfo the right Lines FX,FH;and '
thcreforcwcihailhvcmdns%FT—- 5

2 ey that i, ke FT=}AF; and

draw the right. Line 47, the fame wxll touch
_the Curve in the Point ..
Tangenss may be drawn hkew.lfc to. the
.Ciffoid. by means of the firlt Propofition, by
{1 E, M L, perpendicutar to the Dx-

1

‘

{

B |
- i

° 1

and correfpondent Abfcifs FL. And this mzy
be thus done; firft call the known Quantities
FBy2a3 FLor BE,x; LM,y; then from
the Smrlan(g of the Tnangles FEN, FLM,
and the Nature of the Circle, we have FL
(#):LM(y):: FE:FN:: EN(Vzax—Bx.z'))
L2
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! =

thrown into Fluxions, will be 25§ =

6axxX—253% _ w Y\ _ ‘
5 and icrcfore {LO (—;)-— *dr g

EB(x). Whencewe get yy= 3 which

——,
24—x .

PX2a—x __28%—x%% . x®
Jaxx—x 36—x ° by putting 28—x for 3.

Pror IX.

. zp.LETtbere be two Curves ANB, CPD, Fio.15.

and a firaight Line FK'T, in which
are taken the three Points A, C, F; and let
there be fome other Curve EMG fuch, that a
right Line F M N being drawn from any Point
M of ity and the right Line M P parallel to
F K the Relation Q; the Arch A N to the
Arch CP, is expreffed by any given Equation.
1t is required to draw the Tangent M'T from a
given Point M in the Curve EG.

Thro’ the Point 7 fought, draw the right
Line 7 H parallel to FM; and thro' the given
Point A, the right Lines MR K, MO H, pa-
rallel to the Tangents in P and N, and draw
FmO » infinitely near to FM N, and mRp
parallel to M P.

Now call the known Quantities FM, s3
FN,t; MK,u3 CPyx3 AN,y; (then will
Ppor MR=x%, N»=3j). And becaufe of
the fimilar Triangles FN», and FM O ; MOm,

- and MHT; MRm, and MKT; therefore.

FN(#): FM(s):: N5 (3) : MO =£;7,

 And MR (3): MO (‘7’-) :: MK (0): ME=

suy

W D Now
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Now by help of the Fluxion of the given

Equation; we fhall have a Value of #in Terms,
every of which will be affeted with % ; which

being fubftituted in $*7, and the " dodeftroy

tx

one another. And therefore the Quantity of.

M H wiill beexprefled in' known Terms. From
whence we have the following Conftruéion.
Draw M H parallel to the Tangent in NN,
and equal to the Expreflion before found ;
ditaw AT parallel to F/, meeting the right
Line FK in T'5 through which, and the given
Point M, you muft draw the Tangent M T}
which willy be that fought. '

ExampPLE.

;o.Ir the Curve /N B be a Quadrant of a |
"+ Circle, the Point Fbeing the Centre .
ahd the Curve CPD becomes the Radius 4PF,

perpendicular to the right Line FKG 9T B,
and the Arch 4N (), be always to the right
Line AP (x), as the Quadrant /N B (§), to
the Radius /¥ (a); then the Curve EMG,
fhall become /MG the Quadratrix of Dino-
fratus; and MH (ﬂ) will be =22"*7,

1% ax

fince FP or MK (v) =a—x, and FN () =
4. But from the fuppofed Avalogy 4y =4z,

:;nd ay=bx. Now putting abl and é.;:_ for
their Equak » and #, in the Value of MH,
and there arifes MH=%"2.  From whence
we get the follc;wing Conftruétion.

me
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Draw M H perpendicular to F M, and equal
to the Arch M@ defcribed from the C:?m'c
F, and draw HT parallel to FM. I fay, the
Line M7 will touch the Curve in M: For
we have this Proportion, viz. FN (s) : F.

(:: NB(p=~y): M 2=£:--—‘Z.
CoroLt ARY.

Point G, where the Quadratrix AMG
meets the Radius FB, you muft conceive a-
nother Radius Fgé inﬁnitcl;‘t_mr FGBj; and
then drawing gf parallel to F B, from the Na-
ture o‘f;‘ the Qf}agmm'}::, and the fimilar Tri~
angles FB5 right-angled at B and f, we
ﬂr:fll have t’hfs P;op%rti:gg‘llB AF: Bb:
Ffs: FBor AF: g for FG.

Whence if you take a third Proportional
to the Quadrant 4B, and the Radius 4F, it
fhall be equal to FG; that is, FG szf. By
which Means the Conftru&ion of Tangents
may be fthortened thus:

Draw 7'E parallel to M #; then from the

';1.11‘ you.defire the Determination of the ¥ i¢. 1%

fimilar Triangles FM K, FTE, we have MK Fsc. 16

(@—x): MF (s):: ET or MH(b’:-‘}')

:FT:%%?:%, by putting%! for its
Equal », and afterwards dividing the whole by
-b-~y. From whence it is manifeft, that the
%‘% FT is a third. Proportiogal to F@and
: ‘ D2 Propr
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Propr X

Fro. 8. 32.LET AMB be'a Curve fuch, that the

Relation of the right Lines MF, MG,

-MH, &5c. drawn from any Point M taken in

ity to the Foci Fy Gy H, &c. is expre(fed by any
given Equation. 1t is required to draw the Per-
pendicular MP from the given Point M, to the
Tangent in that Point. :

- Take the iofinitely fmall Arch Mm in the |

Curve 4 B, and draw the right Lines FRm,

GmSy HmO; and from the Centres F, G, H,
defcribe the {fmall Arches MR, MS, MO;
likewife from the Centre M, withany Diftance, .
defcribe the Circle CD E cutting the Lines |
MF, MG, M H, in the Points C, D, E; from .
which let fall the Perpendiculars CL, 'D K,

'Elyto MP. This being done, you may ob- |

ferve, _
1° That the right-angled Triangles MRm,
ML C, are fimilar; for if from the right An- |
Elw LMmy, RMQC, the common Angle LMR |
e taken away, the Angles remaining RMm,
L MC are equal ; and they are right-angledat
Rand L. After the fame way we prove that
the right-angled T'riangles M §m and MK D,
MOm and MIE, are fimilar. Thereforefince
Mm is a.common Hypothenufe to the little
Triangles M R niy M § my MO m, and the Hy-
pothenufes MC, M D, ME, of the Triangles
MLC, MKD, MIE, are equal; it is evi-
dent that the Perpendiculars CL, DK, E I,
have the fame Relation to each other, as-the

- Fluxions Rm, §m, O m.

2°, That
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2° That the Lines iffuing from the Foci
fituate on the fame Side the Perpendicular
MP, do increafe at the fame time the others
decreafe, or contrariwife. As (inFig.18.) FM
increafes by its Fluxion R, while GM, HM,
decreafe by theirsy viz. S m, Om.

Now if the Equation ax-+xy—z2z=0s, be

fuppofed to exprefs, for Examples fake, the
Relation of the right Lines F M (x), G M (),
HM (z). This l%quation thrown into Flux-
ions, willbe s%+yx+xy—22%2=0. And
then it will follow that the Tangent in A
(which indeed is only the Continuation of the
little Side Mm of the Polygon, that the Curve
A MB is conceiv’d * to be made of) muft be * 4. 3.
fo fituate, that if the Parallels m R, m Sy, m O,
to the right Lines F M, G M, HM, be drawn
from any Point # in it, terminated in R, S,
and O, by Perpendiculars MR, M S, MO, to
the faid right Lines, we fhall always have this
Equation a Ty X Rm+-xxSm—22x0m=0;
or (which comes to the fame, in Eutting CL,
D K, E I, for their Proportionals Rm, Sm,Om)
the Perpendicular (M P) to the Curve, muft
be fituate fo, that a4y xC L4-¥x.D K—22%
EI'=0." From whence we have the follow-
ing Conftruction.

If the Point C beconceivedto be ladenwith gy, 18,
a Weight 24y, which multiples the Fluxion 1g.
# of the right Line FM on which it is fituate,
and the Point D with the Weight «, and the
Point E, taken on the contrary Side M with
regard to the Focus A (fince the Term —22z%
is negative) with the Weight 2z. 1 fay, the
right Line M P pafling thro’ the common
Centre of Grayity of tlla)e Weights fuppofed tt’:

3
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be in the Points C, D, E, will be the Perpen-
dicular required. ‘

For it is plain (by the Principles of Mecha-
nicks) that every nght Line paffing thro® the
Centre of Gravity of feveral Weights, fo fe-
parates them, that the Weights on one Side,
each multiplied by its Diftance from that Line,
are equal to ithe Weights on the other Side,
each multiplied alfo by its Diftance from the
faid Line. Whence, fuppofing ¥, 3, z to in-
creafe together; that is, conceiving the Foci
F, G, H, to be all on one fide MP, as we
have always done, in throwing the given E-
quation into Fluxions, according to the Rules
before delivered: Therefore the Line M P
will leave on one Side the Weights in C and
D, and on the other the Weight in £, and
fo we fhall have 2+ yxC L+xxD K—2zx
EI=o, which is the Equation to be cone
ftrutted.

Now fince the Conftrution is juit in this
Cafe, I fay it is likewife fo in any other Cafe.
For Example, if the Situation of the Point M

-in the Curve be fo alter’d, that » increafes

while y and z decreafe; that is, that the Faci
G and H fall-on the other Side M P. Then it
follows, 1°,* That the Signs of the Terms of
the given Equation affeGted with y and 2, or
their Proportionals D X, E I, muft be changed.
‘Whence the Equation to be conftru&ted in
this latter Cafe, will be s yxCL—xxD K
A2zxEI==0. 2° That the Weights in D
and E will change their Situation with regard
to M P; and fo from the ___Nggurc of the Cen-
are of Grayity, we have 4+ yxCLE~xx DK
422X E =0, which is the Equation to be

€N
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copftrudted. And fince this is {o in all the .

' Cales poffible, therefore, €9c.

’ Hence it appears, that the Reafoning is the

' fame, let what will be thc Number of the

Foci, and the given Equation, {o that we thus

denounce the general Conftru&ion.

Find the Flyxion of one Side of the given

Equation (the other 8ide being o) and from

the Centre M, with any conventent Diftance,

defcribe the Circle €' D E interfeGing the
right Lines M ¥, MG, M H, in the Points

C, D, E, in which are conceived the Weights

that have the fame Relation as the Quantities

multiplying the Fluxions of the Lineson which
they are fituate. I fay, the Linc M P pafling
through their common Centre of Gravity,
fhall be the Perpendicular required. But here

L we mutft obferve, that if one of the Weights

be negative in the Fluyion of the given Equa-

tion, the fame muft be fuppofed to be on the
contrary Side of the Point M with regard to
the Focus. - ,

" If inftead of the Foci F, G, H, you qupo{"c

right Lines or Curves, to which the right Lines

" MF, MG, MH, fall at right Angles, the ‘

fame Conftru&ion &ifl takes place. Fia. 20,
For drawing from the Point 7 taken infi- .

' ‘nitely near M the Perpendiculars 2 f, mg, mb, -
to the Foci, viz. therﬁincs in the Foci; and
from the Point M, the little Perpendiculars
MR, MS, MO, to thole Lines. It is'evident
that Rm ljviﬂ be the ;‘lmg;n of} MEF, gecalufc
theright Lines MF, Rf, bei ndiculars
betwgn the Pamllclsfl;” > ﬁl}IgR,czg equal to
one another; and in like manner §7 is the
Fluxion of MG, and'Om that of MH; .and
what remains may be proved as above.

G D4 Inftead
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Inftead of all or fome of the Foci F,G, H,
we may ﬁg)pofe Curves beginning in F,G, AH.
And the Curve 4MB fuch, that the Tan-
gents MV, M X, and the right Line MG be-
ing drawn from any Point M in it; the Rela-
tion of the mixed Lines FZ M, HX M, and
the right Line GM be exprefled by a given
Equation. For by drawing the Tangent m #
from the Point 7 taken infinitely near A4, it
is manifeft that the fame will meet the other
Tangent in the Point /) (it being only the
Continuation of the little Arch 7%, confider’d
as a little right Line.) And therefore if from
the Centre 7 be defcribed the fmall Circular
Arch MR; Rm fhall be the Fluxion of the

* mixed Line F7 M, which becomes FVuRm.

Fre. 23.

And all the reft may be demonttrated as afore-

oing.

8 Ygi.é Problem was firfy ffarted by M. Tichirn-
haufen, i bis Book de la Medecine de Pefprit;
and Mr. Fatio in the Journal des Sgavans, bas
given a wvery ingenious Solution thereof. But
their Solutiaus are only particular Cafes of the
general Confiruttion bere laid down.

.EXAMPLE L

33.LET axx4-byy + czz—f=o0, (the
~ right Lines 4,4, c,f being given) the
Fluxion of which is sxx +byy+cz2=0.

Now fuppofing the Weight 2« in C, the

Weight 4y in D, and the Weight ¢z in E,
viz. Weights that are to one another, as thofe
Re&tangles, The Line MP going through
the common Centre of Gravity of tﬁcm, thall
be perpendicylar to the Curve in the Point M.

But
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But if* FO be drawn parallel to C L, and
the Radius M C be =1, then (becaufe of the
fimilar Triangles, MC L, MFO) FO will be
=xxCLj; and in like manner drawing GR
parallel to D K, and HS to E [, we fhall have
GR=yxDK, and HS =z xE I: fo that by
imagining the Weights 4, 4,¢ in the Foci
F,G, H, the Line MP pafling through the
Centre of Gravity of the Weights ax, by,cz .
conceiv’d in C,D, E, thall al.(§ pafs through
the Centre of Gravity of thefe latter Weights.
Now this Centre is an invariable Point as to
Situation, becaufe the Weights in F, G, H,
viz. 4,4,¢ are conftant ftraight Lines, being
the fame in all Pofitions of the Point M.
Therefore the Curve /M B muft be fuch,
that all the Perpendiculars to it do cut each
other in one Point 3 that is, it is a Circle ha-
ving that Point for its Centre. From whence
we haye the following remarkable Property of
a Circle. . .

If there be ever fo many Weights g, 4, c,
on the fame Plane fituate in F,G,H, and
a Circle 4 M B be defcribed about their com-
mon Centre of Gravity. And if the right
Lines MF, MG, M H, &c. be drawn from
any Point M in it: I fay, the Sum of their
Squares, cach multiplied by the correfpondent
‘Weight, ‘will always be equal to the fame
Quantity, .

ExamMrre IL

24 Ln'r the Curve 4 M B be fuch, that the Fic. 23,
right Line M F being drawn from any
Point Af in it to the Focus F of a ftanding
Pofition, and the Perpendicular MG to the
Focus
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Focus G, taken as a firaight Line; the Rela-
tion of MFto MG will be always the fame,
as of the given Quantity 4 to the given one &.

Call FM,x; and G M, y; theawillx:y::4: 5.
And therefore 2 y = 4x. And this thrown in-~
to Fluxions will be 4§y — 442 =o0. Now
conceiving the Weight & in € taken on the
other Side M withr to F, and the Weight
a in D (at a like Diftance from M) and draw-
ing the Line M P thro ug‘vthc common Cen-
tre of Gravity of thofe Weights; and it will
be the Perpendicular requir’d.

For from the Nature of the Balance it is
plain, if the Cord CD be fo divided in
P that CP:DP::a:4 and the Point will
be the common Centre of Gravity of the
Wc1 hts in C and D.

e Curve 4/ M B is a Conick Sc&lon s
DiZ. aParabola, when #3=4; an Hyperbola,

"when 2 exceeds 4; and an Elhpﬁs, whcn the

famelslcﬁ'
| EXAMPLE I,

35 Iv you faften the Ends of a Tl\tmd

FZV MGMXYH ia the Points ¥ and
H, fixing a little Peg in the Point G, and then
extend t%c Thread by means of the Pin M fo,
that the Parts FZ 7, H¥ X wrap about the
Curves beginning in Fand H; and if theParx
MG be doubled or folded together, the Mo-
tion of the Pin M will defcribe aCurve 4MB.
Now it is required to draw a Perpendicular
M P to this'Curve from 2 given Poiat M in
it. 'The Pofition of the Thread aforefaid be~
ing giveq in that Point,-

H&c
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Here 1 obferve, that the fimight Parts
MV, MX of the Thread are always Tangents
in 7 and X, and if the mixed Lines FZ /"M,
and H ¥ X M be called # and 2, the right Line
MG,y ; and a right Line equal to the Length
of the Thread, 4. Then we fhall always have
x4+ 2y4z=4: whence we know that the
Curve /M B is contained under the general
Contftru&tion. Therefore firding the Fluzion

43

of the Eqpation, viz. x+2j +2% =0, and °

.conccivinf the Weights 1 in G, 2 in D, and
1inE. Ifay, the Line M P pafling through
the common Centre of QGravity of thofc
Weights, will be the Perpendicular requir'd.

Pror XL

36.LET APB, EQF te any tws Lines,
the Method of drawing 7. s PG,
QH, 10 the fame being knowns and let PQ_be
& right Liney baving a Point M given in is.
Now if the Ends P and Q_of this right Line

move alowg the Lines AB ET 5 it 45 plain that -

the Point M by that Moiiow will deferibe a
Curve CD. It is requir'd to draw a Tangent
MT 20 the fama from any given Point M.

Timagine the moveable right Line PA/ 9 to
come to 2 Situation infinitely near pm4¢, and
draw the fmall right Lises PO,MR, DS,
mlcndjeular tcl,cs P%, and vﬂr}: fhall have t ft::

right A PymRM,q89; likewife
take P%=ﬁ2,ﬁand draw the %‘éb; Line
'HEG perpendicular to P9, and continue
‘out O P to T, whereat it is fuppofed to inter»
fe@ the Tangent fought MT. This being
doge, it is evident that the little Lr,ight
C nes§

Fie. 25.
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- ‘and the Line EF parallel to A

A Treatife

Lines Op, Rm, §¢, will be equal to each o-
ther, becaufe by Conftruétion P M and M/ &
are every where the fame. -

Call the known Quantities PMor KD 4z 5
MQ or PK,b; KG,f; KH,g; and the lit-
tle right Line Op, Rm, or §¢4,5. Then the
fimilar Triangles PXG and pO P, Q K H and
g8 Q willgive PK(%): KG(f)::p0(;):OP

=0, And QK(@):KH(©::456):S Q=

&Y Now from common Geometry we know
a .

So the fimilar Triangles mRM, MPT will

givcmR(y'):RM(%.%&.)::MP(a) :PT

—af+ 4%, Which was to be found.

a6

Proepr XII

37. LE T BN,FQ_be any two Lines, the
right Lines BC, ED, cutting each o-
ther at rig t dngles in the Point A, being the
Axes of them; let LM be a Curve fuch,
that the right Lines MGQy, MPN drawn
from any Point M taken in it, parallel to AB,
AE, the Relation of the Spaces EGQF, (the
Point E being a Stableyone in the right Line AE,
é) APND,
and the right Lines AP,PM, PN, GQ, &
expreffed by a given Equation. It is required to
draw the Tangent M'T to the given Point M in
the Curve L M. '

cal
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Call AP or GM,x3 PMor AG,y; PNyu;
G9,z; the Space EGQF,s; the Space
AP ND,t; and the given Subtangents PH,a3
GK,46. Then will Pp or N§ or MR=14,
Gg or Rm or O Q =—jy,; Sn=—u=2*

a
becaufe of the fimilar Triangles HPN, N § n;
0Q=%=—2%, NPpn=i=us and

9Ggg=i=—zy; where we are to take
notice that the Values of R and §» are ne-
gative, becaufe when 4 P (x)increafes, P M(y)
and P N (s) do decreafe. This bcinlg fuppo-
fed, throw the given Equation in}:o uxions,
wherein fubftitute s x, — 2 j,—-ﬁ, zi;- for
a

their Equals #, 5, % and 2, and we fhall have a
new Equation expreffing the Relation (fought)
of y tox, ot MPto PT.

ExamprLe L

38.F ETstzzbe =r4-ux; t}fis thrown

into Fluxions is s+-22% =s-+-ui--xu,
and putting for 5,#,%, % their Equals, we fhall
ﬁnd--z}*—-%ﬂ =2u4%— '.‘.Z_”. 3 from

whence we get PT (Z-i) =’;§Z_:§_i;:_i?,
) J

ExamMpre IL

39. Lg-b sbe =1#: then § =7; thatis, —zj

45

=y4x; and therefore PT (E‘_) =

Jz . - .
— 7~ Now fince this Quantity is negative,

there-



* 4rt. 10. therefore the Point 7 muft * be taken on the
other Side the Point 4, where the ¥* begin.
If wefuppofe the Line F @ tobean Hyperbola,
whofe Afymptotes are AC, AE, fothat GQ,

(2) =%, andthe Line B N'Da firaight Line

y . \

-parallel to #B; whence PN (#) will be al-
ways equal to the given right Line ¢. ‘Then
it is plan that the 1éght Line 4B will be an

- Afymptote to the Curve LA, and the Sub-

tangent PT(—&) ==—¢} that is, equal '

to a ftanding Quantity. ' ‘
And fo in this Cafe LM will be the Lo-
garithmetick Curve. ' ,

\
\

Pror XIIIL

Fic, 27 49.LET BN, FQ % any two Lines, the °
right Line B A being their Axisy inwhich
take the two Points A and E5 and let LM bea '
Curve fuchy that drawing a right Line AN from
any Point M taken in ity defcribing the circular
-Arch MG from the Centre Ay and drawing the
Line G (parallel to E F) pevpendicular to AB,
the Relation of the Spaces EG QF,s; ANB,t;
‘and the right Lines AMor AG,y; AN, z;
GQ, u; is expreffed by any given Equation. It
is required to draw the Tangent M'T from a
given Point M in the Curve L M.

Draw the right Line #7'H perpendicular
to 4 MN, and conceive another right Line
Amn wfinitely near 4 M N, another Arch
mg, another Perpendicular gg, and the little
Arch NV § defcribed from the Centre 4. N O‘K

2 ca
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call the given Subtangents 4 H, a3 and GK, 43
then will R» or Ggr= Js Sn=2: And be-
cufe of the fimilar Triangles ZAN, N§n;

KG9, and 90¢; therefore SN =1z§, 04

—_— a"_—_—_"b_y, GQgg=—: =uj, ANnor

ANxINS=—i=3az. All thefe Values
muft be put in the Fluxion of the given Equa-
tion, with which a new one will be formed ;
from whence we get a Value of 2 in y. Now
becaufe of the Seg}ors and fimilar Triangles
A4ANS and AMR, mRM and M AT, AN (z)

:AM (3):: NS 8z . MR="1% And
z

22
mR (5): RM(%;): c AM(y): AT =

82 Now if inftead of % you fubftituteits

2z Y ‘
Equal inj, the Fluxions will vanith, and the
Quantity of the Subtangent 47 fought, will
be exprefled in known Terms. 'Which was
to be found.

ExamprrLe [

41.F ET #y—s be=z2—¢; this thrown in-
< to Fluxions, is #y+ys—;s =2223—¢;
and fubftituting as neceflary we have z=

4b: b ::Fzz ZJ' - And laftly, putting this Va-

lein2223, there arifes 47 =45y —2a1
i s arifes 4T yTr

ExAMPLE

47
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Fi1c. 28.

 Line LM be drawn from the defcribing PoiLnr

A Treatife -
ExAaAMPLE H',

42.T et s=2#; then s=24, viz.—uy==—=
4z, or z =21 therefore 4T (222

43y 4
z2z . ,
If the Line BN be a Circle, the Point £

being the Centre, and the Radius be 4B =
AN=¢; and if F9 be an Hyperbola fuch,

that GQ (1) =1 ; then it is manifeft, that the

Curve LM makgs an infinite Number of Revo-
lutions about the Centre 4 before it comes to
the fame; becaufe the Space FEG 9 becomes
infinite when the Point G fallsin 4, and 4 T'is =.

ﬁl, Whence we may obferve, that the Ratio

cc
of AMto AT is conftant; and therefore the
Angle 4 MT is a ftanding Quantity £; andfa
the Curve L M is the Logarithmical Spiral.

Propr. XIV.

4.;.LET AMD, BMC e any two Curves
touching one another in the Point M, and
let L be a given flable Point in the Plane of the
Curve BMC. Now if you conceive the Curve
BMC to revolve on (or roll along) the Curve
AMD /o, that the rzvolving Parts AM, BM,
be always equal to each other. Now it is mani-
feft that the Point- L, moving along in the
Plane BMC, will defcribe a kind of Cycloid
ILK. This being premifed, I fay, if the right

Sl i M. s es o me

i —r mm s 8 ety
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L, # the Point of Contaet M in every diffe-
remt Pofition of the Curve BMC, the [ame
will be perpendicular to the Curve ILK. ~

For the infinitely fmall equal Parts Mm,
Mm of the Cutves AMD, BMC, maybe u 4, ,.
taken * for two little fight Lines making an )
infinitely fmall Angle at’ the Point M. Now
that the lictle Side A of ‘the Curve or Poly-
gon B MC, may fall upon, or coincide with
the lirtle Side M of the Curve or Polygon
AMD; it is neceffary for the Point L to de-
fcribe a little Arch L/ - about the Point of
Conta&t M, as a Centre; and confequently
the faid fmall Arch: will be a part of the Curve
IL K; and the right Line M L, which is per-
peadicular to it, ‘will alfo be perpendicular to
the Curve (/LK) in:the Point L, Which
was to be demonftrated. . .

} Proe. XV.

44.F ET ML N & any right-lined Angle , Frc. 29
44 L whofe Sides LM, L Ng, touch any gzloo

Curves AM, BN. If thefe Sides move along

the Curuvey, fo as to touch them comtinually, it

" is evidenty that L. the Vertex of the Angle will

- deferibe the Curve I L K.. Now it is requir'd

20 draw L. C perpendicular totbis Curue, the Po-

fition of the Angle MLN. being given.

Defcribe a Circle thro’ the Vertex L, and
the Points of Contalt M, N, and draw the
right Line C L thro’ the Centre of the fame;
} EE it will be perpendicular to the Curve

E Fox
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Foy conceiv she Curves A M, BN, =
Pol ons of, xl:ﬁgmsc Numbers of Slqics, ‘
Wth Mm and Nwn are-each ones it s plia
that if the Sides LM, LN, of then ht- ‘
lined Angle LAIN, of -a igiven ‘Quan
‘move ‘about the ftable Po‘l_ms ?:;dlg (thc

Tangents. L M, LNy bemg the Con- |
sinuations.of the little- Sxdes% Ng) unil
LM, ‘the Side of ‘the Angle, falls-on theidit- |
tle Side Afm of the Polygon A M, and the
‘other 8Side L N upon the little Sidé N of ,
the:Polygon B:Nj the Vextex.L will deforibe |
a little 'Part L/ of the circalar Arch: ML N. |
‘Therefore the faid {mall:Part L/ will be zom- |
'mon 'to ‘the Curve TLK; “and :confoquently
the right Line CL, which is ‘perpendicular -
to ‘it, will be p icular £o the:Qurve in
the ‘Peint L. hich was to be :demon-
ftrated. . : .o

Pror. XW.

45.J ET ABCD bée a jiexible Cord biyving
different Weights A, B, C, &c: ’lmng

40 it.at any given Difiances AB,BC,{8c. Now

if this Cord be drawn along wn }bm»ml

- e AW s RS~

" Plane by one End D thereof, Ywbich End weaves

wlong a given Curve. DP in‘the faid Hovizene
#41 Planc, it is monifeft, that the f[aid Weights
will firetch the Cor while it 5 drawing .a~
longy and will defiribe the Curves AM, BN,

" CO, &Fe. 1t is requiréd to draw ‘fangmt.k t0

them, the Magnitude of the Weights, and tbc
Pof ition qf the Cord ABCD being gwm

In the firft Pamelc of Tmc, the End. .D
moves forwards towards P, the Weights o,

- s Ly
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By €, ‘will defcribe, of endeavour to defcribe
the Lirtle Sides Aay Bb, Cc, of Polygons, which
the Curves AM, BN, CO, are fappos'd ™
be; and therefore to dmw the Tangents AB,
BG, C K, tovhem, is only the Determidation
of the “;elgim A 'By:€5 iy the faid-firft To-

foant op Partitle of Titne, 'or-the Pofition:of -

the ﬁt Lines’ they efdtavodr to defcribe:
To which, we muft oberve, - -
<, That -the Wclg‘hc Hy irthe firft Parei-

cle of Tinwe,! is drawn in ‘the Diretiot 453
and fince there is nothing todivere it filom
that Dire&iom), becaife it draws no.other
Weighit itfelf, ut muft -keep 'to that:-DireQi-
~on; and fo'the right me 4B wilt tbuch
- the Corve. AM in A"
- - 2% That 'the Weight B% drawn accordz
ing tothe Ditsétion HC ; but becaufe it draws
the Weight -#after it; which does ot tove
in chat! PireSion,- and fo- muft induce (ome
Alterdtion to that Dirafion; thé Diretionof
B will not be in the Line B &, but i atiothee
Lise BG{ whofe Pofitior miny be thus found.

Deferibe.¥Re&angle:E ¥ wwith BC for 'the
Diagonal, andhaving oncSide BF in the Con-
timration bf 485 then i the Force wherewith
© the Wieight B is drawn aétording te the Dit
re&ion' BC; be exprefled by BC § it follows by
tthawsoFMc‘chamcks,thut ﬁici“otc‘é BChay
be divided ints two- othets BE and B R, wiz.
when " the Weighe B'is dfawn by the Foreé
B€ according ta the Direflion BC; it is thé
fime;” 2if" it 'was drawn-de’ the fithe time
- the Foiee "B Ein’ the Direlion B E, and’
. the Fotee B in the’ Ditet¥ion- BF. N’ow

the Weight #:gives ng Diftyiburice tb:thy

| Dme&ion ‘BE;it bemg drawn: pcvpendxu

gI
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- A Treatife ..
to it; :and confequently the Foree B E in that

Direétion will receive no Alteration; but: it
-oppofes the Force B F in the Direétion BF by
.the whole Weight thereof. Therefore in or-

der for the Weight B with the Force B F to
-avercome the Refiftance of the Weight 4,
the Force B F mutt be divided into two Parts,
Javiog the fame Proportion to -cach dthery as

‘the Weights £ and B: Whence divide £C

in the Point & fo, that CG be to GE, as the
Weight 4 to the Weight B; then.it is plain |
that £ G will -exprefs the remaining :Force
wherewith the Weight B endeavours to move
in the Dire&ion B F, when- it has overcome
the Refiftance of the Weight 4. Fherefore |
the Weight B is drawn in the fame Time by :
the Force B E in the Dire&ion B £4 and by :

- the Force EG-in the Dire&ion.B For ECs

and fo it will endeavour -to move.along BG
with theForce. BG:. That is, B G will bé the
‘Direftion, and confequently -will touch the
Curve BNinB. . ... .

.- 3% To find the Tangent CK. - WithCD
as 8 Diagonal,. make the Re&angle HJ, the
Side C/ being in BC continued. Now the
Weight B does ;not at all difturb the Force
G H, wherewith the Weight C is drawn in
the. Direction C H but the Force €./ in the
Direétion C 1, is- difturbed the. greateft poffi-
ble by the Weight By 'and in fome meafure by
the eight:x( alfo:. To find oyt the Quan-
tity of thefe, draw 4 L perpendicylar to BC
continued out. (Here we may obferve, that if
A B exprefles the Foroe wherewith the Weight
«A.is drawn according to the Direltion 4 83
B L will the Force wherewith the faid

. Weight 415 drawn in the Direition BC-Z:BS;;
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that the Weight C, together with the Force
C/, mutft overcome the whole Weight B, to-

er with a Part of the Weight 4, which
i 15 to the Weight #as BLto B4, or BF to
- BC. Therfore if B4+ 22 i DK
. K H, it is plain that C X will be the DireGtion
of the Weight C, and confequently will be a
Tangent to the third Curve €O in the Point
C .

If there were a greater Number of Curves,
the Tangents to the fourth, fifth, {fc. might
have been found after the fame way; and the
Tangents of the Curves.defcribed by the in-
termediate Points between the Weights, may
be found by 4. 36. -

Ej SECT.

53



SECT III

Of tbe Vfe of Flusions in ﬁndmg the
greateft and leaff Ordinates. in a
‘Curve, to. which the Solution of
‘Problems de MAKIMIS & Mmmxs
mgy be redru‘ed S

DEFIN!T!ON I.

“‘Fio. 31, ET MDM be a Curve, whofe Ordi.
g;’ nates PM, E D, PM are parallel to each
34, other; and let this Curve be fuch, that while
" the Abfcifs 4P continually mcrcafm, the Or-
dinate PM increafes likewife, until it comes
to a certain Point E, and afterwards decreafes;
or, on the contrary, if the farhe decreafes un-

til it comes to a certain Point E, and after-

wards increafes. :

Then the Line ED is called the greatef} or

leaft Ordinate, or a maximsm or minimum,

Derin IL
I’F a Quantity, as PM, be propofed, confi fte

ing of one or more indeterminate Quanti- -

ties, as AP; and while 4P continually in-
creafes, the faid Quantity PM increafes like~
wrife until.it comes to a certain Point E, after
which it conftantly decreafes, or coqtrauw;gcd



!
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and if it be required to find fuch a Value or
Expreflion of 4P, that the Quantity E D,

of whieh it conﬁﬁs, may be greates or lels

than any other Quantity PM ormed i@ like
manner tiom P Thu is called a Problem

de maximis and minimis,

GreNERaAL ProPosITION

46. TH E Nature of the Curve MDM bleing

given: to fnd AR fuch a Palne afAP
that tb: Ordingte E D be greater or leffer than
&uy other P M of the fawe nature. .

When. #P, PM increafe to ether, it is
evident * that R the Fluxion of Pm will be # 4. 3,
%ﬁtlve with regard to the Fluxion of AP. 10.

d on the contrary, if M decreafés while the
Ordinate AP increafts, the Fluxion of PAM
will be negative. Now every Quantity that
continually increafes or decreafes cannot from
being poﬁuve become negative, without firft
pafling thro’ Infinity or nothing; wviz. thro’ o
when the Quantity in the Beginning conftant-
1y goes on decreafing, and thre’ Ir?hgnity when
it continually increafes in the Bcgmmtﬁ
Therefore the Fluxion of a Quantity expr

a maximum or minimum, muft be equal to
o, or Infinity. Now becaufe the Nature of
the Curve M.D M is given, we ¢an ﬁni (by
Seff.1qr2) a Valuc of Rm, which cm
ﬁrﬂ: made to 0, and afterwards to I
5 from thence in both the lllxﬁ)oﬁuons
thc rcqmr’d Value of 4Z will be

E 4 , Scuo~
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Fic. 31,
32. .

F1a. 33,
it

AT reatife .

. SuorLtum

47. ™ HE Tangent in D is parallel to the -
T Axis d{;B, when ;hcp Fluxion Rz

becomes o inthat Point : But when it becomes

infinite, the Tangent coincides with the Or-
dinate ED. Whence we may obferve, that

‘the Ratio of m R to RM, wiz. that of the

a

Froe. 31,
32.

@ 4rt. y0.

Frc. 3s.

Ordinate to the Subtangent in the Point D,
isoor I{rilﬁnite. o -
It eafily appears that a Quantity continu-
ally dcccmfmIgDI: from pofitive canntgt become
negative without firft paffing thro’o; but that
&xantity continually increafing muft pafs
thro’ Infinity to become negative, does not fo
cafily appear. And therefore to affift the Ima-
%ination, let Tanﬁznts be conceived to iflue
rom the Points M, D, M; now in Curves,
where the Tangent in D is parallel to the Axis
A B, it is manifeft that the Subtangent PT
increafes fo much the more, as the Points M
and P accede to D, E; and fo when M coin-
cides with D, the fame becomes infinite; and
when at length 4B is greater than 4 E, the
Subtangent P 7 from pofitive becomes ¥ ne-

gative, or contrarjwife. .

ExamrrLr L

48.Lr-:r Bty=axy (AP bein§,=x,
PM=y, AB=a) exprefs the Na-
ture of the Curve MD M. ‘The Fluxion of
the fame will be 3xxi4-3yy5=axj+mx,

andy =22E 32X — 4 when the Point P
: y—ax

~ coincides with the Point E fought, Whence

we
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. we get ’y=3-‘-’:ﬁ. And putting this latter
" Part of the Equation for y in-the Equation of
the Curve x* 45 =axy, and there will arife
AE (%) =-‘;asﬁ: Being fuch that the Ordi-

pate £ D will be a. maximum, or the greateft

of any other Ordinate PM to the Diameter
4B.

' Exampre IL

. 49‘1_,31- y—a=a%xa—x% exprefs the Fie. 33.
? Nature of the Curve MD M. This

thrown into Fluxions will be j = —-d

3¥a -—x’
which I firft make equal to 0; but becaufe
this Suizgoﬁtion gives us —2 x3/z=0, from
which the Value of 4 E cannot be known, I
— b ST . .
afterwards make -V-‘—"—ﬁ‘ infinitc; and fo
a@—x

3Y@—x=o. nfequently 4E (x) =a.

Exampre III

so.T et AMF be a Semicycloid, whofe Fiec. 36.
Bafe B F is lefs than half the Circum-
ference /N B of the generating Circle, and
Centreis C. It-is required to ﬁd the Point
£ in the Diameter 4 B being fuch, that the
Ordlt:-itt;fﬁa thall be a maximum, or the

e.

8wln)ra.\}\'f the Ordinate PM at pleafure, inter-
fe&ting the Semicircle in IV, and at the Points
M, N of the Ordinate conceive the little Tri~
apgles M Rm, NS#; and calling the indeter-
minate Quantitiecs 4P,»; PN,z the Arch
. AN,u;3
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Fie. 33

<. e y ‘ ’ *
A Frvatife >
AN,u; and the given Quanrides -4 N B, ais-
BFEb; CAor Cg} Then from the Na-
turcoftthydmdzﬂVB (wy: BE(bY: > AN@ :

NM’:--L. When‘cc PM=z+_.,' and
a

the. Fluxton thcrcol Rmz;:s—-.-ié. =0,

when the Point P comcxdcs w1th E the Point
fought. Now the ri ht- led Triangles

NSn,NPC are ﬁmllar For if the common

Angle CN§ be taken away from thcA*Egh;
Angles CN#n, PNS the remaining les
I\% PNC fhall be equal. And thcrc

CN():GP(c—x):: Nafi): S»(2) = ﬂ‘_i‘.‘.’
‘Whence putting this Valiefors in az+bu==o,
and there will arife W—‘Os and

fo we gcr. » (which in thxs Cafe is 4E) =
c + — -

Thcrcforc afliime CE towards B, a fourth
Proportional to the Seml-cxrcumfcrcncc ANm,
the Bafe BF, and the Radius C B, and the
Point E will be that fought,

EXAMPLE IV.

1.*T o cut or divide thc iven right Lme
d T A B in the Point EF that%hhc Pro-
dutt of the Square of AE, one of the Parts
into the other Part, be the grcateﬂ: of any
Produét of the like nature.

Call the unknown Qgantity dE,x, and

the given Quantity 4 B,a; then muft AEXEB

~ =axx=—=y be 2 maximum. Now a Curve

MDM
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M D M mutt be fuppofed fuch, that the Re-

lation of the Ordinate M P (y) to the corre-
{pondent Abfcifs AP (x) is expreffed by y=

8xx—% nd the Point £ muft be found

aa
fuch, that the Ordimate E D be a maximum;
and fo i=."“x—";?iff—=o, from whence we

- get AE(x)=4a.

" And generally if you would have Koz

2

(where m and » exprefs any Numbers at plea-

fure) to be a maximum, the Fluxion of it muft
be made equal to o, or Infinity, Whence

M=y n T S ®
Mx  XXG—=K =—BG——%  XXRx™ = 03

whichdividedby x X a—# " ,and there
comes out am—rmx-+nx=0, and AE (x)

m
mt-n
Ifm=2,and s=—13 thenwill #4E=14,
and the Problem may be thus laid down.

a.

—
fr—

Continue out the given Line /B (towards F1 c. 3.

B) to the Point E, in. fuch manner that
the (&anuty% be 2 minimum, and not a
maximam ; for the Equation of the Curve
MDM will be <= 2=3, wherein if we
fuppofe x ==4, thé Ordinate P M, which be-

' comes B G will be ‘-’;ﬂ, that is, infinite; and .

conceiving ¥ infinite one fhall have y=ux,
viz. the Ordinate will be al{o infinite.

If m=1, and s=—2; thenwill JE=—34
whence the Problem may be after this manner
Based, _ Conx
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Fie. 35.

¥ic. 39.

| - . '
= A Treatife
Contintie out the given right Line 4B (to=
wards' 4) to the Point E fo, that the Quan~

. AEXAB |
tity —g=— be the greateft of any other

APXAB’,

- Examere V.

§2.”Y ue right Line 4B being divided in~
- T to thxgcc‘ Parts AC,CF,%?B. To di-
vide or cut the middle Part C F in the Point
E being fuch, that the Ratio of the Reétan-
gle AEXEB to the Reftangle CEXEF, be
Iefs than any other Ratio formed in like manner.

Call the given Quantities 4C,a; CF, 43
CB,c; and the unknown Quantity CE,x:
then wil /E=4-+x  EB=c¢—x, EF=
b——zx, and therefore the Ratio of /ExE B,

to CExEF will be ?‘_'*Z::_’“_:;_‘ﬁi’-,which

muft be a minimums. Whence if a Curve
M D M be fuppofed fuch, that the Relation
of the Ordinate PM (y) to the Abfcifs C P (x)
__aac+tacx—aax—axx
be exprefled by y = g
the Problem will be brought to this, »/z. to
find fuch a Value C E for x, that the Ordinate
ED be lefs than any other PM of like fort.
Therefore throwing the faid tion into
Fluxions, and afterwards dividing by 4 %, there
will come out cxx—axx—bxx4-2ac%—abc=03
and one Root of this Equation will folve the
Problem. :

If c=a--45 then will » =%5.

ExaAamM-
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Exampre VI

y;.Or all the Cones that ¢an be infcribed F i e. 40.
: within a given Sphere, to find that
-whofe .convex’ Surfice.is the .

‘This Problem, int otherWords, is to find the
Point £ in 4 B the Diameter of theSimicircle
AFB fuch, that drawing the Perpendicular EF,
and joiﬁing/!F,theRc&an}%Ie AFxFEbegreat-
er than any other ReCtangle (/N x NP) like it.
For if the Semicircle 4/F B8 be conceived to
make an entire Revolution abeut the Diame-
- ter-AB, ‘it is evidenty that. it fhall'defcribe a

Sphere, and the right-angled Triangles £EF,
PN, will gencrhp’t%%nes infcribed -in the
Sphere; the convex ‘Surfaces of which defcri-
bed by the Chords 4E, 4N, will be to one
another a.ithc ReQangles 4 FxFEy A Nx NP.
- Now let the unknown Quahtity /£ =,
-and the given one 4B=4. Then from the
Wature of the’ Circle 4F=vyax, E F=
| ofax—xx; andtherefore AFXxFE=y/aaxx—ax*
- which muft be a Masimum. “Whence we muft
conceive a Curye M D M to be fuch, that the
Relation of the Ordinate PM (y) to the
corréfpondent Abfeifs. 4P () is éxprefied by
Yaaxx—ax’ _ .. apd find the Point E fo

a
that the Ordinate E D be greater than any
other (PM): of like fory, 'And making the
Flukion of t'hc'Equationﬂw =k, We .. .~k
g ‘ . SR I zdaax’:ﬂ—ax .

 ExaMere



‘ .

o A Treatife

Examere VIL

. §4. A MoNG :all the Parallelepipedons-eq mlw

Fie. 41.

a givenCube .4’y and having thé
ri hthcbforoneoftheSides,to thm:
which:has the leaft Superficies.
: Callonc of the two.Sides fought x, and the

other will bc.;.— 3 thcn aﬁ'ummg the altcrnatc
Planes 4, x,--- of the Paralldcpxpcdpn, :

their Sum, iz, s+ 2— wﬂl be ha]f

of the Superficies, which muﬂ: be a Minimsom.
And fo (as all along) conccwmg a Cwrye ex- -
prefled by-- +- + T= ¥, the Fluzion of
this Equatxon mu& be equal 003 that 6”

-—a—f-;i~o, from whmcc thqrc comcs out

#x‘-vp andx-—-‘/- Cmfaqumﬂytbﬁhrec
Sides of the Parallelcplpedon required, wiﬁbc
&, ‘/; and‘/“ . Whernce you mayobﬂmq
that two Sida are eqmil .

ExAMPx.; .VIH }

uose all -the. Pamlteleppedons that
”'A to a given Cubc a’ to find

that w!uch has the leatt S R
Call one of the unknown SldCS x; then by
the laft Exaimple it is plain, that the twoho-
thex
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her Sides will be érch oqual to"’3 5 andthere-
fore the Sum of the ;ltmte’!’la'pgs_‘,‘ which
3 the lalF of sl Siperfiies, will be L
2/a"%, which-mnift'be'a Minimant. Whence
the Fluxion of this' ‘muft ‘be equal fo o, viz.
. '3 . .
ng"}'#'m; and fo x==gz; and confe-
x% Va,:’x’ DU S JOTN . s .
uently the two Sides fhall alfo be equal to 4;
tb that the Cube itolf lxcs the Froplem.
o ,'.‘: Ex:u.ns.s aX. L

* ‘on.a Plane, nogether with two ftable
Paints G, ;5 and if swonright Lings £ 2 (s),
P F (%), ibe draws, from wny Popt £-ia-it3
and if a Quantisy. be. made. up of thefe,indeter-
minate ones # and =, angd .other -gives :right
Lines 4, 4,&c. at plealire. .: It is-required to
find Inch a Pofitign of the. right Liges C £,
EF, that the Quantity given, which is-made
up of them, be greater ar lefler thapthat.fume
V%ang%whcn.lt:is‘,pﬂcg% of the rightduinas
'C‘ s * . -~ . o, . .

Let us fuppofe the Lines C E, E F, to have
the requifite Situation: Join.C F, and conceive
the Curve D M to'bé fuch, that drawing
P%ﬁf at_pleafure; perpendicular to € Fyrthe
Drdingie QA may exprels the Quagtity- gi-
ven, Now:it'is manifefl, thac whenzhePoint
P Galls in the Poing .E, .the :Qrdinate Q. M,
which then becomes Q 8, sawft be thegrmateft
or leaft of all.athers of ilike dort.. Therefore
the Fluxion af.it imputt be equal too,: of; infi-

2 nite:

56 " HE Line AER being given inPofition F10. 41
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nite: Whencc if the given Qlannty, for Ex-
amc})lc, isduxzz; then will six22% =0,
confequently #:—2%::22:4. Where-
‘forc we may alr perceive that z muft be
negative with refpet to %; that is, the nght
Lines CE, EF, muft have fuch-a Pofition
rtgatzdecrcafm at the fame time asamcm i
. Now if EG be drawn culartothc
Line 4E Byand from any Point G therein, the -
Lines GL, G, be likewife drawn perpendi-
cular to CE, EF and the right Liries C K,
FeH, be drawn from the Point e infinitely
near E, and from the Centres C, F, be defcri-
bed the {mall Arches EK, E H; the right-an-
gled Tritngles £ LGand £ Ke, E IGand EHF, |
will be fimilar. For if the Angle L E¢ be ta-
ken from the right Angles GEe, LEK, the
remaining Angles LEG, K Be, thall be cqual
Whence GL:GI: KB (@):He (—%2)::22:
4., Therefore the Pofitiont of the right Lines
CE EF, muft be-fuch, -that when E G is
drawn perpendicular to the Line AE B, the
Sine (G L) of the Angle GEC, is to the Sine
(GI) of the Angle GEF, as the Quantities
drawn into 2z, to the tities drawn i into “.
thch was to be fo .

CoRrROL.

¥7. Ir the right Line C.E be given both in
Pofition and Magnitude, and E F only
itude, and the Pofition thereof be rc-
qm y it is cwdcnt that the Angle GEC be-
g glvcn, its Sine (G L) will be iven like-
wife, and confequently the Sine (G 7) of the
Angle (GEF) fought Thcrcforc ifa Circle
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be defcribed with EG as a Diameter, and the

6

Value of G 7be laid off in the Circumference

from G to I; the right Line E F paffing thro’
the Point /, will have the requifite Pofition.
Let a% 4z be the given Quantity; then

will G7 be =2*GL. 4id fo it appears, that

b

let £C and E F have what Length foever, the
Pofition of this latter fhall be always the fame

fince they do fiot come into the Value GI:
which confequently does not vary. If a=2b,
it is plain that the Pofition of £ F mut be in
C E continued out from E; becaufe GL=G/
when the Points C and F fall on‘each Side the
Line 4B: But when they fall on thg fame

Fte. 43,

Side, the Angle FEG muit be affumed-equal -

.tothe Angle CEG. . -

T Examrre X .

8. T ue Citcle AE B being given in Pofi-
! T "tion, asalfo the’Poin,t%é and F with-
out the fame:' to find the Point E in'the Pe-
riphery being/fuchs, that the Suth of the right
Lines CE, . E F may be a minimum.

Suppole the Point E ta be that fought, and

. draw the Line QEG. from the Centre O;
- which will be perpendicular to the Circum-

ference #EB) %nd fo *.the Angles FEG,
CEG will be equal. | Therefore if EH be

~ drawn fo, that the Angle EHO be equal to

the Angle € EO, .and likewife EX fo, that
the Angle EXO be equal to the Angle FEO,
and the Parallels ED, £, 10 OF, OC; and
there will be formed the fimilar Triangles
OCE:and OEH, OFFE ind'OEK, HDE
and KL E; and ‘calling the known Quantities

Fio. 43

® drt. §7¢
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OFE, OA4or OB,a; OC,b; OF,c; and the
unknown ones O D or LE,x; DEorOL,y.

Then will 0H=='ﬁb‘f, 0K =-,£‘2‘f, and HD

). s —24Y: ] .

(x—-z—).DE(y) : .KI{./(] c) LE(x)

Whence xx-—f-;ff =yy— ‘...?1; and this

is an Equation ining to an Hyperbola,

whicllna?nay be m&g&cd, will cut
the Circle in the Point E fought. .

ExAMPLE XI

j’p.ATnAvm.Lnn fetting out from a |

Place C to go to a Place F, muft crofs
two Countries divided from each other by the
right Line /EB. Now fuppofe him to go
the Length 4 in the time ¢ in the Country ad-
joining to C, and the Length 4 in the fame
time ¢ in the other Country adjoining to F: it

~ is required to find the Point E in the right

Line AEB thro’ which he is to pafs in the
fhorteft time poffible from C to F. :

Makea:CE(a)::c:%’f; And5:EF (z)::

€2

e “Then it is plain, that ¥ expreffes the
=

@ Art. g6.

"Time of the Travellers going theLength CE,and
fbi the Time of his going the Length EF; fo

ihat ‘e c—; muft be a winimam. Whence ¥
a ,

drawing EG icular to AB; the Sine
of thcAzgch C muft be to the Sine of the
Angle GEF, asatod.

This

e e aw mrra i ew
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THis being premifed, if the Circle CGH
gk i o

oint fought £ as a Centre, e Perpen-
diculars ggj,Hb,FB be drawn to the right
Liné AEB, and the P iculars GLy G T
to the right Lines CE, EF, we fhall have
6:5::GL:GI. But GL=AE, andGI=ED,
besanfe the right-angled Triingles GEL and
EC A, GE{and BHD are cqual and fimilar,
as may be eafily . Therefore if the un-
known Line AE be called #, we fhall
hﬁeED:—'--b?f: and callintg the known Lines
" AB,f; ACyg;s BF,b: from the Similari-
ty of the Triangles EBF, ED H, EB (f—x):
BF@®)::ED (£): DH=_t25 Bur

Qf==gx

becaufé of the righit-arigled Triangles ED H, -

BJ‘G,- _1f__ eﬂuil Hypat_!l_cx:u&c___‘fl, EC,
ﬁD 4+DH er bbe =E4 4+ AC 4 that is,
Latd bhbxx . anc
aad +ad]§"-‘-=-zaafx+aa:éx=x“+gg. and

6y

freeing the Equation from Fraflions, and afe

terwatds duly ordering the fame, there will arife
aax*—2.aafx'Vaaffux—2aafggx-aaffgg=o0.
—bb 2bif +aaff' Vagtoelfeg
- ——bb
—bbbh
- This Equation may be gotten after the fol«
Jowing manner; without having recourfe to
thewtti Example.
Having named the known Lines as be«
fore; viz. AB,fy AC;g5 BF,b; and theun-
known one AE, x. Makea:CE(y/gg¥xx)::¢:

tl/ﬁ;f—- l’”’= to the Time the Traveller is go~

F2 ing
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ing the Length CE.- And in liléé manner
b: EF (Vff — 2fxtxx+bb)::
t‘/ff-—fo+xx+bb = Time of his going

the Lquth EF: fo that ‘_‘f&g_j'_ﬂ' -

=2 v;inimm sand 'thcrc-

cxi.-  exXe—cfi

'forc--————j- = = o.

F1 c.ﬁ.

avgg 4 xx b¢f7—27x+xx + 73
W hence dividing by ¢, and frecing the E-
uation from Surds, we fhall have the fame
%quatxon as before; one Root of which will

‘exprefs AE the mmzmam fought.

AEXAMPLE - XIL

60. LET F be a Pulk hang1 ﬁ'om
the End of a CF faﬁcn
and let D be a' Weight fufpended by the Cord
D FB put over the Pulley F, which Cord is
faften’ dp in B; fo that the Points Cand B lie
in the fame horizontal Line CB.  Now if the
Pulley and Cords be fuppofed to have no
ht, it is required to find in what Place
‘the \%’cxght D, or Pullcy F, will fettle or
come to reft.

By the Principles of Mechanicks, it
is plain that the Weight D will defcend
as- far as poffible below the horizontal
Line CB: therefore the Plumb Line DFE
will be a maximum. And therefore the
given Quantities CF, a5 - D F B, &} 3

-and the unknown Quannty CE,x ; therc will

wifec EF=y/aa— xx, FB=\/aa+ cc — 2.0%,
and DFE=b—/aa + cc —2c% -} v/as—xx,
which muft be a maximum. And fo the Flu-

xion
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xion of it will be X — X
vaat-cc—2acx  yas—xx
=0. Whence there arifes 2 cx? —2ccxx—
ssxx+aacc=o, and dividing by x—o,
there comes out 2cxx —a44x —44¢==0, one
Root of which will exprefs C E fuch, that

the Perpendicular E D pafles by the Pulley F -

and the Centre D of the Weight, when the
fame is at reft.

~ Here follows another Solution of this Prob-~
lem.

- Call EF,y; BF,z; then will f—z 4y =
maxinum, and fo y=2z. Now it is evident,
that the Pulley F does defcribe a Circle C F4
about the Point C as a Centre: and if fR be
drawn from the Point £, infinitely near to F,
parallel to C B, and f§ perpendicular to BF;
therefore will FR =y, and F§ =z. Which
are confequently equal to each other: and fo
the little right-angled Triangles FRf, FSf,
having the common Hypothenufe Ff, are
equal and fimilar: whence the Angle RFf is
equal 16 the Angle S Ff, that is, the Point F
muft be fo fituate in the Periphery F.4, that
the Angles made by the right E.incs EF, FB,
with the Tangents in F, be equal to each o-
ther: or elfe (which comes to the fame) the
Angles BFC, D FC equal.

This being premifed, if you draw FH fo,
that the Angle FHC be equal to the Angle
CFB or CFD; the Triangles CBF, CFH
will be fimilar; as alfo the right-angled Tri-
angles ECF, EFH, fince the Angle CFE is
equal to the Angle FHE, each of them be-
ing the Complement of the equal Angles FHC,
CF.D to two right Angles; and confequentl

X F3 C 1!’

69°

*
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cH=" mum( - ‘) :EF(5): EF(g):+

BC(x). Whencexx—22¥ =yy=as— xxfrom

theNaturcoftherrclc from whence arifes
the fame Equation as at firft. ‘

Exampere XII.

61. HE Elevation of the Pole being given :
T To ﬁndtthayoftthwvgvlhcrc-

" inthe Twilight will be the fhorteft poffible.

Let C be the Centre of the Sphere;
APT0B %thc Meridian;; HDdO thc
Horizon; ¢ 7 the Crepulc cular Circle pa-
rallel to the Horizon; AMN B the Equator;
FE DG that Part of the ParallcltotheEqm
tor (the Sun defcribes the Day wherein the
Twilight is fhorteft) co between the
Planes of the Horizon. and the Crepufcular
Circle; P the South Pole; PEM, PDM
Quadrants of Circles of Declination. Now
the Arch H9 or OT of the Meridian com-
prehended between the Herizon and the Cre-

ufcular Circle, and the Arch O P of the E-
Evmon of the Pole are given: and confe-
quently their Sines CZ or FL or X, and
O/. Now we muft find C X the Sine of the
Arch EMor DN of the Sun’s D
when he defcribes the Parallel ED.

It you fuppofe another Part fedg of 2 Pa-
rallel to thc%’qua;or infinitely near to FEDG;
and draw the Quadrants Pem, Pd»: it is ma~
nifeft, that the'Time the Sun takes up in de-
{cribing the Arch E.D muft be a minimam,and
the Fluxion of the Arch M N being the Mica~
ﬁmo{xt,mdbccmngmnwhcalbbe-

comes
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comes ed, muit be equal to nothing; whence
the fmall Arches Mm, N, and confequently
the lictle Arches Re, 84, will be equal to
cach other. Now the Arches R E, § D being
contained between the fame Parallels ED, ¢d,
are equal likewife, and the Angles at § and R
are right ones. Therefore the. little right-
a.n%} Triangles ERe, D §d (confider'd as
ne

71

ight ¥ lin'd Triznﬁla, on account of their * 4rs. 3.
nite:

Sides being infinitely fmall) will be equal and
fimilar: and confequently the Hypothenufes
Ee, Dd fhall be equal likewife.

“This being premifed, the right Lines DG,
EF, dg, ef, the common Se&ions of the Planes
FEDG, fedg, parallel to the Ex{uator, and
the Horizon andP Crepufcular Circle, will be

perpendicular to the Diameters HO, 7, be- -

caufe the Planes of all thefe Circles are per-
pendicular to the Plane of the Meridian; and
the little right Lines Gg, Ff, will be equal to
each other, fince the right Lines FG, fg are
———

parallel. Thercfore y Dd —Gg, or DG—dg

- —2 —— §

=V Ee —Ff, or fe—FE. Now it is plain
(from 4r2. go0.) if two Ordinates in a Semi-
circle be drawn infinitely near, the fmall Arch
intercepted between them will be to their Flu-
xion, as the Radius is to the Part of the Dia-~
meter intercepted by the Centre and thofe Or-
dinates. Whence (becaufe of the Circles
HDO,9ET)CO:CG::Ddor Ee: DG—dg
or fe— E::I%:IF::CO-I—I or O X:
CG+-IF or GL. But becaufe of the right-
angled fimilar Triangles C70, CKG, FLG;
therefore CO:CG::0/V :GK. And GK:
GL::CK:FL or 9X. Whence OV:CK

::OX‘:XQ::XQ,:FHby the Nature of the
‘ ‘ ¥4

Circle:
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Circle: that is, if 9 X be taken for the Ra-
dius in the right-an cd Triangle 9 X-H, and
the Angle 9 X be 9 De grees, (bc,bnufe
the Arch HQby Aﬁronomers is fuppofed to

‘be 18 Degrees) and. you make as the Radius

is to the Tangent of an Angle of 9 De-
grees, fo is the Sine of the Elevation of the-
Pole ta a fourth Sine; this will be the Sine of
the Sun’s Southern Declination that Day of
the Year the Twilight is the fhorteft poflible.
So that if you take 0.800287¢ from the Lo-

arithm of the Sine of the Elevation of the
%ole, thie Remainder will be the Logarithm
of the Sine fought.

'SECT.
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SECT. IV.

Of the Vfe of Fluxions in finding
the Points of Inflexion and Retro-
greffion of Curves. :

BE cAvusE fecond, third, ¢9¢. Fluxions are
ufed hereafter; before we go further, we
think it neceffary to define them., '

DeriNiTiON L

HE infinitely fmall Part generated by the

. continual increafing or decreafing of the
Fluxion of a variable Quantity, is called the #*
Fluxion of the Fluxion of that Quantity, or

73

fecond Fluxion. So if a third Ordinate #g be Fre. 46.

fuppoftd infinitely near the fecond 7 p, and
m S be drawn parallel to 4B, and mH to RS.
Hpn is the Fluxion of the Fluxion Rm, or the
Jecond Fluxion of P.M.

.In like manner, if a fourth Ordinate of be
‘fuppofed infinitely near the third ng, and 7
be drawn parallel to 4B, and #L to §7, the
Difference of the fmall right' Lines H#, Lo,'is
the Fluxion of the [econd Fluxion, or the third
Fluxion of PM. Underfland .the fame of
others. ‘ '

¥ S¢e the Tranflator's Prefm

/ OBSER-
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OBSERVATION.

Luxions of Fluxions are denosed with Po#s
- over the Letters, being fo many in Number
as the Order of the Fluxion is. For Example,
X is the fecond Fluxion of X3 % the third Flu-
wion of X3 X the fourth Fluxion of %, {5¢c. Un-
derfond the [ame-of y, or any other wariable
Qyantiry. And fo if MP=y, thes will § ex~
prefs Hn; §, Lo—Hn or Hn—Lo, {J¢.

o

/
CororLrLAaRrRY L

61..11-* each of the Abfcifles 4P, Ap, A9, Af,
be called », and each of the correfpon-
dent Ordinates PM, pm, gn, fo, y; and every
of the Parts of the Curve 4 M, Amy, Any Ao,
#; then it is plain that % will be the Fluxions
Pp, pq, qf, of the Abfcifles; § the Fluxions
Rm, §n, To, of the Ordinates; and & the
Fluxions Mm, mn, no, of the Parts of the
Curve AMD. Now in order (for Example)
to get the fecond Fluxion A7 of the variable
Quantity P M, we muft fuppofe two little
Parts Pp, pg, in the Axis, and two others
Mm, mn, in the Curve, to get the two Flu-
xions Rm, §x; and therefore if the two {malt
Parts Pp, pg, be conceived as equal to one
another, it is evident that x will be a i
Quantity with refpeét to y and #, becaufe Pp
which becomes pg, will not vary while Rx,
which becomes §'», and Mm which becomes
mn, does. If the little Parts Mm, mn, of the
Curve, be fuppofed to be equal to each other,
then will & be a ftanding tity with re-
fpett to ¥ and y Andlﬁ ,nmeandS;be
up-
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fuppoled equal, then will 7 be a ftanding Quan-

| rity with regard to # and #, and the Fluxion

- H» () of it will be equal tq nothing. -

__ In like manner, to get the third Fluxion o

. P M, or the Fluxion of the fecond Fluxion

- Hm, we muft imagine three little Parts Py,
29 9f in the Axs; three others Mm, mu,
ne, inthe Curve, and three others Rw, S»,
T e, in the Ordinates: Then will &, %, ory,
be 3 conftant or ftanding Quantity, according
as the fmall Parts Pp, pq, ¢f, or Mm, mn,

- %0y of Rm, §u, Te, be fuppafed equal. The
fame muft be conceived of the fourth, fifth,
£9¢c. Fluxions.

All this is to be underftood alfo in Curves, Fiq. 47.
as AMD, whofe Ordinates BM, Bm, Bn,
all iffuc from a ftable Point B. As, for Ex-
ample, to get the {ccond Fluxion of B, we

- muft conceive two other Ordinates B, B#,
: mahy infinit clly fmall Ar;gl@s MBm, mBn;
then if the fmall Arches of Circles MR, m S,
be deferibed from the Centre B, the Difference
of the fmall right Lines R, §7, fhall be the
- fecond Fluxion of BM. And the {mall Ar-
- ches MR, m S, or the {mall Parts Mm, mn,
of the Curve, or, finally, the little right Lines
Rm, $», may be taken as ftanding Quantities.
Underftand the fame of third, fourth, {5¢. Flu-
xions of the Ordinate B M. ,

ScCHoLIUM.

63.Hzns. we are to obfesve, 1°, That if Fic.46,
there be feveral Orders of infinitely
fmall Quantities: For Example, R M will be
infinitely fmall with refpet to P M, and infi-
nitely great with refpect to Nz, In likeman-
ner,
F
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_ ner, 'fhc Space MP pm is infinitely fmall with

F1c. 48,
49. -

regard to the Space 4 PM, and infinitely great
with regard to the Triangle MRm.

2°, That the whole Fluxion Pf is likewife
infinitely fmall with regard to 4 P; becaufe
every Quantity which is the Sum of a finite
Number of infinitely fmall Quantities, as Pp,
P9, 9f, with refpet to another 4P, will
be infinitely fnall with regard to thefaid Quan-
tity: And that in order for it to become of
the fame Order, it is neceflary for the Num-
ber of Quantities of the Order next below it,
and of which it confifts, to be infinite,

Cororn. II

64.THE fecond Fluxions, in all the Cafes
poffible, may be reprefented thus:
1% In Curves whofe Ordinates R, # S, ]
are parallel; continue out the fmall Side A7

“to interfe& the Ordinate §# in A, and defcribe

the Arch #k from the Centre m with the Di-
ftance mn, -and draw the little right Lines #7,
iy kcg, parallel tom S and §».  This being
done, if x be fuppofed a ftanding Quantity,
viz. MR=mS, 1t is plain that the Triang{c
m S H is fimilar and equal to the Triang{c
MRm; and fo Hnis=}5; thatis, the Diffe-
rence of Rm and S», and Hk=i. But if #be
conceived to be conftant, viz. Mm =mn or
mk, then it is-plain that the Triangle mgk is
fimilar and equal to the Triangle M Rm; and
fo ke=3j, and Sg or cn=4. Latftly, if y be
fuppofed invariable, viz. m R =#S, then will
the Triangle m:/ be equal and fimilar to the
Trnangle MRmj; and fo i§ o nl=%, and

Jk=i,
. % In
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- 2% In Cprves whofe Ordinates BM, Bm, F1c. 5o,

: Bn, 1ﬁ'ue from aPeint B. Defcribe the Arches 51-
MRy mS, from the Centre B; thefe may be

looked * upon as fmall right Lines perpendi- * 4. 3.

cular b Bz, Bn. - Conunue out Mm to E,

and defcribe thefmall Arch # £ E from the Cen-

tre m, ‘with the Diftance m»; nrake the An-

le EmH=mBn,and draw the little right

im& #ly Liy kcg parallel to m §'atid S #. This

being done, becaufe the Triangle B S misright-

angled at §, the Angle BmS+mBn, or+-

Emil=2a nght 3 ‘and therefore the An=
- gle Bm E =aright Angle4-Sm H: 1t is alfo
 equal to the.right:Angle MRm -+ R-Mm,

fince it is external to' the Triangle Rm M:
Therefore the Angle SmwH=RAfm. - -

1. Hence, if you fuppofc % invariable, that

is, the little Arches MR, §, equal; the Tri-
angle S H will be, ﬁ:mlar and -equal to the
Triangle R Mm, and fo Hn=3}, ind HK=4.

2. I #befuppofed invariable, the Friangle gmk

willbe equa Yand fimilar tothe Trlangle M

and fo kc will exprefs j.and Sg or Ey%. “Laft-

ly, if y be fuppofed. invaiable, the Triangles

iml, R Mm, will be equal and ﬁmxiar, and ©

5§ or lrl-.x, and I.é-“'u 1

PROP 1.

6%. TO finid the Fluion of a Q_ﬁanmy mf ff-
_ing of Fluxions.

Conﬁdcr any oneofthe Fluxmns of thc glvcn
Expreffion as. invatiable, and proceed withthe
others as variable Qaantities, accordmg to the
Rules la;d down in: Se&xon the ﬁrﬂ:

For .
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For Examplc, if # be fuppofed mvariablc,
the Fluxion of J will be’li‘zz, and taking

Fas mvarmblc, it wmbe‘if.!’-.i-’ In like
manner, taking & as mvanablc, the Fluxion
fﬁ*.’."_’.‘i‘_’.?, willbe 2y S 3157+ -*%—
and. dmdmg it by &, there will ai‘xﬂ: 7

zxx-l—zy} z}’y

_ it will be’ z!q/xx—-l-y_y‘}-'ﬁ';‘—-%}g/qu:fy

the whole divided by #%, 4nd this mu be

zx.vx+£xyyu—zyyx

i/ Ty - |
g :‘Irn—tg'x as conftant, the Flvmon of

oooo

F"_'F"“_,..L_—a——
Vixti will be 53495 Vixty7 s/xx-r-ygc
‘which divided by #%-}:57, and then it will

um+7w+yxxy 5 and fuppoﬁng y w be ifr-
PR Vyrrws xx+}'}' X2V Y1y

variable, it will bc“ s \/xx—hyy
In like manger, the Fluxzon of

W e_’.tﬂ fuppofing # in«

—=x)

variable, will be—23xj yxx+yy tx xx-l- 4

Here we muft obferve, t{at irr the haft Ex-
E ¥ cannot be fuppofcd invatiable; for if
¢, its Fluxion § will be nothing; dind
confcqucntlv muft not come into the Quan-
tity propofed.

DeEFIN-
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Derinition I

WHEN 4 Curve AFK is partly convexy Fie. sz,
"¥¥ and partly concave, to a tight Line 4B 53, 5455
or Poinit B; the Point F dividing the convex '
From the concave Piit, or the End of the one,
and the Beginning of the other, is called the
Point 6f Zuflexion, when the Curve being come
to F, continues its Courfe towards the fame
Purtsy and the Point of Retrogre fion, whenthe
Curve returns back again towards the Place
ofits beginning. - LT
Pror. IL
"~ A Géneral PRoBLEM.
S8/ HE Nature of the Curve AFK boing
: givem, to_detsrmine the Paint of Infle-
xim or Retvogrefian F. ‘

Firft, Let us fuppofe the Cutve AFK to F1¢. 52,
have the right Line 4B as a Diameter, and 53
the Ordinates P M, EF, {J¢. parallel to each
other. Now if you draw the Ordinate FE .
from the Point F, and the Tangent FL; and
another Ordinate AP from the Point M in
- the concave Part AF of the Curve, as like~
‘wife a Tangent M7. Then it is evident,

1°% InCurves that have a Point of Inflexion, -
that while the Abfcils £ P conftantly increa-
fes, the Part A7 of the Diameter, intercept-
sd between the Vertex of the Diameter 4and
the Point 7, where the Fangent meets the
Diameter, doeslikewifeincreafe until the Point
P falls in E, after which it continually dccriga-

e
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" fes: therefore 4T muft become a maximum
AL, when the Point P falls in E the Point
fought. c o ‘
. 2°% That in thofe Curves that havea Point of
" Retrogreffion, the Part 47 continugfly/ifi- |
- creafes, and the Abfcifs .4 P, till the Point 7" -
fallsor coincides with L j and afterwards it con~
ftantly decreafes ; whence 4 E muft be a maxi-
mum, when the Point 7 coincides with L.
Now call #E,x; EF,y; thenwill /L=
y—;-—-&,; and the Fluxion of this will be
ly—x:’-—;lﬂ —%, fuppoﬁng x'invariable: which
(being divided by & the Fluxjon of 4E) muft
® 4rt.47. be =o*, or infinite: whence —2L is =o

—|

SR P » :
or Infinity: and fo multiplying by 3y, and di-
viding by —», there comes out ¥ = o, oxitifi-
nite. Now with this laft Expreflion, andthe .
§cncral Equation of a Curve, the Point of |
nflexion or Rctro%p:fﬁqn;‘F may be: fourd. |
For the Nature of the C@ltvf AFK b'cing g
ven, we thallhave a Value of y in #, and throw-
ing that Value into Fluxions,. fuppofing.x in-
variable, wethall get a Value of 3 in x ¥, which
‘being made equal to o, and “afterwards to In-
finity: by means thereof, in either of .thefe
Suppofitions, we may find ' £E fo exprefled,
that its correfpondent Ordinate E F fhall inter-
feét the Curve in the Point ‘of Inflexion or
Retrogreffion F. ‘ o
The Point 4 whereat the #* begin,
may be fo fituate that 4 L = x —

y_:_c_’ inftead of Z; —-lx, and 4L or A E a mi-

nimum inftead of a maximum. But as the
Confe-



of FLUX10NsS. 81
’ Conﬁgﬁucncc' is always the fame, and there is

no Difficulty arifing from it, I fhall fay no
more thereof. :

Here we. muft obferve that 4L can

.. mever bé = x +~;:”,for when the Point
| ¥ falls. on the other Side the Point P, with

refpeét to 4, the Value of -3‘ will be nega-
. tive, (by Arz. 10.) and confequently the Va-
" lue of -—-.7: will be pofitive; fo that in this

: S 4
The fame things may be found after a diffe-
rent way. -It is plain, taking x as invariable, Fic. 48,
and fuppofing the Ordinate 5 to increafe, that 49-
§n is lefs than § A or Rm in the concave Part
of theCurve, and greater in the convex Part:
therefore s (73) which is pofitive, muft be- -
come negative in the Point of Inflexion or
Retrogreflion F; and confequently * in that * 4. 47,
- Point it muft be nothing or infinite. '
Secondly, Let the Ordinates BAM, BF,BM Fic. 54, |
of the Curve A FK all meet in the fame Point 55
B. If any Ordinate B M be drawn, and the
Tangent MT mecting, BT perpendicular to F1e. 56,
B M in the Point 75 and if » be taken infi- 57-
nitely near M, and the Ordinate Bm, Tan-
t m i, the Perpendicular Bz 1o Bm meeting
MT in O, be all drawn: then fuppofing the
. Ordinate B M, becoming Bm to increafe, it
s is plain, in the concave Part of the Curve,
that Bz is greater than BO, and in the con-
vex Part the fameis lefs. So that under the
Point .of Inflexion or Retrogreflion F, O¢
muft change from negative to pofitive.
G : This

Caife we have ftill AE+ELorALv_-=x_-J_’_§'.
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Fie. 56. 'This being premifed, about the .Centre B
defcribe the {mall Arches M R, T H, -and there
will be form’d the fimilar Triangles. m R M,
MBT, THO, and the little fimilar Setors
BMR,BTH.. Now if you make BM=y;
MR =x thenwillmR (§): RM(x)::BM(y):
BT =22 MR ()i TH=22 e h (2

A J. Y 5

:HO= iy%’f Now if you throw BT(Z,’I)
into Fluxions, fuppofing » iqv?x:iabfc,. there
comes out Bt — BT or He =*Y¥73%3 and
therefore O H-4 Ht or Ot =’_’i’r_i"",
Whence multiplying by 3%, and dividing by

. %, the Expr 1or}1, ?}’g+jr’—,—yi muft be no-
thing or infinite in the Point of Inflexion or
Retrogreflion F.© Now when the Nature of
the Curve (Fig. 54, 55.) AFK is given, we
fhall have Values of y inx, and-of j in #*,
which being fubftituted in ¥ 4-j* —yy, there
will arife a gLuanti , Which being made equal

. firft to o, and rwards to Infinity; by
- means ~thereof we may get fuch a Value of
B F, that if a Circle be defcribed frem B with
the fame as « Radius, it fhall cut the Curve
. AFK in the Point of Inflexion or Retrogref-

fion'F. -
F1c. 50, Lafly, Tq find the fame thin%j moreover
5t another way, you mift confider that the An~ .

gle BmE is greater than the Angle:Bm# in

the ‘concave Part of the Curve; and the fame

s lefs in the convex Part: and therefore the

Fic. 50. Angle' BmE—Bmn or Emn, that is, the
Arch En, being the Meafure of it,- chaggcs

2. el n

-~
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from pofitive to negative: in the fought Point
Dg taking » as invariable, becaufe of
tbc Tig b-mglcd fimilar Triangles Hm S, Hnk,
wc have Hm (u) mS(%)::Hn(—y):nk ‘-—"

y thrc you muft.obferve, that H nis. -

negunve, ‘beeaufe as Bw () mcrcafes, Rm(y)
decreafes.” But becaufe'éf £he fimilar Setors’
BmS, mE#, thercfore will Bmi(y):mS(%)::-

mE(a) Ek-— -;-, and fo Ek-l—kn or En--

’-—'—‘-7”12 thncc muluPlymg by ya,‘
and dividing by #, it follows that #*—y7 or F1a. 54,
pa-5r—y5 muft change from pofitive to ne~ 55
gative under the fought Point .

If 5 be fuppofcd to become mﬁmte, the
Terras #* and 5* will be nothing with’ rcfpc&
to y 3 and confequently the Form i* + 5
~y3J =0, or infinite, will ‘be changed into
this —yy =0, or infinite; that js; dividi
by —y, ¥ will be ==0, or infinite, which is
the Form of the firft Cafe; and muft be
fo likewife, becaufe the Ordinates BM, BF,
E M do then become parallel.

€« - .
y

67 ann y=o,- 1us ain that the Flur F16. 522
xion of 4L muft be notliing with

rcgard to-the Fluxion of AE; and therefor

the two mﬁmtc}y xnedy Tapgents FLyfL, w:ﬁ

coincide and, make but, enc right Line fFL.

But when'y mlnﬁmty, ‘the Fluxion of AL Fie. s

muft be infinitely great in rcfpc& to that'of

AE, or (whichis gc fame thing). the Fluxi-

"on of AE is infigitely little wxch refpect to
Gz the

';Conor.\, =
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A Treatife ,
the Fluxion of #L; and confequently two
Tangents FL, F/ may be drawn from the
ll).o}“?It. F, making an infinitcly fmall Angle

In like manper, when a*+4j* —yy =0, it
is plain that O# muft become nothing in re-
%u-d to MR; and fo the two infinitely near

angents M7, m#, muft coincide, when the -
Point M becomes a Point of contrary Flexion
or Retrogreflion; but on the contrary, when
i* 45 —y5 = Infinity, O¢ muft be infinite
with refpet to MR, or (which i the.fame
thing) MR infinitely fmall with regard toO =
and confequently the Point m muft coincide
with M, that is, one may draw two Tangents
thro’ the Point M, making an infinitely fmall
Angle with each other, when that Point be-
comes a Point of Flexion, and contrary Re-~
trogreflion. . .
. Hence it follows, that the Tangent to the
Point of Inflexion or Retrogreflion F;, conti-
nued out, does both touch and cut the Curve

& FK in that Point. -

ExamprLe I

68.T T AFK be a Curve, the right Line
"~/ 4 B being a Diameter of it, and let
the Relation of any Abfcifs 4E () to iy cor-

- refpondent Ordinate £ F () be expreffed by

this Equation axx=xxy-4aay. It'is re-
quired to find fuch an Expreflion for 4 E,that
the Ordinate EF fhall interfe& the Curve

AFK in the Point of Inflexion F., .
' o o o BXX
Thc Equ‘anon of'thc Curve is y —S&T’
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ind therefore j =24 %% _and finding the
o x% -+ aa
Flyxion of this Quantity, fuppofing x, to be
invariable, and making it equal to nothing, there
willrife 26°%* X qu:naa’-—Ba"xx:‘c'xxx-{-‘aa_':
. PR Ty .
This multiply’d by % J-44*, and afterwards
divided by 24 ¥* X xx~-aa, will be xx-4-aa—4xx
=o. Whence 4E (x) -.=..-_.‘?.
If jaa be put for its Equal ¥ in the Equa-
tion of the Curve y = ﬁa—a, we fhall have

EF(y)=%a; fo that the Point of Inflexion
Fmay be determined without fuppofing the
Curve 4 F K to be defcribed.

'If 4C be drawn parallel to the Ordinates
EF, and made equal to the given right Line
4, and C G be drawn parallel to 4 B, the fame
will be an Afymptote to the Curve 4FK.
For if ¥ be fuppofed infinite, we may take xx
forxx+aa; and therefore the Equation of
the Curve y =—2"%_ will be changed into

xx 4 aa

Q.

this y =5, ‘
| Examrere IL
6‘0'1,3.'1-’_72—4 =x—-al.'Tbcnj S it 1
w5 =i e = uppo
. X o= a
fing  invariable. - Now if the latter Expref-
fion be made equal to o, there will come out
—6 5t ==0. hich- determines nothing;
therefore this laft Expreffion muft be fuppofed
infinitely great; and confequently the Deno-
. . G3 nomina-

8§
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Fi1c. 59.

. A:Treatife " :
mmato *—a thereof infinitel fmall, or .
h‘éncc trlc ubkﬂown lenuty AE

() =a.
EXAMPL!— III

7o Ln-r AFKhea Semx-cyclond thc ‘Bafe
B K of which let be greater.than the
Semi-circumference 4D B of the  generating
Circle, whofe Centreis C. It is requited to *
find the Point E in the Diameter .48, from
which the Ordinate E F being drawn, will cut
the Cycloid in the:Poirit of Inflexion F.
Cail the known Quantities 4D, 4; BK,
AB, 2¢; and the unknown ones #E, x ED,z :
the Arch AD,u; EF, 7 Thcn frqm the Na-

ture of the Cycond ¥ —z + — and there-
forey ...z+ — Now by the Naturc of the
Circle we have z —/m,z = {iinild

Vzrx—xx’

and i (/F T 5 = m Whepcc fub-

ftituting for % and # their Equals,- we have

ﬂ_—_‘____fﬁ_‘_’_:”_fﬁ' " The Fluxion of

I = Ay 2cx—x2
which ( fupgoﬁng &, invariable) will be

bexem—acc —

=g. From _whcncg a{x-

ncx—xxx,/zrx-vx*

{fes AE (x) ——c-rl-b, and C.‘E""

It is manifeft, if there be a Point of In-
flexion F, that ¢ muft be greater thati-d; for

if it bc lci‘s, CE wxll bc greater than CB

T ExaM-
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PR ..F':XA MPLE IV.

71. T ET . AFXK be the Conchoid of Nico- F 1. 6o,
medes, and the Point P the Pole, and
the r:?ht Line BC the Afymptote. It s re-
uired to find the Point of Inflection F. Now
the Nature of this Curve is fuch, that aright
Kine P F drawn from any Point F in it to the.
Pple F meeting the Afymptote BC in D5 the
art D F thereof is always equal to a ftanding
Line a. . »
Draw PA dicular, and EF parallel

toRBC, and call the known Quantities /B or *

FD ay BP,b;and the unknown ones BE, x;
EF,¥; and draw D L parallel to BA4. Then
becaufe of the fimilarFriangles DLF, PEF,

DL (0):LF (Vaa—xx):: PE (b+x):EF (p)
bt */a4—x%  The Fluxion of this will be

X
§= 5-3% .- Now if you take the Fluxion

xxy/aa—xx :
of itagain, and make thefame equaltonathing,

4 — 3 e -
there will arife 2a% ;zax’ i-aabxxx:r‘ =0
aax*—x*X y/aa—xx
which may be brought down to %~ 35xx—
2aab=10; and one of the Roots thereof will
be the Quantity of B E fought.

If a=b, the Equation aforegoing will be-
come x3-4-3axx—24*=0; which divided by
x-+a, and there comes out xx4-24x—240=0}
and {fo. BE (x) =—a+y/3aa.

» Otherwife. . .
Conceive the Lines PF iffuing from the Pole

F as Ordinates, and ufe the Form *yj5=5* * 4. 66.
* 4r5°, where  is fuppofed invariable. "Now if

G4 you
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ou conceive another Ordinate P f making an-
1nfinitely fmall Angle FPf with P F, and de-
fcribe the fmall Arches F G, DH, from the

- Centre 2. Call the known Quantities /8,43

B P, b; and the unknown ones PF, y5 PD, z.
Then from theNature of theConchoid y*=z 2.
and fo y=2. Now fromthe right-angled Tri-
angle D B P, D B =/zz—}b, and becaufe of
the fimilar Triangles DBP, dHD; PD H,

. PFG, DB(y/zz—0b):BP (b):: d H(z):HD

® 4r:. 60.

bz :
—E— = and P.D (@): PF (z4a):;: HD
bz . bzztabz : -
vzz~—bb ( _2AVzz~—bb - :
get % or j =2X22—~b6  the Flugion of
T bz+-ab ,
which, fuppofing-# invariable, "will be j=
0 +-28b23—abxzk - bziFrabz—abizx s’ ’
bztabxy/zz—lh bztab
fubflituting for z what is equal to it. Now
if in the general Form * yj=x'+3", you
Put z+z tor y, and for y and j, the Values
already found in # and ¥*, we fhall have
2202 —abbz x5* __ z*y-2abbzF-aabbx i R
Bta bz¥ab
which may be brought down to 223—35bz—
abb==0; and onc of the Roots ¢f this Plus a,
will exprefs P F fought.
Ifa==}, then will 22'—3442vw2'==o, which

divided by z4-4,. will be zz—az—2%==0;

‘ 2
whenc_e'PF (z+a)A=§a+§a;/;=ﬁj_Zﬂ/1'

ExaMPLE
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Examrre V.

72. Lr.'r AFK be a Conchoid of another F 1c. 6o.
Kind, the Nature whereof is fuch,

that if a right Line. P F be drawn from any

Point F taken in it to the Pole P, interfetin,

the Afymptote BC in D, the Re&angle P

- xDF, will be always =to a conftant Re&an-

gle PBxBA. Itis requited to find thePoint

of Inflexion F. )

Call the unknown Quantities B £, x3 EF,y3
and the known ones 4 B,a; B P,b; then will
PDxD F=ab: And becaufe of the Parallels
. BD,EF, PDxDF (ab): PBxBE (bx)::
| PF (bb4-2bxtxxty): PE (bb+2bx+-xx).
Whence bbx+-2bxx+-534-yyx=abb+-24bx-4-

S 'y PO e
axx, or Jy_;abb+ 2abx-t-axx béx 2 bxse—x

« X ?
ad y="b+txy/a—x=/ax—xx}by/a—x, the
: * x
Fluxion of which willbey =‘i’i"—4."ﬁ‘—._;';f‘—”fi
} 2xy/ax—xx

And again, throwing this into Fluxions, there
vy o 3AGO—aGX—40H% X 5*
will arife : ,
| 4ax%—4XRY ax—XX ;
3ab __ ,
may be brought do.wn to ’.‘=m BE.
Toxstawnatabi e Value of
, 25y/ax—xx .
j=03 then will xx—4}ax+526=0, the two .
Roots a+vas—8ab thd a—/ai—8ab
00! —
4 4
whereof, will be fuch Exprefions of B A and
BL, when 4 exceeds 87, that the Ordf;);jz Froc. 6;.
' 4

=0, which

¥ you make
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HM fhall be lefs than thofe near it, and the
Ondinate LN greater, vi3. the Tangentsto the
Curve in Mand N, will be lel to the Axis
ABj; and then the Point £ will fall between
Hand L. . e i

But when 4=85, the.Lines BH, BE, BL,

will be equal éach to 4. And then the Tan- |
gent in the Point of Inflexion F, will be Fca{: !
3

rallel to the Axis 4#'B. Latftly, whena is

than 84, the two Roots are imaginary, and

fo no Tangent can be parallel to the Axis.

. 'This Problem may be folved likewife in ta-
king the Lines P F, Pf, iffuing from the Pole
P as Ordinates, and ufing the Form yj =

%*-4* as in the laft Example.

Fic. 63.

Exampre VI -

7;.LE T AE D be a Circle, whofe Centre is
the Point B; and let 4 FK be aCurve
ef fuch a Nature, that any, Radius B FE be-
ing drawn, the Square of FE be equal to the
Reétangle under the Arch 4E, and a given,
right Line 4. It is required to find the Point
of Inflexion F of that Curve. . :
" Make the Arch 4 E=z, the Radius B4
or BE=a; and the Ordinate BF=y ; thenwill
bz=aa—2ay-+yy, and (throwing it into Flu-
Xions) A =z=FEe. Now becaufe of
the fimilar SeGors BEe, BFG, BE (a): BF
.. 2yy—24) \. ; -\ —2Y)y——24yy
() Ee(—T->  FG (i) =222

The Fluxion of th®, fuppofing x invariable,
willbe 475 —2a5*+-295§—2455==0; ahd there-

fore yy==-“-7;_-—f'z—’ If now for #* and 35,

you

1
!
1




o Fruxiows.
you put theig Equals in 5%, in -the general

Form # yj=#*3%, there will arife fl’-_-‘_%l. o 472, 66.

_&5 —8ayy 4 aayyFaabby®  pp
; ber h 2abh . N 5 :
~maybebrought to 4y*—12ay*+-1238)°—44%)y
+;Mlzy—§a’bb==a; and fo one of the Iégots
of this will exprefs B F fought.
' Ttis manifeft, that the Curve .4 FK, which
mybe called a Parabolical Spiral, muft have
a Point of Inflexion F: For becaufe the Cir-
amferérice .4 ED does not at firft fenfibly
- differ from the Tangent in 4, it follows, fromr
the Nature of the Parabola, that & muftat
 firt be, concave towards that Tan%cnt; and
afierwards, when the Curvature of the Cir-
cmference becomes fenfible about that Cen-
Ec, it muft become concave towards the faid
entre. ’ -

E'xAMpr “VIL
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7Y er AFK be a Cur;'c, whofe Axis is Fio. 64,

' the right Line 4B; and let the Na-
ture of it be fuch, that any Tangent FB be-
ing drawn ‘meeting 4 B in the Point B, the
intercepted ‘Part 4 B will be always to the
Tangent B, in the given Ratio of 7 to 7.
It is required to determine the Point of Re-

wogrelion. F. .

all the variable Quantities 4 E, x3 EFyy3
then £ B == — i3 (becaufe when x increafes,
y decreafes) and }'}J'B I B, :Ndw from
the Nature of the Curve; /E4+EBor 4B

(".’_J_:!_’ﬂ) .B F(N+ =5 )::m: #. There=

fore

-
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fore my/ ] #%y—-'m': 3 ‘and;‘thef Fluxiort

willbe T = Zmiini—m;

ﬁip-

pofing # invariable and ive; whence we
myyy—nxyyx 1y -
this laft frational Expreflion equal to nothing,
and there will be had —yx—xy=20, from whic]|

nothing can’ be determined. But if the faid
frational Expreffion be made infinite, viz. the
Denominator equal to ¢, then we fhall' have

V,m?:_;;:w becaufe of the E- .

my

qutidn of the Curve; and confequently & == .

nnxxj—~—mmyyy. Now {quaring both Sides of
the Equation myy=nxy/x*+y E, and we fhal)

have Tikewife & = yymmyy—nnxx =

nx
BREX—MIRYYY.

. BAxYy - et :
there comes out yymm—nn=nxs and fo
we get the following Conftruétion. -

On the Diameter 4 D=m, defcribe a Se-
micircle 47D, and take the Cord D I=n,

‘and draw the Line #7. ‘This will interfe&

the-Curve A FK in the Point of Retrogreffion
F.

. Forif JTH be drawn perpendicular to 4 B,
becaufe of the fimilar right-angled Triangles
DIA, IHA; FE A4, D I (5): I A (ymm —nn)
::fH;HA::FE(y):EA4 (). - And therefore
yWmm—nn=nx. :
* It is manifeft that BF is-parillel to D 5 be-
caufe 4B:BF;: 4D (m): DI (n), ,Whentﬁ

From whence, at length,. .

!
!

1
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the Angle 4 FB is a right Angle, and {o the
Lm:ng, BF, BE, é‘:;t corinued Propor-
tio

This Property wifl appw from othet Prin- .
cipals thus. Conceéive * FB, F5, two Tan-* 4. 6.
ts infinitely near each other in the Point F
of Retrogrefliog, myaking the.infinitely {mall
Angle BFb. Then if the fmall Arch BL be
dd'g ibed from theCentre F, there will be had
:w::Ab:bF:: AB:BF:: Ab—4BorBb:
a bF—BF or bL:+BF:BE. Becaufe of the
ht-angled ﬁlmlar Tnanglw BbL, FBE,
"%:cncc, &fe. -
If m=n, itis pla.m that the right Line 4 F
will become ‘perpendicular to the Axis 4B;
and fo the Tan icnt F B will be parallel to the
fame; which that it is fo, is othcrwlﬁe evi-
dent, becaufe in this Cafe the Curve 4F muft
be a Semicircle, a Diameter’ whereof is per-
pendicular to the Axjs #B. But if m be lefs
than , the Curve cannot have 2 Point of Re-

trogreflion,  becaufe then y,/mm-w-mxzmc
is an impoffible Equanon
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' 'U_/é bf f,'léxiom n tEe 7)057" t"" i'f'f’

F1c. 6s.

Evolute and Involute Cirves._ .
DeriNtTION. _ ... -
¥ one End F of the Thread 4BDF.be
~firft fixed to the Paint F in a Curve
BDF concave the fame ‘way;- and after-’
wards ‘the ‘Thréad be .put about the faid
Curve, fo as’ to touch ‘it in every Part.
Then if the other End 4 of -the Thread be
tightly moved in the jame Plage with' the
Curve, fo-as to continually difengage itfelf
from the Curve BDF, the i'aid’En§ Aof the
Thread, will defcribé 2 Cuivé 4HK, which
is called an fnvolute Curve or Figure.
And the Curve BDF is called the Evolute
of the Curve A HK, or the Evolute Curve.
And the ftraight Parts 4B, HD, KF, of
the Thread, are eath cgled the Radius of
Evolution, or of the Evolute.!

Gorow. "1

, 7f.B-ECAUSE the Length of the Thread

A4 B D F does not vary, it is plain that
the Length of the Part B.D of the Curve, is
cqual to-the Difference between the Radii HD

ind 4 B iffuing from the Ends thereof. lilI(n
c
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like manner, the Length of the Part DF, will
' be equal to: the Difference between the Radii
 FK, D H; and the Lengthof the whole Curve
BDF, 1o the Difference of the Radii F.X, BA.
Whence if the Radius 8 4 of the Curve be o,
| or the End £ of. the Thread falls in B, the
| Origin of the Curve- BD F; then will the
! i of the Evolute DH, FK, be équaltothe
: %elt)lgths of the Patts BD,. BD F, of the Carve

< ead

76 I F the Gurve B.D F be conceived as'aPo- F 1 c. 66.
: lygon BCDEF of an infinite Number
of Sides, it is evident; that £ the End of the -
Thread ABC D.EF -will defcribe the {malt
Arc A G, whofe Centre is the Point C, until
the faid Radius C G ¢oincides with the Conti-
nuation of the little'Side €D adjoining to CB;
and then it will defcribe the fmall"Afch G Hy
having the Point D as'a Centre, until D H
coincides with the Continuation of the little
Side D E; and fo on, until the Threéad be
quite dnfcnti:.:ged from the Curve BCDEF."
Therefore the Curve 4K muft be confider'd
as the Affemblage of an infinit¢ Number of
fmall circular Arches 4G, GH, HI, IK, &c.
h‘:.;rhing the Points C, D, E, F,&c. as Centres.

s l°f'.i‘c§:: Radii of Evolution totich.the Curve
- eontinually, viz. D H in D, K F in K, &c. For
- DH, for Example, is perpendicular to the
' fmall Arches G A and A1, becaufe it pafles
thro’ their Centres D, . Whence we ma
. obferve, 1°% That the.evolute Curve BDF,Fic. 6.
terminates the Space wherein all the l;grplcn-
. iculars

-~
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AT reat:jle
diculats to the Curve #/HK fall. 2% That if
any Radius A D be continued out, interfe&ing
the Radius 4 B in R, . until it meets any other
Radius K Fin §. We can draw always from
all the Points in the Part R S, two. Perpendi-
culars to the Curve 4 HK, except from' the
Point of Contact D; from whence but onc
Tangent D H can be drawn. For.it isevie
dent that- R, the Interfe&ion of the Radii £.B;
D H, runs thro’ all the Points in the Part R §,
while the End 4, of the Radius /B, defcribes
the Line /HKX, to which it is continually
perpendicular: And that the Radii /B, HD,
do not coincide, but when the Interfettion R

" falls in the Point of Conta D. .

2% If the little Arches be continued .out,
wiz. HGtol, TH to my, KIton,&¢. to-
wards 4. -Every little Arch, as 7H, will out-
wardly touch AG the little Arch next to ity
becaufe the Radii C4, DG, EH, FI, in-
creafe fo much the more as the fmall- Arches,
the Curve A HK confifts of; are farther from
the Point 4. In like manner, if you conti-
nue out the little Arcbes /G o0, GH to p,
H 1 to g, towards contrary Parts from the Point

- Ay every little Arch, as HI; will rouch. in-

wardly the fmall Arch 7X next to'it. Now
becayfe the Points A and 7, D and .E, on ac~.
count of the infinitely Smallnefs of the Arch
HIand the Side DE, be confider'd as
coincidirig: Therefore, if from any interme-
diate Point ) of the evolute. BD F, as a Cen~
tre, with the Radius DH, you defcribe a
Circle m Hp, it will outwardly touch thePart
H A, which will entirely fall within that Cir-
cle, and inwardly the other Part H KX, which
will fall quite without the f3id Circle: : That

. ls,
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1s, it will both touch and cut the Curve #HK
in the Point A; juft as the Tangent in the
Point of Inflection does eut the Curve in that
Point. o : . o

3°% Becaufe the Radius A D of the little
Arch HG, differs from the Radii CG; EH, of
the Arches G A, A, hext to it, only by the
‘infinitely fmall Quantity GD or D E; there-

‘fore if the Radius A D be leflen’d never fo lit-

tle, 1t fhall be lefs than CG3 and {o its Circle
will inwardly touch the Part H4; and, con-
trariwife, if it be never fo little inereafed, it
will be greater than HE, and fo the Circle
thereof will touch the Part HK outwardly.
Whence the Circle » Hp is the leaft of all
thofe that touch the Part A A outwardly,
and the greateft of .all thof¢ that touch the
Part HK inwardly; that is, no Circle can be
drawn between this and the Curve. o

4°, Becaufe the Curvature of Circles increa-
{es in the fame Proportion as their Radii de-
creafe; therefore the ‘Curvature of the {mall

_Arch A1, will be to the Curvature of the

fmall Arch 4G reciprocally as the Radius B4
or CA of this latter, to its Radius DHor EA}
‘That is, the Curvature in. A of the Curve
‘AHK, will be to the Curvature in /4, as the
Radius B A to the Radius D H; aod. in like

‘'manner, the Curvature in X is to -the Curva«

ture in A, a3 the Radius D H is to-theRadius
FK. Whence it is manifeft, that the Curva-
ture of the Line 4 A K, decreafes {o much the
‘more a3 the Radius of the evolute Curve BDF
18 greater; fo that in the Point 4, the begin-
‘ning of the Curve, it will be a-Muximuam,.and.

* at the Point X, where it is fuppofed to end, &

Minimum. _

e bl 2
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" becaufe the Point m is fuppofed i

r . .
A Treatife -

1% That the Points of the evolaté Curve,
are only the Interfeftions of the Perpendicu-
lars drawn from the Ends of little Arches,
whereof the Curve 4 HK is fuppofed to con-
fit. For Example; the Point 5 or E is the
Interfection of the* Perpendiculars HD, IE,

—to the fmall- Arch HI; fo that if the Cm'vc
A HK be given togcther with the Pofition of
one of the Perpendiculars D to it, and it
be required to find the Point D of E, wherein
the Pezpcndxcular touches the evolutc Curve,
the Bufinefs is only to find the Point wherein
the Perpendiculars HD IE, infinitely near each
otherdomeet: And thisisthe Woik of the fol-

'lowmg general Problem.

.Propr 1L

77 THE Nature of the Curve AMD h—

ing giveny together with the Pofition of
a Perpendicular Mé to it3 to find the Length
of the Radius M C of the evolute Curve; or,
which is the [ame thing, to find the Poinmt
awberein the Perpendiculars MC, m C, infinitely
wear each other, meet.

- Firft, Let the Ordinates PM of the Curve
AMD, be perpendicular to the Axis ZB;
and let the Ordinate mp be infinitely near MP
ngmtely near
M. From the Point of Interfeftion C; draw
C E parallel to the Axis #.B, meeting the Or-
dinates M P, mp; in the Points Eye. - Laftly,
draw M R parallel to 4B, and then the right-
mg}cd'l‘n‘mn gles M Rm, ME €, will be.{imi-
far ¢ Since the Angles EM R, CMm; being
hg‘ht Angles, and the Angle C M R bcfng com-
mon
: 4 Thefs Perpendisulars are called the Radii gfm Caur-
- yature, .
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mon to them,’ thd Angle EMC fhall be equal ‘
" Zothe Angle R M,
Now cilt the ‘miivenf Quantities A4 P, x;
P My y3 andthe unknownone ME, z. Then
- will E¢y or Pp, or MR=x, Rm=y=z,
| M=/ ad MR (): Mm(/T15)
5 .::ME(g):MC=.z.ﬁ;i-7b° Now fincethe
Point C is the Centre of the fmall Arch Mm,
the Radius C M thereof, which becomes Cm
‘while £ M increafed by its Fluxion R#s con-
tinues invariable; theréfote the Fluxion of it
{vill then be nothing; and fo making # inva-

. -riable, zﬂwa‘m Whence we get

*Wrxtyy
ME (z)=Z22£ ;l;w ="'_‘j“.y.” by fubftitu-
ting y for z.

2% Let the Ordinates BM, Bm, all iflue F1q. 6§
‘flom the fame Poiiit B. Draw the i’erpcndi-
“¢ulars G E, Cé, from the fought Point € to the
Ordinates; which Tuppole to be infinitely near
each other, and deﬁ:ri%c the fmall Arch MR
from the Centre®; then theright-angledT'rian-
Ela RMmntand EMC,BMR, BEGandGeG will

e fimilar. And making BM=y, ME =z, "

M R=x, and we fhall have Rm=y, Mm= :

: — ' _zy ’ 2/5 gy
And, as befort,’ we thall get = =}‘gy‘*yﬂ’ *

“Now BM(s): Ce (%)::MR_&):’
Ge;--%z’ and me—~ME or Rm—+G ¢=x=<

\j___‘_ﬂi.—' L. Whence fubftituting this for Z,
y H2 and
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X . AR Ve J
and ME (z) will be .—..-1"*'7-’,_ .
If ybe fuppofed infinite, the Terms x* and
95 will be nothing in'refpe of y53 and con~
fequently this laft Form will fall into that
' o? the Cafe aforegoing. This muft be fo, be-
caufe the Ordinates then do become parallel,
- and the Arch MR a right Line perpendicular
to the Ordinates. . :
Now if the Nature of the Curve /M D be
given, we may get the Values of y*and j in %3,
or of x*and y in 5°; which being fubftituted
in the precedent Forms, and there will a<
rife an Expreflion for ME freed from Flu-
-:xions. And then drawing EC perpendicular

to ME, it fhall cut MC perpendicular to the

~_Curve, in the fought Point C.

i Coror. L
' 0. 67.-78- PE causBof the right-angled fimilar
Bea B Triangles MRm a0d MEC, in the
ey 0 w2
former Cafe Mc=£:”—_1’§7ﬂ, and in
the latter MC =M‘£ﬂ.
&y’ —yxy

ScHoLIUM.

79.- "J'HERE are other ways of finding the
o T Radii of Evolution ;y fome o(z']:vghich
I thall mention for the fake of thofe who have
z(_)tdbecn acquainted .with Inveftigations of this
ind. ‘ '

Case 1. In Curves whofe Ordinates are per~
pendicular to the Axis, ;

A Hay
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1} Way. Continue out MR to G, whereinF1a. 67-

it interfets the Perpendicular mC. Becaufe
the Angles M Rmy MmG ate right ones, RG

will be=Jy; and fo MG=£-"E£. Now
fince the Triangles M Rm, M P 9 (the Points

9, ¢ being the Interfetions of the inﬁniteéy
near Perpendiculars, with the Axis 4B) are fi-

. TE] %
milar, there arifes MQ =21 pQ=

%‘Z; and therefore 4 _Q::)c +!;2, the Flu-
xion whereof (fuppofing & invariable) brings
out Qg =4-+212Y; and becaufe of the fi-

milar Triangles gMG, €29, MG— 29
() e (542) i)

cMC="1I¥/ % 37,

%)
2d Way. From the Centre C, defcribe the
fimall Arch 90; then the little right-angled
Triangles 9 0 ¢, MRm, will be fimilar, be-
caufe Mm, QO and MR, Qg, are parallel.
Thcnj-fore Mm (/745 ): MR (%):: Q9
‘2 g 2 + . o .2 1 '3 o
("__Z,_l_x 7) : 90 =211 j‘: -{—Jyy Now
becaufe of the 'ﬁmil'ﬁr Se&ors CMm, GO,
=00 (27 ) M TS
M_Q(Mr-__’.'.é'.  Me=2 I
X —x)
3d Way. If the Tangents MT, m?, be

drawn infinjtely near each other, then will
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PT—4Por AT= 7—; —u,theFluxion where.

of will be 7' == —#2¥ ; ‘and if the fiall Arch

J . T ’
TH be defcribed from the Centre w, theright-
angled Triangle H77 will be fimilar to she
rlif -angled Triangle Rm M; for the Angles
Tt, RMm or PTM arg equal, fince their
Differgnce is the Angle. mt, which is infi-
nitely fmall. Whence Mm (yFF5"):mR
)i e 22 ) CH =il 4
o) t( = ) ‘ H fW s .N.ogr
the Settors T'm H, MCm, are fimilgr; for the
Angles T Mt + Mm C=one right Anﬁ&lg, and
the Angles Mm C 4- MCm are likewife equal
to one right Angle, becaule the Triangle CMps
is confider’d as right-angled at M. Thergfore
71 (5 M T T o
M w"""xy-w‘): Me="%1V/EEP «0/‘; Y,
42b Bay. Taking ¥ s invariable, - the fe-
cond Fluxions muft be denoted *; and becaufe
of the right-angled: fimilar Triangles Hm S,
Hnky Hm ox Mm (V¥E7):m8 or MR ()

:: Ha (—) :nls.—rv . By NowihﬂAnf
y .. v
8lc £mn is equal to that made by the Tangent

- at the Points M, s, 3nd therefore equal to the

® 422

Angle MCm; whence the Seftors nmk, MCm,

are fimilar; and fo n&(%} : mkor
7 ,

*Mm (yPIT): MC =:;i:f__‘_i::‘1_ﬂ Nige,.

‘ . ) mi
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o H or Mm.is taken for mk, becaufe their
Difference is only the fhort Line Hk infinitely
lefs than either of them. In like manner, as
Hu is infinitely lefs than Ragor S».

Cask L. Jn Curves whofé Ordinates iffue
all from & given Point.

1f Way. Draw the Perpendiculars BF, Bf, F 1o 68.
from the Point B to the infinitely-near Radii -
CM,Cmy then becaufe the right-angled Tri-
angles 7 M R, B MF, are fimilar (fince if the
fime Angle FMR be added 1o ‘the Angles
m MR, B MF, each of the Sums will be equal

to a right Angle) MFor MHe= IX__,

vEts?
and B Fe=—22— the Flyxion whereof is

s/k.‘-’*l-y'* 5‘:_’_+,,4 et P
Bf— =X VX, -
B BE o ey PR

fing  invarisble: Now fince the Setors CMm,
GHf, are fimilary therefore My —Hf : Mm
$MH:MC;and foMC=y‘"_;_+_i Jz.yf;/x? I f
Bd-xy'—yx

2d Way. DEnbote. * the fecond {?luxyiol}"ls in * 4rt. 64.
makmg % invariable; then becaufe of the fi- F1c. 70,
milar c&ors_BmS, mEky BM (3):mS (%)
#E(WETT ;:,Ek.:ﬁi’-i;_,_, 7 Nowbecaufe
of the right-angled fimilar T'riangles Hm S,
Hnky, Hm or Mm (v 53) :mS or MR (%) .
2 Hn (—¥) :pE=—J—L—. And there-

4y’

) : ‘3 *.’.— CEX]
fore En:-—-’—c—j——;.;———{Tnyl and finding 3 third

Proportional to E#, Em or Mm, by means of
H 4 the
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the fimilar SeGors Emn, MC m, the ame Ex-
preflion for MC, as.before, will be had. -
If you make Mm (/3 F3*)=4; and 5 be
taken inftead of x,’ as invariable. In.the for-

mer Cafe, MC = -—-—, and in thc other MC=

VE
yud )
edyyx And l‘ﬁl)’ , if 4 be ﬁlPPOfcd inva
riable, therc comes oyt ‘in the fdrmcr Cafe
- MC=
ﬁz+)"=:u’ 18 xk-vl-yy:::o, and fo __7 ; )
and in the latter, A Ce= L L

By N
‘Cowar IL

Fie 72. 86. SINCE ME or MC has bccn found to
have but one Value, therefore the in-
~vo]utc Curve 4 M D has but one evolute

BCG
© o Conon HI.-
mmme #+r (2% +25
68, IFME( >or oy

‘be pofitive, the Pomt E muft be-taken on the
fame Side the Axis .4 B or Point By as it w3s
““fuppofed in the Operation aforegoing. - And
fo the Curve in that Cafe will be concave to~
_wards the Axis, or that Point. But if ME
be negative, the Point E muft be taken onthe
contrary Side, and fo the Curve will be then
convex towards the Axis, or that Point. There-
fore it is plain,. that in thc Point of Inflexign

. or
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or Retrogreffion, which feparates the concave
from the convex Part, ME from being pofi-
tive will become negative. Whence the con-
~ tiguous or infinitely-near Perpendiculars from
converging become divctging. Which can
happen but two ways only: for as they go on
increafing ftill the more, as they accede to the
Point of %nﬁcxion or Retrogreffion, they muft

‘become at laft parallel, that is, the Radius of
* Evolution will be infinite: and where they
| "conflantly continue decreafing, thcy muft at
| laft coincide, that is, the Radius of Evolution
will be nothing. All this is correfpondent to
what has been’demonttrated in the foregoing
- Soction, !

ScCHoLIUM. e

82. BE c A vsE hitherto the Radius of Evo-

lution has been confider'd as infinitely

ﬁeat in the Point of Inflexion; I fhall here

ew, that in numberlefs Species of Curves

the Radius of Evolution in the Point of In~

flexionis equal tonothing : and that thereis but
one Specics where the faid Radius is infinite.

10§

Let BAC be a Curve, whofe Radius of E- p, ¢, »;.

~ volution in the Point of Inflexion  is infi-
nite. :
' Now if the Parts B 4, AC be:confider’d as
- evolute Curves, the Point 4 being. fuppofed
their Beginning, and the Curve D AF as an
involute Curve formed from them: it is plain
that this latter Curve will have a Point of In-
flexion in 4, but the Radius of Evolution in
that Point will be equal to nothing.” And if
a third involute Curve be formed from the fe-
eond L) £ F as ag Eyolute, and 3 -fourth Irivor
. uee

-
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lute from-the third as an Eyolute, and'fo on}
it is manifeft thag the Radius-of Evolution ‘in
the Point of Inflexion .4 in-every of ‘thofe
Curves, will “always “be cgual to’ nozhmg
thncc, €9’c '

Pnop H

83. LET AM D be en m'vokde Cﬂwz, wbaﬁ

Axis AB is at vight Angles to the Tan-
gent in A 30 find the Poins B wherein :be ﬁm’
Axis taucbe: the Evolm B CG :

If the Point M be{uppofed to bccome in-
finitely near the Vertex 4, it is plain that the
Perpendicular M Q will interfect the Axis in
the Point B fought. . "W hencé if you feck the

.Value in general of PQ(!_’_') in *o % 3nd

afterwards you make % or y=o, we may de-
termine the Point P, which is to coincige
with 4, and the Point , & which comcidés
‘with the oint B foug 5 that isy’ PQwﬂl
then become equal to 4 B fought.- This will

.. be more plain by the fo’!lo;ymg Examiple& .

Fic. 72,

EXAMPLE I

84.'Lp T the Involute 437D bea Parabola,
whofe Parametey is a right Line, fup-
pofe a. The Equation of- theCurve is ax ==y,

the Fluxxon whereof s j = _ax . 4% 3
2y " avaw

and throwing this laft Eq;lat:pn againinto Fly-
x;ons, by making # invariable, there 3rifes y. ==

—ax - Now fubftituting thefe Values' for
45y ax x 7 and
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#and j in the general Form ¢ +; andthen

will #* ME = a—&fﬂi‘ Yax +if.’/,:3-m 774

From whcncc arifes the followmg Conﬁru-
&ion.

From the Point 7, wherein the Tangent
9 MM interfels the Axxs, draw 7 E parallel to
MC: 1 fay, this fhall mcct MP continued
out in the Point E foughs. For becaufe of
the nght Angles MPT, MTE, MP (y/ax)

PT (2#)::PT (25): PE= 1_1’ 4%7:

and confcqucntly M P+ PE= ﬁ+ ﬂf_ﬂ/ ax

Again, becaufe of the nght—anglcd Tri lcs
MPQ, "MEC, therefore PM (ﬁ?) 9,

(a): ME(ﬁ+M) EC or PK=

{34 2x.. And therefore QK= 2x. From
whence we Eet this new Cohftruion:

Take the Double of 4P, or (which

is the {hme) take PK—-T,Q,, ar)é draw XC

1to PAL. ‘This will meet the Perpen-

picular MC in the Point C, which wxll bc in L
the Bvolute B C G.
Otherwife. yy =ax,and2 ¥y =ax (andt takm

#asinvariable)2y* 4255 =o; whence there arifes

—_ = =% And putting this Valuein the Farm
y

fah +7’ there will asie * ME == 2 FIE 5 @ . .

mdthcrefomECorPK:zL__Zi‘_ 1"4.’;’ -
'_PQ,"‘PTOJ‘T& Andfo chﬁtthp

& fame
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fame Conﬁru&xons as- bcforc For M P:P 24

a
Now to find the Point B, whercm thc Axis’
‘AB touches the Evolute BCG we have P 2!

(J' 7) =z4. And fince this is mvanablc,{

where-ever the Point M is affumed 3. therefore
when M coincides with ‘the Vertex 4, we.
ftill ‘fhall have P 9, which in' this Cafc be-:
comes A B=za.

~ To find the Nature of thc Involutc BCG
according to Defcartes’s way. Call the Ab--
fcifs BK,u; and the Ordinate KC or PE,z¢;

then will cx(:)——“"“, and AP4 2K

-—-.z!B(tt)=3x Now putting 3.4 far its E-
qual x in the Equation # =325 4” V% -and there

will come out 2742t = téu’cxpreﬁin the Re-
lation of BK to KC. Whence if the Invo-
lute be a.common Parabola; the Evolute BCG

is a fecond eubical Pargbola, whofe Parameter

ifx cqual to 7} of the Parameter of the Invo-
te, - -

‘It'is evident, that 1f the Invojute-be the
whole -Parabola M #M, the Evolute CBC
will confift of two. Parts CB, BC, having
contrary Concavities; fo that B will bea Point
of Retrogreflion.

DEFINITION.

BT Geometrical Curves, assAMD, BCG, 7
underftand thofe, whereof the Rela;mn of
the Abfiiffes AP, BK to#be correfpondens Ordi-

v mates
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sates PM, K C, being all right Lines, can be
expreffed by 4 ﬁmte Eguation free from Fluxions.

| And whatever is effeéted by means of thofe Lines,
Is: fasd to be Geometnml

COROLL

8 Ig W HEN the given Involute Curve AA/[D

is a Geometrical one, it is plain that
we can (as above) always find an Equation ex-
prefling the Nature of the Evolute BCG;
and fo the Evolute will be likewife 2 Geome=
trical Curve. ‘I fay moreover that it is to be
reitified, viz. wecanfind ﬁcoxhcmcally ftraight
' Lines equal to the Length of any Part BC of
/it. For * by means of the Involute 4MD, * 4+ 73,
“which is 2 Geometrical Curve, we can deter-
-mine the Point M in the Tangent C M to the
Part BC, fuch that the ftraight Line C M dif-
' fers from thc Part BC only by a given right
Line 4B.

ExamMpepre I

86. LET the Involute MDM be an Hyper- Fic. 74
bola.within its Afymptotes. The Na-
ture of this is sa=xy.

Now .y..—-x,‘;—‘;l =y, and fuppofing »

| invariable ¥ —24237 + 24837

=oj3whence * 4r- 77
I A P e |
‘wegerty =2L, and putting this Valuein A4,
y —Jy
 there comes out* M'E =’2‘_.:'%:l fothat EC * 4. 77:

or PK=—2 Jy% Hence the following
2% 2y

Lonftru&ions are derived. Thro’
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Thro’. the Point 7 wherein the Tangen
M 7 intgrfecs the Afymptote 4B, draw 7.
parallel to MC mecting M P continued out i
S and. aﬂ'umc ME cqual to § MS. on th
other fide the Afymptote (which is here taker
as the Axis) becaufe the Value of it is nega
tive; or elfe affume PK cqual to 3 7 ot
the fame fide as the Point 7°1s: then, I fay, i
EC be driwn parallel, or KC pcrpehdlcula
to the Axis, they will interfet MC in thi
Point C fought: for it is plain that A/ § =

‘Y-"‘ +J")" and TQ—JJ’_*_.’”

From an Infpeétion of the Figure of tht
Hypérbola M D M, it will not be difficult tc
Berccwc thar the Evolute CLC muft have :

oint L of Retrogreffion, as the Evolute in
the laft Example has. To determine which,
we muft obferve that the Radius of Evolution
DL is lefs than any other Radius MC; fo
that the Fluxion of the Exprcﬁion thcrcof

wrﬂor x‘+.7 will be * no-

thing or infinite. And fo taking % as
inyariable, the = fecond’ Fluxlon will be

—3x)5 x‘+7 +7‘77G"+7
x] ’

pitey whence dividing by #’+ y ’ and after
wards multiplying by #5% there arifes »*y +

525 —3¥y* ==0, or infinite; by which wemmay
fiad fuch an Expreffion as 4 J for », that b)
drawing the Or%mate D and the Radius o1
Evolution D L, the Point L will be the Point
of Retrogreffion fought, -

R »J-i

~ == 0, or infi
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—aax

In thisExampley':-'%‘-, J=- rrat ¥
i . . ~ e
=284, 50825, Whehee putting

the latter Members of every of thefe Equati-
ohs for the former ones in the Equation afore-
going; and there ¢omes out AH (x) =a.
Theérefore the Point D is the Vertex of the
Hyperbola, and the Lines 4D, D L coincide
‘with 4L. " Which is the Axis of the Curve.

., Examrsre IL

'37.LET‘ g™ ==x generilly exprefs the Na- Fra. 723

R ture of all Parabola’s, the Exponent 74 =
'm reprefenting a pofitive whole Number or
'Frbégon', and all Hyperbola’s, when the fame
'Exponent is a mnegative whole Number or
'Fration. A . .

Now my™ 'y =x, and the Fluxion of
this again, taking # as-invariable, will be
mh—wy 5 my'j=o0; and divi-
ding by my= ", there comes out — j=

M—1y>’ : T .
‘=5 whence fubftituting this latter Ex-

prefion in %’__j_;_y.’, we*get ME ..'_._.J'ff’-‘l-.i'y’ .

«® .
Mf-l 5‘: s® Adrs. 77+

and therefore EC ox PK=-20_ 4. _J*
C : L m—ix. m—1y
| Fl?!:d whence the following Conftruétions are

- From ¢’ the InterfeCtion of the Axis 4P,
with the Tangent A/ T draw the Line 7'S pa-
‘nllel to MC meeting AP continued out in
‘the Poine S': Afféine ME=m L - MS, or
3 o Rz elfe
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Fiai 74.

Fic. 75.

" Fic. 4a

* Ars. 83.

F1c. %6.

- A Treatife

elfe take PK = — I ~7.Q; then if a patals
lel to the Axis be drawn thro’ E, or 4 Per-
pendicular thro’ K5 thefe fhall interfe& AMC
in the Point C fought.

If m be negative, as in the Hyperbola’s,
the Value of 1%1 E will be negative; and fo
the Curves will be convex towards their Axis,
which will be an Afymptote then. But in
the Parabola’s where m is l;;:oﬁtiw:, there thay
happen two Cafes: for when m is lefs than 1,
they will be convex next to the Axis, which
wil{ be a Tangent to the Vertex; and when
m exceeds 1, then they will be concave next
to the Axis, which will be perpendicular in
the Vertex.

Now in this latter Cafey to find the Point
B where the Axis 4B touches the Evolute.

P9 (y_w) is ==i;—-: 3 from whence arifes
P v

three Cafes. For when m =2, as in the com- -
mon Parabola, thenthe Exponent of y beingno-

-thi:‘g, that unknown Quantity vanifhes; and

confequently 4B =4, wiz. to one half the
Parameter.  'When m is lefs than 2, then the
Exponent of y being pofitive, it fhall be found
in the Numerator, and the Fraétion will be-
come nothing b maki?:g ¥ it equal to o; that
is, the Point B 1n this Cafe will coincide with
4, as in the fecond Cubick Parabola axx=3%.
Or laftly, when m is greater than 2, and then
the Exponent of y being negative, it will be
in the ]gcnominator 3 fo that when it becomes
nothing, the Fra&ion will be infinite: wiz.
the Point B is infinitely diftant from A4, or
(which is the fame) the Axis 4 B is an Afym-
ptote of -the Evolute, as in the firft Clll’ ick

- . ar&.
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Parabola as2=7. .In this larter Cafe, we -
may obferve ‘that the Itwolute CLO, when Fie. 77.
the Evolute . 4D M is a Semi-parabola, will -
have 2 Point of Retrogreflion; fo that tho’
the Part L O of the Evolute be infinite, yet
the Part, D A4 of the Involute formed by it
will be determinate or finite; and the other
Part LC of the Evolute being infinite, will
notwithftanding defcribe the infinite Part DA
of the Involute. ‘ :

Now the Point L may be ‘determined after
the fame way as in the Hyperbola. For Ex-

mple: Let gax==y% ory=a>; thcn.a.will
j=}x QO=— x—;x-.z o =§x—.! x’g,

1~ %y
which Values being fubftituted in the Equa-
tion 325 - j*5 — 35 ¥* ==0, and there comes

bout 4H <s>‘=='v.‘-,;,-j~;;- | ® 4r1.84

p—cyy }
5.

ScHoL LU M

88.Wnr.n #s is greater than 13 and {0 the :
. Parabola’s concave next to the Axis,
there are feveral Cafes.. For if the Numera-
tor of the Fraftion denoted by s be even, and '
the Denominator odd, all the Parabala’s will F; e, e
fall on each Side of their Axis juft-as the com-
mon Parabola does. But if. the Numerator
and Denominator be each odd, they have an
inverted Pofition on each Side their Axis, fo
that the Vertex 4 is a Point of Inflexion; 2

.o X ..
the firft Cubical Parabola x =3’, or 44x=y%. F 1 0. 7m
Lattly, if_the Numerator be odd, and the '

minator even, thefe Curves have an in-
verted Pofition on the fame Side their Axis ﬂ: Fia. 76

T .
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fo that' the Va'ucx A is a Point of Rctrogref
" fion; as the fecond Cubicat Parabola x=y*
or axx==y*. -The Reafon of aHl this is, be-
caufe an even Power cannot have a negative
Value. Whence it évidently follows,- -
f1c.77. 1% That in the Poirt of Inflexion 4. the
Radius of Evolution may be infinitely grezt X
- asinaax=y; or mﬁmtcly fmall, ds¥yad =S’

p—
—

Fic. 76. 2°, That i in the Point of Retrogreffion 4,
7 the ﬁadms of Evolution may be erther infi-
mtc, as in a®xx=y'3 or nothing, as iy axx==ys.
Fic. 73. 3% That becaufe the Radius of Etolution:
is i er 0, it does not from.henee follow
that the Curves baye: then aPoin of Inflexion
or Retrogreffion: for ina*» ==y* it is .
and in 8% =§¥it & 03 ,and-yet thefe Farabo-

. . la’s have the fame Poﬁaomm:h regard to their
y - Axis, as the common -Pardbola.

ExAMPLE IV,

Fxc 78, 89 LET "the havolute £M D be an
bola or Ellipfis, whofeAmwl (a ’
and Paramever 4 F (b). ;
Thcn from: &he Namt!: of dnd'c Cmm
labx & . abx by

.7"'.‘ "‘7=—' | \/;:;—-Tbx T :tx’ @dﬁ

L —a e Now:i chel Var
4mbx+4:bxx,/aa&x+a&xx

Ines be introducedinto _______"' PEVY T, e oo
. ar 78. neral Expreﬁon for # MC thcn 'mﬁ MC =
W g«w“uxW

.....

: —il{;%,becaurc oncachSﬂeMQ,(y‘/ =
Vv
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vaabb - 4abbx F 45bxx + 4aabx + qabxx.
: 26 . .
Hence we get the following Conftruction,
. which il ferve for the Parabola alfo.
Affume MC equal to four times a fourth
continnal Proportional between the Parameter
AF, and the Perpendiculat M Q bounded by

the Axis: then ‘will theé Point C fall in the -

Evolute.

11

¥-you make x==o, then wilt * £#B==1b. * 4. 3.
And if in the Ellipfis you make x==34; then F1c. 79.

will DG be =2/Z8, 4z, equal to Balf the

2b

* Parameter of the conjugate Axis. ‘And fo it

appears that the Evolute BCG, when the In-

volute is an Ellipfis, terminates in the Point

}‘G; of the conjugate Axis DO; whertin is
rmed a Point of Retrogreffion ; but in the

~ Parabola and Hyperbota 1t runs out ad.infini-

tum.. .

"If a=bin 't‘i)’c“Eil‘]i'pﬁs,, thcrc‘comc.s‘on‘t ’

MC =+4; from whence it follows, that the
Radii of Evolurion are all equal to one ano-
ther; and o the Evolute will become here a
Point; that is, the Inyolute will be a Circle,
and the Elvolute the €entre of it. Which is
. wteftablifh’d Trath from other Principles.

Fxim#re V.

'90. T &1 AMD be‘a Logarithmick’ Cutve
. 4t of fich 2 Narare, that if -from any
Point A in the fame be drawn the Perpendi-
cular M/P'to the Afymptote K P and theTangent
ﬁz’ ;. the Subtangent be P7'==4 a givenright
e' . - . .

I2 = "Now

F1e. 8o.
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" ME =:_‘_“’L_Jl, and therefore ECor PK

A Treatife
Now PT(H) =a; whence we get j ==

, and the Fluxion of this agam, fuppofing
H mvamblc, will be j =y X —-7 ;and putting

thefe Values in ——= +’ — a.nd thcre will arife #

.._':“_“_"_'l’ From whcnce arifes this Con-

{h'u&xon

Affume P K=7 9 on the fame Side 7, be-
caufe the Value of it is negative; and draw
K C parallel to PM: 1 fay the fame will inter-
fe&t thc Perpendicular MC in the Pomt c

fought. For7Q = —'tl’

If you have.a mind that the Point M be in
the greateft Parrte;oﬁ'blc of the Curvature,
the general Expreffion #*y 4525 — 3)’.7.7—0,

(of 4rt. 86.) muft be-ufed: then ,ff” 7" 7;’

be put for j, 5, 5, PM (5) will be -—N?
Now when #is invariable, it is plain that

‘the Ordmatcs y are to each other as their Flu-

xions ¥ or;; from whence it follows,’ that

they will be in a geometrical Progreffion alfo.
For if the Afymptote, or Axis PK, be fuppo+
fed to be divided into an infinite Number of
fmall equal Parts Pp or MR, pf or mS, fg
or » H, &c. intercepted by the Ordinates PM,
pm,fn, go, &c. thcn wd{PM tpm::Rm:Sn
:Rm +Rm, orpm:pm--Sn or Fln:
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Inlike manner we prove that pm:fn::fn:go,
and fo on. Therefore the Ordinates PM, pm,
~fm ge, &c. are in a geometrical Progreffion.

ExamprLe VL

9I.LET'AMD be a Logarithmetical Spi- Fic. 8.
: ral, of fuch a Nature, that if you
draw aright Line M.A4from any Point Minit, to
the Point 4 being the Centre, and the Tan-
t MT; the Angle AMT is of a given

antity, viz. always the fame.

Becaufe the Angle A M7 or AmM is in-
variable, the Ratio of 7 R (y) to R M () will
be alfo invariable; therefore the Fluxion of

7 mutt be nothing; fo that (fuppofing # inva-

* .

rible) y =o. Therefore if the Term yj be
gty -

fruck out of =5 the general Expref-

fion * for M E, when the Ordinates iffue from * 4rz. 77.
. the fame Point, M E will be =y, viz. ME=
-4M. From whence comes the following
Cogﬁru&ion.
aw A4C icular to 4 M, meeti
MC the Pcrpgr::lm to the Curve in 'gf
~which will be a Point in the Evolute 4#C B.
The Angles 4MT, 4CM are equal, be-
caufe by adding 4 MC to each of them, the
-wholes will be right Angles. Therefore the
Evolute ACG wiﬁ be a Logarithmick Spiral
%lﬂ'cnng only from theInvolute 4M D inPo-
tion.
* If the Point C in the Evolute #CG be gi-
ven, and it be requir’d to find the Length of
C M the Radius of the Evolute in that Point,
which is ¥ cqual to the Part £C of the Spiral » 4, 75
I3 * making
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making an infinite Number of Revolutions
before its Acceflioni to A; it is manifeft, that °
AM need only be drawn perpendicular to AC.
So that if 47 be drawn perpendicular to #M,
the Tangent M7 will be equal likewife to the
Part 4 M of the Logarithmick Spiral AM D

iven. . '

g If you imagine an infinite Number of Or-
dinates 4 M, Amy An, A0, &c. making infi-
nitely fmall equal Angles; it is manifc;f that
the Triangles M. Am, m Av, n.A40, &c. will
be fimilar, becaufe the Angles at A are equal,
as likewife are the Angles at m, , 0, &c. from
the Nature of the Spiral. Therefore /M
Am:: Am: Any and Am: An:: An: Ao, &c.
‘Whence the Ordinates 43, A m, An, 40,&c.
are in a geometrical Progreflion, if they make
cqual Angles with each other.

Examrre VIL

o2. LET A MD he one Spiral (of aninfinite
Number) formed in the Seftor BA4D,
of fuch a Nature, that any Radius 4 M P be-
ing drawn, and-calling the whole Arch BPD, 4 5
the Part BP,z; the Radius 4B or AP, a;
and the Part AM,y; there is always the fol-
lowing Proportion, 4:z::4":5™. = .
The Equation of the Spiral AMD is y™ =

"z

= which thrown ‘into Fluxions is my™ ™%

y= "2 Now becaife of the fimilar Se&ors

b N .
AMR, APp, AM(5): 4P (a) :i MR (7):

Pp(2) ::?. Now:putting this Value for z

in the Equation afora found, and my=j=.

&
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“.T.:;.’.’i‘; which again béing thtown'into.Flu-
xions making # invariable, and mm ™9 4
my™j=—o43 whence dividi by my” 'y we
get :—j5=mj' ] and therefore * M E * 4rt.77.

PEY N 90 soumarihe

T3 —yy s4mt1yt o

following Conftruttion comes out thus. . -

Thro’ A draw T4, icular to AM
meeting theTangent M7inT,and the Perpéndin
culir M Q in 9; make TA+w+149:
79:: MiA: ME. Thenif EC be drawn pa-
nllel to 79, it will meet M9 in a Point, as
€, whith will be ip the Evolute. o

For becaufe MRG, T4Q are parallg,

MR () +mF1iRG (f—)MG (Hi_')
::T4+~mJQ;fQ’::1MQ):ME'f-.s

.

yx iy
Ptm1)

ExAMéLz V1II.

93. Ls,rr AM D be Semi-cyloid, whofe Bafe F 1 a. 83.
42 BD is equal to j the Circumferesce
BE A of the generating Circle. o
Cal 4P,xy PM,y; the Arch A4E, ;5 ahd
theDiamcter 4 B, 24. Then PE =/2z5%—sx,
from the nature of the Circle, and y=«+
V24x—xx, fiom the nature of the Cycloid; °
which laft Equation thrown into Fluxions will
bej =i + ax—x% __ 28k —xx

—y Or
V2ax—x%  yf284%— 2%
.é"ff__“:f,putting 2% foriyandfuppofing
S v 26x=—x%
I4 * inva-
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| % invarisble, § =

® Ar2.78.

AT reattfe

3 and fubftitu-
x/zax—xx
ting thefe Expreffions in *. X7 V2 7. and

-—x7
there comes * out MC = z,lm—m, that
is, 2BEor2MG. ~~
If you make ¥ =0} then will AN=4a

. be thc Radius of Evolution in thé Vertex .

But if =24, the Radius of Evolution inD
will become nothing. From whente we are
affured, that D is the Beginning of the Evo-
lutle, and the Point V the End, {o that BN =
B

Now to find the Nature of this Involute,
you need only compleat the Retangle B S,
defcribe the Semicircle D/S-on DSy as a
Diameter, and draw D7 parallel to MC or -
BE. 'This being done, it is Ela.m that thc :

x:ﬁle BDIis cqual to theAng EBD;

equently the Arches D

one another; whence the Chords DI E or
GC are likewife equal. And therefore if JC
be drawn, it will be equal and parallel to DG,
which by ‘the Generation of the Cygloid is
equal to thc Arch BE or DI; and confe-
quently the Evolute DCNisa Sexm-cycloxd,
haying the n%t Line N'§ for its Bafe,
equal to § the Circumference D /S of the
nerating Circle: that is, it will be the fame
Semi-cycloid #MDB havmg an mvcrtod Si-

_ tuation.

‘Corot,
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Coror.

Cycloid is the Double of its Tangent
CG, or correfj dent Chord D I; and the
Semi-cycloid » is the Double of the
Diameter B N er .DS of the generating Cir-

cle.

: Anorunn SOLUTION.

o™ E Length of the Radius J/C maybe

T gvtnltlhout any Calculus, thyus
Conccwe the Pcrpcndlcular m C to beinfinitely
near the former one, another Parallel me, ano-

ther Chord Be, and from the Centres C, B,

defcribe the fmall Arches GH, EF; then
Wﬂl the t-angled  Triangles GH EFe,
fimilar; for G g=UEe, fince BG

or E is equal to the Arch AE, and in like
manner, Bg or me is equal to the Arch Ae;
moreover Hg or mg—MG=Fe or Be=~BE;
whence G H will be equal to EF. Now fince
the Perpendiculars MC, mC, are parallel to
thc Chords E B, ¢ B, the Angle MCm fhall
exr to the Angle EBe. Therefore fince
ches G H, E F, that are the Meafures of

A.zgl ual, ‘it follows that the
B E {hall equal likewife; and fo

-MCmuﬁ be affumed the Double ofMG or -

BE.
LEMMA '

- 96. IF there be any Number of .Quantme: a, b,

<, d, e, &c. either finite or infimite, - “the
Sﬂm Qf their Differénces; viz. a—b-+b—c+

~d -d—¢,Egc. is equal 1o the greateft Quan-
1ty

.' ,4.Ir is * evident that the Part DC of the * 4. y5.

-l
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‘pen
%rch defcribed about the Centre 4. And

A Treatife
tity a Minus the leaft e, or elfe equal to the grea
teft, when the leafi éso. - f’ : it

Cogég.‘i.

97.Bnc')wsn the Se€tors CMm, CG Hare

fimilar, Mm is=2GH=2EF; and
firice this is always fo, be the Point M where
it will; therefore the Sum of all the little: Ar-
ches Mm, that is, the Part Am of the Semi-

,:ﬁcloid AM D, is the Double of the Sum of

the little Arches EF. But the little Arch
EF,-being a Part of the Chord 4 E perpen-

dicular to_BE, is the Difference of the Chords .

AE, Ae, fince the fmall right Line ¢ F per-
c;icular ta Ae, may be confider'd as a fmall

therefore the Sum of gll the little Arches £ F
in the Arch 4Z E, will be the Sum of the
Differences of all the Chords 4 E, Ae, .

- in that Archj that is (by the Lemma above)
equal to the Chord /E. ‘Therefore it is evi- :

® Art, 2.

‘Chord 4E. -

ing the Sum of all thé faid

. dent, that the Part 4 M of the Semi-Cycloid

AMD, is the Double of the carrefpondent

. Conor. IL )
P8 P ue §ucs’MGgm"' or thé Trape-
T zium MG Hm=+ M»’;L’ GHx MG

=}EFxBE; that i} it is the Triple of the
Triangle EBF or E Be3-whence the Space

the Tri

MG B 4, or Sum of all the fid Trapezia, i
M gr‘m' um o the ragcf,m%:

of the circular S{iacc gl E
rianglés..

Ex A M-
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gp.C.u,t. BP,z; the Arch AZEor EM

N or BG,u; and the Radius K4, a3
then will the Parallelogram MG B E be==x z.
Now the cycloidal Space MG B A=3BEZA
s=3 EKB-}as; and thercfore the S
AME B contained under the Part 4 M of the
Cycloid, the Parallel M E, the Chord BE,
and the Diametér 4B, is=3 EXB-+}au—

123

sz. Whence if you aflume BP (z) =44, the

Space’ 4 M E B will be the Triple of the cor-
t Triangle EXB; and {®yge have
the Quadrature thereof independent of the
re of the Circle; (which Mr. Hugens

firft obferved) as likewife the Quadrature of”

the following Space.
If the Segment B E Z A be taken away from
~ the Space 4 M E B, there will remain the Space
AZ £M='7.E K B-}-au——uz; therefore when
the Point Pcoincides with X, the Space AZEM

_-will be then equal to the Square of the Radius. .

Itis plain, that amongall the Spaces AMEB,
AZEM, there are but thefe two only that can

be fquared independent of the Quadrature of
the Circle.

EXA'M’PLE Ix.

100.Y ET AMD be a Semi-cycloid defcri-F¢. 8

bed by the Rotation of the Semi-
circle 4 E B about or along, another Circle
BG D atreft. It is requird to find thatPoint
in the Perpendicular MG of a given Pofition
that touches the Evolute. ,

4.
|

Becaufe -
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‘ Becaufe in the Ufe of general Expreflions or
Formules, we muft firft take right Lines per-
icular to the Axis 40, as Ordinates to
the Curve /M D, and then find an Equetion
exprefling the Relation of the Ordimates to the
Abfciffes, or of their Fluxions, which oftenis
a very operofe Performance; therefore in Oc-
currences of this Kind, it is much better to
endeavour at the Solution from the Genera-

tion itfelf.

When the Semi-circle #EB is come to
_the Situation MG B, wherein it touches. the
Bafe D B in G, and the defcribent Point 4,

« fallsoggePoint Mof the Semi-cycloid AM.D,
it is glain, :

. 1% That the Arch G M is equal tothe Arch
,GD; as allo the Arch G B of the moveable
Circle, to the Arch GB of the immoveable

. one.
® 4rt.43. 2% That MGis*perpendicular to the Curve :
For if you confider the Semi-circumference
MGB or AE B, and the Bafe BG D, as the
Affemblage of an infinite Number of little e-
ual right Lines, each equal to its Correfpon-
ent, it is manifeft, that the Semi-cycloid ZMD
will be the Affemblage of an infinite Number
of little Arches, whofe Centres are fucceflively
the Contaét Points G, each being defcribed
thro’ the fame Point M or 4.
3°, That® from O the Centre of the im-
.moveable Circle, the Arch M E be defcri-
.bed, then the Arches M G, EB, of the
moveable Cirgle, will be equal to one ano-
ther, as well as their Chords MG, EB, ahd
_the Angles OGM, OBE. For the Lines
O K, O KX, joining the Centres of the Circles
are equal, becaufe they pafs thro’ the Points
of Contalt B, G. Thercfore drawing tthda:
: i
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dii O M, OE, and K E, the Triangles O KM,
D KE, will be equal and fimilar. thncc
becaufe the Angle OKM is equal tq the Angle.
OKE, the Arches MG, BE, of the equal
Semi-circles MG B, .BEd, mg thc

fures of thefe A les, fhall be equal; as kkc-
wife their Chonf MG, EB; and fo the'An-
gles OGM, OBE, are equal likewife.

12§

This bcmg laid- down, let mC be another Fic. 85:

Perpendicular infinitely near the firft, ze ano-
ther concentrick Archyand Be anothcr Chord §

and from the Centres C.and B, defcribe the

fmall Arches GH, EF. ‘Now the right-an«
gled Triangles G Hyg, E Fe, are cqual and fi-
milar; for Ggor Dg—DG=Ee, or the
Arch Be—the Atch- BE: Moreover, Hg or
mg— MG==F¢ or==Be—BE. Whence the

little Arch G H will be equal to the'litdde Arch -

EF;-and fo the Angle GC H, is to the Angle
EBF, as BE to CG. . And therefore
whole Difficulty is brought to. this, iz, to
find the Rclatlon between: thofo Anglls;
which may be effeCted thus: :

Draw the Radii 0G; Og, KE; Ke, and
call OG or OB;43; KEor KB, or K4, a3

then it is manifeft, that:the Angle EBe=
OBe—OBE=0gm—0GM=(drawi

‘GLy @V, parallel to Cm, Og) LGM~—0G ?
=G CH—GOg. Thercfore the Angle GCH
fhall be==GQg-E BF. . Buébecaufe the
Arches Gg E e, areequal, GQg:EKeor

2EBF::KE(@): OG(b), and confequent-

Iy the Angle GOg==2£ EBF, and' GCH
=.’£d:..E BF. Whencc GCH: EBF orBE

::éG-
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+€6: ”""b 1. And 6 the unkaown Qyan-

| ntyCG—--—_r_-bBE or MG.

Fie. 86.

Whence if you make O .4 ( M+b) OB
(lr) MG GG, ‘the Pomt G will be m the
Evblate. - :

It is. évident, :° That thé. Evolute begi

. at the Paidt D, in wh:mh‘ it touches the Bafe

BGD; becaute the Arch @M becohes infi-
fomall in that Paint.  2°, Amd thae it
s .th the Point &; {o that OA:O!B::AB
1BNi:0A~AB.or OB:OB—~BN ort QN3
that s, GA, O B, O IV, ave continual Propor-
titnals. 3°% I the Gircle N §'Q be defcribed
from the Centre Oy th\:n, Lfay, the: Evolare
DCNaaétnchmd» by the Romioa of the
itcle GC 8, having €S or BN, 2
a Diametier, along theinimroveable orie NS
That s, the:faid Evalate is:a Stmx-cyc!o
(becanle the Diametwers 4B, BN, of the move |
able Cixcles,. are:to oneanotherr, as the Radii -
OB, ON, of the itirinveable odc) baving an
inverred Situitiom with. refpect un:hat of the
other, tho Vertex being in I8, -
To prove this, let ‘us fuppuie the Dmm:tcm
of. the:moveable Circles to fall ‘in the-

‘Liné 67" diawn ax pleafure from: the Centre
'Oy this fhall pa& thro’ the Points of Contaét

8yG; and makihg 4B or ¥G: BNox'GS: :

MG : €€, the Pomt € will be in sheEvolnte,

as hkewife ity the ercumfcrence.of the Cizcle

.@C S5 for the Angle G MT 3 sight An-

gle, the Angle G ;ﬂhall be fo kcwdé But
6 of t sl Angles MET, CCS, the

Arch TMor GB is to the Arch C S, as the

) Dlamctcr G 7 to the Diameter G §': OG os

::GB
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©GB:NS; :hmfbre the Arclm CS,SN,
arc equal. hcncc, &e. . .
Coxon I °
tor.r is * plain that the Pirt DC of the® 4. 74.
Cycloid is equal to the right Line CA/,
and therefore D €'is to the Tangent CG: AB
+BN BN:;0B+QN:ON; thatis, asthe
Sum of the ﬁmetem of the genératihg Cir-
clm, or of the moveable and immoyeableones,
éhc Rachus of. the immoveable Circle.

Tllc may be thewn othchifc,

" ty.of 'the TrianglesF 1 c. 85.
cm.,aéﬂ MECC 04
+QB, (2a+ VV‘hcncc (asindre,
* g7.)the Part 7cloid 'is to-the cor-
rdi:omdant C the Sum of the Di-

ametefs of the genetatin Cirele, and the Ba('e
is tothe se:m- amctcr the Bag. .

Comon II

:&Tnsngwamm (?HZFiMmF 1G. 85
- % MG.. NoleG —gMG ‘
(za—{—zb 4 )

l.’ MG’ G H Mm =

—reff 'fherefore beeaufe € H=EF,

hd ME=EB, MG’me@m.ii—.

EFXBB. “Thit isy the TrapezmMGHm

Willbe always to die correlpondsix Triangie
EBF:; m+;0 3
N . “Whente
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" Whence the Spacc MG B A contained un<
der MG, A B, Perpendiculars to the Cycloid,
the Arch B G, and thePart M A of the Curve,

: is to the corrcfpondcnt Sefmcnt BEZ 4 of
2. - ~tthxrclc,asza+;bxsto . _

' Conon IfI

Fic. 87.103, IT is) evxdt.‘nt that the Quadrature of any
Part of the Cycloxd depends on - the
Quadrature of the Circle; but if 0 @ be tae
kén as a mean Proportional between O X, O 4,
and the Arch' @ E M being defcribed with that
as 2 Semi-diameter. . I fay, the Space /BEM,
'contained under the Diameter 4 B, tthhbrd
BE, thé Arch EM, and the Part 4 M of the -
Cycloid, is to-the Triangle"EX B 24435 §.
For call the Arch 4E or GB, 13 and the
" Radius O,Q, z; then w&li OB (b) 09 (2)::

GB (4):RQor ME= - And thcrcforc ;

the Space RG.B Q, or MBGE that is,
{GEYIR9 __22U—bbu

+ :RQxB9= v . Now the Space

ot.100% MG EA=2E30 BE 7 4= pp g

+.7ﬁi3-xKEZA( ”) Now 1ftthpacc ,

aforefaid be taken fiom thls, there fhall remain
SBEM= zaau+;abu+bba—-zzu u+;b :

xEKB=__5fEKB, becaufe by Conih'u

&ion zz—.m+3ab+bb Whence the: faid
Space is the only one,.among others like i ity
whofe Quadrature is independent of that of
‘the Circle.

“,
.

Moreover,
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- Moreover, we may have another mixted-
. lined Space, whofe Quadrature is independent
of that of the Circle. - For if from the Space
ABE M the Sc:ﬁment' BEZ A4 (1au+EKB)
be taken away, there will remain 4 ZEM =
24u+-2abut-bbu—zzu . 24425 —_

3 — = % EKB

#E’ K B, by making zz=24a-\- 24545 :
That is, if the Semi-circumference be bifected
in the Point E, the Space.4Z EM fhall be to
the Double of the Triangle E K B, viz. to the
gq;arc of the Semidiameter : : 0K (a44) :

. - A .

" Coror. 1V.

i 104..Wn E N the moveable Circle #/E B re-Fi1c. 88,
- ¥V volves within the immoveable one
BG D, the Diameter 4B thereof, which be-
fore was pofitive, is here negative; andthere-
fore the Signs of.the Terms affefted with it
when its Dimenfions are odd, muft be chang-
¢d. g_’hcncé, : : A
1%If you draw MG at pleafure perpendicu-
lar to tg’c Cycloid, and ml@)akc Oxl;e (b—22):
OB (5): : MG:GC, the Point C will be * in *4+. ;007
the Evolute DC N defcribed by the Rota- -
tion of the Circle (having B N as a Diameter)
\gﬁn the Circumference N S concentrick to

2% If the Arch ME be defcribed from the
Centre O, the Part .4 M of the Cycloid fhall
be#* to the Chord AE::26—28:6. . : *rt.son
é’,The Space MG B A is * to the Segment *4+. joz,
BEZA::36—2a:5. . L
45 If we aTume O Q= y/2a5—345-|- 05,
%2, a megn Proportional between O K, O 4.
: K. then

-d
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then the Spacc AB E M com rehcndcd under
the Part AM of the C clond, the Arch ME,

the Chord E B, and the Diamever 4B, fhall
be * to the Trmnglc EKB::3b—24:5. But
if we make O 9 or OE==y/245 —24b4-bb;
that is, the Arch 4E equal to a Quadrants
the Space AZ EM comprehended under the
Part AM of the Cycloid, .and the Arches MFE,
AE, thall be * to tze Trlan le EX B, (whxch
in th.ls Cafe, is the half of thc Sq\mrc of the
Radms) zb«-za b

COROL V.

*Fic. 86 10§. Ir the Radius OB of the immoveable

‘F1ec.85,
88.

R

F&‘ c. 87’

Circle be conceived to become infinite,
then wilt the Arch BG 22 become afiraight
Line, and the Curve 4M-D will be the‘com-
mon Cycloid. Now finee, in this Cals, 4B
the Diameter of the moveable Circle, is no~
thing with refpect to that of the immoveables
one. Therefore,

1° MG:GC::5:5, bccaufeb-*-zanb that
is, MG=GC; and conféqucntly, if you af-
fme B N==4 B, and draw the right Line NS
parallel to BD, the Evolute DC N fhall be -
rarcg AI;y tthRotatxon of the: Circle,
av as a 1amcter,onoralmgtbc~
Bate 35
2° The Part 4 M of the Cycloid is to the
corrcfpondcnt Chord ZE::26:5. Andthe
Spac; MGBAisto the chmcm: B.EZ.A i
3% Becaufe BQ.ot -0 9F 0B, wh;ch I
- call x, is =344 /244-3ab+ 45, thete comes
Qut xx J.2bx =244+ 34b, and x=}a4, fince
all the Terms affc&cd wmh & vanith, they be-.

ing
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ing infifiitely lefs than the ofher Terms. Gon-
fequently if in the common Cycloid youaffume
2P=} A B,auddraw PEM patallel to the Bafe F 1 c. 83
nD; the Space A ME B thall be the Triple '

. of the Triangle EXB. - In like manner, you
will find that when P coincides with the Cen-
tre K, the Space AZ E M contained under the
Put AM ot the Cycloid, the right Line ME, .
and the Arch 4 E, {hull be equal to the Square
of the Radius. Which has been demonftra+
ted before (4rt. 99.)

ScHOLIUM.

floq.B ECAUE the Arches DG; GM, are al-F 1 c. 8y
: t:;,{s equal to cach other; the Angle
DOG fhall likewife be always to the Angle
GKM:..GK:0Q. Therefore when we have -
given D the begimning of the Cycloid DM A,
the Radii O @, G K, of the geserating Circless
'and the Point of Conta&t @, if you havea mind
to determine the Point M in this Pofition
which defcribes the Cycloid, it is only draw-
ing the Radius X M fo, that the Angle GKM
-betothc%levanﬂglCDOGﬁOG:GK- Now
this ma dose geometrically always, wheri
the Relation of the faid Radji can be expreffed
. in Numbsers; and o the Cycloid DM A4 will
then be a geometrical Curvie. ~
, Por let, fbrEmEle, O0G:GK:1131¢.
It is manifet that the Angle MXG muft be
24D0 G the given Angle. - And fo the whole
Matter confifts in dividing the DOG .
into five equal Pasts. But every Geometri-
cian knows, that a given Angle or Arch may
-be divided into any Number of equal Parts ge=
omgtrically ; becaufe 1_t(ln:rc always comes out
. . ) : an
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an Equation containing {traight Lines only.
WES)CC, &e. g e y,

I fay, moreover, that the Cycloid D 4 A
is 2 mechanical Curve; or, which is the fame
thing, that the Points M in it cannot be geo-
metrically determined, when the Ratio of OG
to K G can be expreffed only by Surds.

For every Line, whether mechanical or ge-
ometrical, returns into itfelf; or elfe goes on
(or s extended) ad infinitum; fince the Gene-

" ration' thereof may be continued at pleafure.

Now when the Point 4, in the moveable Cir-
cle ABC, in one Revolution, has defcribed
the Cycloid 4 D E, this will be but the firft
Part of the Curve; fince as the Circle rolls
on, there will be defcribed a fecond Part EFG,
and a third GH I, &c. until the defcribent
Point A4, after feveral Revolutions, returns

ain to the fame Point in the immoveable

ircle from whence it went. So that if you
again revolve the Circle 4B C as before, the
fame Curve Line ADEFGHI will again
be defcribed by the Point 4. Now when the
Radii of the generating Circles are incommen-
furable, their Circumferences are fo likewife;
and confequently the defcribing Point /£ in the
moveable Circle 4 BC, can never returnagain
to the Point /4 in the moveable Circle from
whence it went, be the Number of Revolu-
tions never fo many; therefore there may be
an infinite Number of Cycloids that all toge-
ther make up but one Curve ADEFGHI,
&c. Nowif anindefinite right Linebedrawn
thro’ the immoveable Circle, it is plain thatit
fhall cut the Curve continued ad swfinitam'in
an infinite Number of Points. But becaufe

metrical

‘the Equation exprefling the Nature of 2 geo-
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metrical Line, muft at leaft bt of as many Di-
menfions as is the Number of Points that a
firaight Line can cut the Curve in. There-
fore the Equation that exprefles the Nature of
the Curve 4D EFG HI, &c. muft be of an
infinite N'umber of Dimenfions: W hich be-
ing impofible, it is plain that the faid Curve
isa mechanical or tranfcendent one.

Proepr IIL

loy.TO find any Namber of Involutes AM,Fic.go.
BN, EF O, o rbe given Evolute BFC. T

It is manifeft that the Points 4, B, F, of the
Thread .# B FC of the Evolute B FC, willde-
fcribe the Curves 4 M, B N, FO, to which
~ the given Curve BFC is the common Evo-
. lute.” But becaufe the Curve FO is defcribed
by the Evolution of the Part FC, it does not
begin in . And in order to find where it
does begin, the Part B F remaining, muft be
taken as the Evolute, the Point B being that
to which the Thread is fixed; and beginnin,
at F, the Part E F of the Involute £ FO mu
be defcribed, which begins in E, and is the
Involute to the whole Curve BFC, -

If you have a mind to find the Points 24,
N, 0, without the Thread 4B FC, younced
only affume the Parts CM, CN, CO, equal
to ABFC, BFC, FC, in any Tangent €M
excepting B 4. ,

. CoroL.
IOS,H eNcEkitfollows, 1° Thattheinvolute -
Curves A M, BN, E FO, differ very

much from each other. I mean as to their Na-
K3 tures
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" ture; ﬁnce inthe Vertex A of the Curve 4 Af,

the Radius of Evolution is equal to 4 B, where-
as that of the Curve BN is nothing. It'is like-
wife evident from the very Figure of the Curve

. EFO, thatitdiffers very much from the Curves

Fre o1

AM, BN.

2°, That the Curves /M, BN, EFO, are
geometricil ones only, when the given Evo~
lute B FC, is a geometrical Curve, and recti-
fiable: For if the fame be not a geometrical
Curve, when B X is aflumed for an Ab{cifs,
the Ordinate K C cannot be détermined geo-
metrically; And if it be not retifiable, when
the Tangent C M is drawn,. the Points M, A,
O, cannot be determined in the Curves 4 M,
BN, EFO, becaufe ftraight Lines cannot be
‘foundcqual to the Curve BFC, and the Pirts
B'F, F( thereof.

ScHoLIUM.

IO9.IF the Evolute B 4C has a Point of In-
- < flexion in 4; then from the Evolution
of the Part B 4D thereof, beginning at the
Point D (not the Point of Inflexion) there
will be formed the Part DEF of the Invo-
lute, and from the Evolution of the Part DC,
will be generated the remaining Part D G of the
Involute: So-that the whole involute Curve
formed from the Evolution of the Curve BAC
willbe FEDG. Now it is evident that this
Curve has two Points D and E of Retrogre(-
fion, with this Difference, that at D the Parts
DE, DG, haveoppofite Convexities; and at
E, the Concavities of D E, EF, lic the fame
way. Now in the Se&ion aforegoing, the
Determination of Points of Retrogreffion |

..... Of
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.of thé fame Nature with D was handled,
therefore I fhall here thew the Manner of
finding the Points E, which may be called
Points of Retrogreflion of the .fecond Kind;
and this is what no body, that I know of,
-has hitherto confiderd. ’

In order to which, draw at pleafure two
Perpendiculars MN; msn, to the Part D E ter-
minating in the Points N, n, of the Evolute;
from which draw two other Perpendiculars
NH, n Hto N M, nm; thenthefmall Setors
MNm, N Hn, will be fimilar, becayfe the
Angles MNn, NHn, areequal. Therefore N7 :
Mm:: NH: NM. Now in the Point A4 of

Inflexion, the Radius N H becomes * infinite * 4/4. 81.

or nothing; and the Radius A/ N, which be-
comes 4 E, continues finite. Therefore in the
Point E of Retrogreflion of the fecond Kind,
the Ratio of N#, the Fluxion of the Radius
of Evolution Ny to Mm the Fluxion of
the Curve, miuft become inﬁnitclx great or
or infinitely fm.z‘tl'li And bciaufc

T3RFE LY RS

5y s25 [ 2 e

Y&+ 5, therefore X +yJ; 35y =2, orIn-
. ' xy

finity; and multifxlging by xy*, we have the

following general Expreffion %5 +-j"j—375"

=o, or Infinity, for dctcrmimng the Points
of Retrogreflion of the fecond Kind.

and Mm =

Nn= * drt. 86,

If an Involyte DEF, or HDEFG, has aFia. o3,

Point of Retrogreffion of the fecond Kind, the
Evolute B 4 C may have a Point of Retrogref-
fion of the feconc{ Kiad alfo § fo that the fe-
+ cond Point A of Retrogreflion anfwers to the
fecond Point FE, viz. both lie in the Radius of

K4 Evolution

93-
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Etfolution iffuing from the Point E. New in
this Suppofition it is evident, that the Radius
of Evolution E A4, will be always a Minimum
or Maximam. And thercfore the Fluxion of
® 4rt. 78. . ¥1* the general Expreffion * for the Ra-
—xY ‘
dii of Evolution, muft be o, or infinite in the} :
.. Point E fought; from whence we get thefame
general Expreflion as before; which muft be
ufed to inveftigate the Points of Retrogreflion
of thedecond Kind.

SECT,
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SECT VL

The Vfe of Fluxions in finding of
Cauflicks by Reflection,

DEFiNITION,

p an. infinite Number of Rays BA, BM, BD, F 1 c. 94,
iffuing from a luminous Point B, berefle&- 95-
ed by the Curve 4 M D in fuch manner, that
the Angles of Reflexionbeequal to the Angles
of Incidence; the Line HF N that touches
the refleted Rays, or their Continuations 44,
MF, D N, is called a Cauflick by Refiexion.

Coror. L

uo.Ip H A be continued out to Z fo that £ ;.. g4,
* 4 I=AB, and the Cauftick HFN be .
taken as an Evolute, and /A as the firft Ra-
dius of Ewvolution, then will the Involute /LK
to the fame, be of fuch a Nature, that the
Tangent FL fhall be* conftantly equal to the w g, 5¢.
Part FH of the Cauftick Plus the right Line
HI. And if Bm, mF, be fuppofed two re-
flefted Rays infinitely near BAM, MF; and if
Fm be contigued out to /, and the little Ar-
¢hes MO, MR, be defcribed from the Cen-
tres F, B; the fmall right-angled Triangles .
MQm, MRm, will be equal and fiilar;

‘ Since
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" Since thctﬁngle OmM=FmD=RmM, and
the Hypothenufe M is common; fo that O
=Rm. Now becaufe Om is the Fluxion of
LM, and Rwm the Fluzion of B A4, and this
is always fo, wherever the Point Mbe taken:
Theretore ML—IA, or AH+ HF— MF,

® 4rt.96. the Sum of all * the Fluxions O in the Part
A M of the Curvey is =B M-—~B A, the Sum

® 4r+.96.* of all the Fluxions R in the fame Part
AM; and confequently the Part H'F of the

Cauftick HF N, will be equal to BM—B A

+MF—-AH.

There may happen feveral Cafes, according

~ as the incident Ray B 4 is greater or lefs than

B M, and the refletted Ray HA, as a Radius

of Evolution difengages itfelf, from the Part

HF of the Curve, to become MF: But we

can always prove, as we have already, that the

Difference of the Radii of Incidence, is equal

.to the Difference of the reflected Rays Plus

the Part of the Cauftick taken as an Evolute

that one of the Raysdifengages itfelf from, be-

. fore it coincides with the other. For Exam-

‘F16.95. Fle, BM—B A=M F+FH—AH; and con-

. fequently ¥ H=B M—BA+4+AH—MF. -

Fio. g4, 1ftheArch4 P be defcribed from the Cen-

gs.tre B, it is plain that P M fhall be the Diffe-

rence of the incident Rays BM, BA4. And

if the luminous Point B becomes infinit¢ly di-

Pre. g6. flant from the Curve AM D, the incident

Rays BA, B M, will become parallel, and the

Arch AP a ftraight Line perpendicular to
thofe Rays. :

Coror. ‘IL

Pic. g4. 111 r the Figure BAMD be fuppofed tobe
‘ ‘ inyerted on the fame Plane, fo thaIl; the
ong
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Point B coincides with 7, and the Tangent to
the Curve AMD in its firft Situation, ftill
touches it in this latter one; and if the Curve
eMd revolves on AMD, viz. on 1tfclf fothat
the Parts s M, A M, be always I fay,
by this Motion the Point B wi dcfcnbe a
kind of Cycloid /L K, which will be an In-
volute to the Cauﬁick H FN, taken as an E-
volute.

- For from the Gcnerauon it follows, 1% That

‘the Line L M drawn fromthe dcﬁ:nbcnt Point

139

L, to the Point of Conta& M, will be * per-+ ;. 43.

pendicular to the Curve /LK. 2° That La
or IA==B A, and LM=BM. 3° That the

ilts made by the right Lines ML, BM,
with the common Tangent in M are cqual
And therefore if L M be continued out to F,
MPF fhall be the Incident Ray BA refleted.

‘Whence the Perpendicular L F touches the
‘Cauftick HFN'; and fince this is fo aIways,
‘let the Point L be taken where it will, it is

hin that 7L K is the Involuteto the Cau{hck

‘HF N, the right Line H T being the Radius

of Evolunon
Hence it follows, that the Part FHor FL

=~HI=BM+MF—BA—AH. Which is

what has been otherwife demonttrated in the
Carollary aforegoing.

Coror. III

112, Wmm the Tangent D N is infinitely

near the Fan écnt "FM, it is mam-
fet that the Point of Conta&t &, and the
Point 7 of IhtetfeGtion, will both coincide

“with F the other Point of Contaét: So that
' the Point 7, wherein the refleted Ray MF

touches
&
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touches the Cauftick HF N is determin’d, with
- only feeking the Concurrence of the infinitely -
near refleCted Rays MF, mF. Confequently
if we fuppofe an infinite Number of infinitely
near incident Rays, the Interfe&ions of theie
Rays refleted, will form a Polégon of an in-
fimite Number of Sides, viz. the Cauftick HFN.

Propr L

Fic. 97: 11 ;.THE Nature of the Curve AMD, the
- luminous Point B, and the incident Ray
BM being given; To find the Point F in the re-
flected Ray MF given in Pofition, wherein it

touches the Cauftick.

FIND (by Settionaforegoing) M C the Length

of the Radius of Evolution in the Point

M, affume the infinitely fmall Arch Mm, draw

the right Lines Bm, Cm, Fm, from the Cen-

tres B, F, defcribe the {mall Arches MR, MO,

draw CE, Ce, CG, Cg, perpendicular to the

incident and refleéted Rays; and laftly, call

theléivcn Quantities BM, y; ME or MG, a.

SA4rt. 110 ow we prove (as in * Coroll. 1.) that the

. Triangles M Rmy, MOm, are equal and fimi-

. lar; and fo MR=MO. But becaufe of the

Equality of the Angles of Incidence and Re-

flexion, we have alfo C E=CG, Ce=Cg; and

therefore C E—~Ce or EQ=CG—Cgor SG.

‘W hencebecaufe of the fimilar Triangles BMR,

BE®; FMO,FGS,BM+BE (2y—a):

BM(y):: MRYEQ or MO+GS: MR or
MO:: MG (8): MF= ?_:’_y,

If the luminous Point B falls on the other

- Side the Point E, withrefpe to the Point M,

: "y

L e
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or (which isthe fame thing) if the Gurve AMD
be convex next to the luminous Point-B; then
will y be negative, and confequently MF=

4y ay
=2—a"y+Fa :

If y be infinite, that is, if the Point B be at F 1 ¢, ¢6.
an infinite Diftance from the Curve /M D,
. then the incident Rays will be parallel, and
M F will be=!{z, becaufe 4 is nothing withre-
fpelto2y. -

Coror. L

u4.B E C AUsE MF has but one Value, Fic. g4,
wherein is  the Radius of Evolution} 95-
therefore the Curve 4 M D can have only one
Cauftick by Reflexion HF N, fince there is * & 4, g,
but one Evolute to it. :

Co‘no:.. II.

115.XAJ HEN the Involute /M D is a geo- Fre. g7.
d W metrical Curve, it is manifeft "“gthc . 4. 3;

' Evolute is one likewife; that is, any Point C

in it may be determined geometrically; and

~ confequently any Point F inthe Cauftick there-

" of, may be determined geometrically, or (which

- is the fame) the Cauftick HFN will be a geo- F1 0. 94,

metrical Curve. I fay, moreover, that thefaid 95-

Cauftick isalwaysre&tifiable; becaufe by means ‘

of the Curve 4 M D, which is fuppofed to be

a geometrical one, it is * manifeft that ftraight .. 110.

Lines may be found equal to any Part thereof.

CoRroL,
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Corovr I

* Fic.97. 1 16.Ir the Curve 4 M D be convex next to

-~

the lummous Point B; the Value of

ME C ) will always be pofitive; and

tthoth muft of confequence be affumed on
the fame Side the Point A/ as the Poing C, as
we have fuppofed in the Inveftigation. afore-
ﬁ)amg Therefore the mﬁmtcly-nea.r refle€ted
ys do diverge.
But if the Curvc AMD bc concavc next

' to the luminousPoint B3 5 MF y will

12
be pofitive, when y is greater than § 2, nege-
uvcp’:)vrhen the fame is lgs, and infinite when
itis=1a4. Whence if a Ciccle be defcribed
with a Dlamctcr ual to + MC the Radius of
Evolution, ‘the infinitely-near refleted Rays
will conyerge, when the luminous Point B falls

: w:thout the Circumference thereof, and di-

%e when the fame falls within; and finally
I be parallel thn it ﬁtlls in the Cm:umfe- ‘

rence.
Coror IV,

II7.IF the incident Ray B M touches the
Curve AMD in the Point M, then
will ME ?a_)=o; and therefore M F=o0.
But becaufe the refle@ed Ray is then in the
Direttion of the incident Ray, and it is the
Nature of the Cautftick to touch all the refle-
&ed Rays;. therefore it fhall touch likewife

the incident Ray BM in the Point M that
‘s,
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is, the Cauftick and the.given Curve willhave -~ - -
the fame Tangent in the common Point M.

If the Radius CA£ of Evolution be nothing,
then fill will M E (s} ==03; and confequently
MF=q. Therefore the given Curve, and -
the Cauftick, make an Angle with each other -
in the comman Point A, equal to the Angle
of Incidence. =~ .- ’

If the Radius of Evolution C M be infinite,
thé fmall Arch Mm will become a firaight
Line, and M F=y; becaule A1 E (a) being
infinite, x will be nothing- with regard to a.
Now finge this Expreflion or Value is nega-.
tive when the Points B, C, are both on the
fame Side the Line #M D, and pofitive when’
oqe is on one fide, and; the other on the other..
Therefore the infinitely near refleted Rays
vl?ll; always diverge whea AMD is a right

Cogvor V.

118.I-r is evident, that when any. two of the.
Points B, C, F, are given, the third is

eafily found. Ce

1°, Let the involute Curve 4/ M.D be a Pa- F . g8.
rabola, ind the luminous Point B the Focus: .. .
Then (from the Canick Elements) it is ma-
nifeft, that ‘all the reflected Rays will be pa~
raliel o the Axis; and {0 in every Pofition of
the Point M, M F will be infinite; and con-~
{oquently s=2y. " W henceif you affume M E
=2 M8, and daw the Perpendicalar EC,
this will interfe@ the. Perpendicular MC to .., .. »
the Curve 4 M D, in the Paint C, which will
be in the Evolute. : : =

- 2% Let
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2° Let AMD be an Ellipfis, and the luii-
nous Point B one of the FFoci. Then it is evi<

. dent, that all the refleed Rays M F will €o- |

®4rt. 513,

Fge. 110,

Fiec.99,
100,

Flla. 101.

S Art. 113,

incide in the other Focus F.  And if you call !
ME, zy then will *z =;§1—_; ; from wherice

comes ot ME (a) =22, Which was 3

Itz
fought. :
ut if the Curve A M D be an Hyperbols,
the Focus F will fall the contrary way, or
without the Curve ; and therefore M F(z) will
become negativey and confequently M-.E(4)

=-;-zyz or222. Whencearifesthe following

—Z %
Conftruction, which will ferve for the Ellip-
fis alfo. .

Affume ME a fourth Proportional to’ half
the tranfverfe Axis, and the incident and refle-
&ed Rays, and draw the Perpendicular EC: !
'This fhall interfe& the Line MC perpendicu-
lar to the Curve in the Point C, which fhall
be in the Evolute.

Exampre L
119.T ET AMD be a Parabola, and let the

incident Rays P M fall perpendicular
to the Axis. It is required to find the Points

-F in the refleted Rays MF, wherein they

touch the Cauftick 4 FX. ‘

If we draw M C the Radius of Evolution,
and the Line CG perpendicular to the refle-
&ed Ray MF, it is manifeft * that we muft
affume MF=}MG. But this Conftru&tion
may be fhorten’d, if you confider that when
M N is drawn parallel to the Axis, 4 P, agd

the
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the right Line ML to the Focus L, the An-

les 1.A4P, FM N fhall be equal, fince from
&c Nature of the Parabola LM Q=9 MN, .
and-by- the Suppofition PM Q =Q MF. 1t
then the common Angle PAM F be added to
both, the Angle LAMF fhall be equal to the
Angle PM Ny that is, a right Angle. Now it
has been demonfirated (A4rz. ng. Num. 1.)
that L H perpendicular to AL fhall interfect’
the Radius of Evolution M/C in H the middle
thereof.: Therefore if M F be drawn equal
‘and parallel to LA, it will be one of the res
fleted Rays, and will touch the Cauftick
.ngK in the Point 7. Which was to be

und. '

If the refleCted Ray M F be fuppofed parals
Il to the Axis 4P, it is manifeft that the
Poirit F of the Cauftick will be at the greats
eft Diftance poffible from AP; becaufe the
- Tangent to that Point will be parallel to the
Axis. And conﬁ:%umﬂy in order to determin¢
that Point in all the Caufticks, as /F KX, forms

ed by incident Rays parallel to the Axis of the
%i;cn Cutve, we need only confider-that then

MQ muft be equal to P9, And thereford
y=k -

- e, o B .

N?w. le(? ax=yy. Then jE e ?:,
and fo 4P (x)==1%a: that is; when the Point
P fills in the Focus £, the refle&ed Ray MF
will be parailel to the Axis 3 which is 2 known
Truth otherwie eftablify’d; fince in thisCafe
MP coinciding with LM, MF muft alfo co-
incide with M N, and LH with L9, Whence
MF will then be equal to /7L ; 4nd therefore
if FR be drawn perpendicalar to the Axis; AR
oo AL+ ME will be ==3a. We may .ob-
o L ferve,
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ferve, that in this Cafe the Part 4 F of the
Cautftick is equal to the Parameter, fince it is
* always equal to P M4 MF.

To determine the Point X wherein the Cau-
ftick /FK interfe&ts the Axis 4 P, the Value
of MO muft be found, and made equal to
that of MF; for it is plain, when the Point

_Ffalls in K, the Lines M F, MO become

to each other. For when thePoint Fcoincides
with K, it is manifeft that the Lines MF, MO
will become equal to one another. Therefore
iftheunkhown Quantity MObecalledz; from
the Bifection of theAngle PMOby M, -
dicular to the Curve, we fhall have MP ():

MO (t)::PQC’?jL) 109 = ’% And
therefore O P =£7—1-—72 =y/1t —yy, becaufe

of the right-angled Triangle MPOj; and di-
(viding both Sides by #-{-y, there comes out

' %:,/f-q‘:_%, from whence we get MO($) =

® Art.77.

M,____MF(;@:P_'{'_& fince "," ME
JC""‘}" —2y
@) -_—"':"}f " And fo by means of y* =2y

-} &%, the Point P may be determined fo, that
drawing the incident Ray PM, and the re-
fleGted Ray MF, this latter will touch the
Cauftick /FK in the Point X, wherein it in-
terfects the Axis A P.

. I

Now in the Parabola y ==x';', J=ix" 'z,

j=—is"Tis and fubftituting thefe Ex-
preflions in the foregoing Equation, there will
. come
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come out ’;x—.lic‘—l-%x’_x:'c' =4x*; and fo we

fhall get AP (x)=}of the Parameter.

147

Now to find the Nature of the Cauftick

AFXK after the manner of Defartes, we muft
get an Equation exprefling the Relation of the
Abfcifs "“AR (#) to the Ordinate RF (2);
which may be done thus. Becaufe MO (#) =
yE 99t o (130 = 2% ;
P therefore PO( ~ ) =T >
and becaufe of the fimilar Triangles MPO,
MS F, therefore MO 9%34—-——1-’:) : MF
= v

(’.‘__’_j'{}.'f or—2yy:x—y::MP(y): MS

—) =1, 2945,

O—=2)= —55 PO “u_y,x).SForPRI

| (—=x) .—_.-_f:’.'; Therefore with z =y -

Y= amdu=x+ ﬂ;togcthcr with the

— 2, .
Equation -of the given Curve, we get a new
Equation freed from » and y, which exprefles
the Relation of 4R (%) to FR(z).

When the Curve 4MD is a Parabola, as

X

inthe Example, we fhall get 2 = gx’-—zx"’,"-or
(fquaring each Side) §x — 6xx + 4x* == zzyand
g#=3x Whence we get the Equation
fought 42z =4#u*—3aus +}aau cxprefling
the Nature of the Cauftick AFK. = Here we
may obferve, that PR is always the Double
of AP, becaule A R(%) =13 x. From whence
.we get moreover another way of determini

the fought Point F in the refleéted Ray MF.

L2 . ExaM-
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Examere IL

Fi6. 104, 120. LET AMD be a Semicircle, the Line

SArt.113.

AD a Diameter, and C the Centre,
and let the incident Rays PM be perpendicu-
lar to 4 D.

Becaufe the Evolute of the Circle is aPoint,
viz. the Centre of it, therefore if C M be bi-
fe€ted in K, and HF be drawn perpendicular.
to the refleted Ray MF, it fhall * cut the
faid Ray m the Point. F wherein it touches the
Cauftick J/FK. Now becaufe the refleCted
Ray MF is equal to  of the incident Ray
PM; therefore wlieh-the Point P coincides
with C, it is plain-the Point F will coincide
with X the middle of CB. And the Part
AF is the triple of MF, and the Cauftick
AFK the triple of BK. We may likewife
obferve, that when the Angle AC M is made

“one half a right Angle, the refleted Ray A/ F

thall be parallel to 4C; and therefore the
Point F will be the higheft Point of the Cau-
ftick above the Didmeter 4.D.

The Circle whofe Diamheter is the Line

MH pafles thro’ the Point F; becaufe. the

Anglc HFMisari ﬁht Angle. And if from
the Centre C, with the Radius CK or CH
the half of € A7, the Circle K HG be ‘deferi-
bed; the Arch H F fhall be equal to the Arch
HK: for fince the Angle C MF is equal
CMP: or FICK, the Archcs +tHF and HK
that meafure’ the faid Angles in the Clrclf:s
MFH,KHG thall be to each other as the
Radii § MH, HC of thicle Circles. 'Whence
it appests, that the ‘Cauftick 4FK is a Cy-
cloi generatcd by the Rotation of the Cl{-

cle
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cle MFH along the immoveable Circle KHG,
the Beginning thereof being X, and the Ver-
tex 4. . .. ) ‘

' E‘XAMP.LE III.

1a1. Ln’r A M D be a Circle, the Line 4D Fia 103.
the Diameter, -and the Point C the
Centre ; and let 4, one End of that Diameter,
be the luminous Point from whence all the
Rays of* Incidence 4 A iffue.
From the Gentre C draw C E perpendicular
‘to the incident Ray 4 A; then from the Na-
ture of the Circle, it is.manifeft that the Point
E bifects the Chord 4 M5 and fo ME-a) =

ty. Whence MF ( 23‘32'—_:):-;]: thatis,we

muft take therefleéted Ray M F=1$ AMthein-
cident Ray. Confequently DK=%4D,CK=1%
CD, and the * Cauftick AFK=4¢ 4D, like *4rt. 110,
as its Part A F=44AM. If you aflume A M
= A C, the refle¢ted Ray MF will be parallel
to the Diameter 4D; and confequently the
Point F will be the higheft Point poflible
above the faid Diameter. .
If yow take C H==$C M, and draw HF
ndicular to M F; the Point F fhall be in
the Cauftick: for drawing AL perpendicular
to A M, it is manifeft that ML =4 ME =
1AM, i)geauﬁ: MH=%C M. Therefore the
Circle having M as a Diameter, fhall pafs
thro’ the Point ¥ of the Cauftick 3 and if from
the Centre C with the Radius € X or C H ano-
ther Circle XHG be defcribed, it fhall be
“equal to the former oney and the Arch HX
fhall be equal to the Arch HF: For in the_
Ifofceles 'lgria.nglc C M A the external Angle
L3 . KCH
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: KCH=12CMA=AMF,;and therefore the
Arches HK, HF being the Meafures of thofe
Angles in the equal Circles, fhall likewife be
equal. Whence it follows, that the Cauftick
AFK is likewife here 2 Cycloid gencrated b
the Rotalt)xon of the Circle MFH along the
immoveable one K HG, the Beginning ix:mg
K, and the Vertex 4. e

This may be demonftrated otherwife thus.
If a Cycloid be defcribed by the Revolution
of a Circle equal to the Circle 4MD about
this fame, beginning at 4, we have demon-
ftrated (Ar¢. 111.) that . the Cauftick 4FK
will be the Evolute to the faid Cycloid taken

®4rt. 110. 35an Involute. But ¥the faid Evoluteis a Cycloid
of the fame Kind, wiz. the Diameters of the
generating Circles of them fhall be equal ; and
the Point X will be determined by taking CX
a third Proportional to C D+1¥4 an?CD,
viz. equal to § CD.  Whence, &Jc.

ExamprrLe IV,

Fic. 104, 122 Lzr the Curve 4 M D be one half of
2 common Cycloid defcribed by the
Rotation of the Semicircle NCM alg:g
the right Line B.D, whofe Vertex is 4,
the Beginning thereof D; and let the incident
Rays X M be parallel to the Axis 4B.

Fre. 104. Becaufe * MG is cqual to the half of the
® 4r+. 95. Radius of Evolution; thercforc * if GF be
Art.113. drawn perpendicular to the refle@ed Ra

* MF, the Point F fhall be in the Cauftic
DFB. And fo MF muft be affymed oqual

to K M. ' o
¥
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If from H the Centre of the generatin

Circle MG N to the Point of Conta&t G, an
to the defcribent Point M be drawn the Ra-
dii HG, HM; it is evident that HG will be

icular to B D, and the Angle G MH=
MGH=GMK: whence the refleéted Ray
MF paffes thro’ the Centre . Now the
Circle having G A as a Diameter, paffes thro’
the Point Flikewife: becaufe the Angle GFH
isaright Angle. Therefore the Arches GN,
_ 3 GF the Meafures of the fame Angle G A.
thall be to one another; as the Diameters M V,”
GH of their Circles. . And confequently the
Ach GF=GN=GB. Whence it is evi~
dent, that the Cauftick D FB is a Cycloid
defcribed by the entire Rotation of the Circle
G F H along the right Line B.D. ‘

ExamprLeE V.

123. Ln'r the Curve 4 M D be flill the half pyq, o3,
of a common Cycloid, the Bafe BD
whereof is equal to one half the Circumfe-
rence .4 N B of the generating Circle; and
let the incident Rays PM be parallel to the
Bafe BD. '
If G @ be drawn Ferpcndicular to PM, the
right-angled Triangles G 9 M, B P N will be
I ang fimilar; and therefore M9 =P N.
hence it follows, * that A/ F muft be affu- * 4. g5,
med equal to the correfpondent Ordinate PN 113.
n the gcnerating Circle ANB. _
When the Point Fis at the greateft Diftance
poflible from the Axis 4B, the Tangent MF
i that Point muft be- parallel -to the Axis.
And confequently the Angle PMF will be a
- Fight Angle, mdyPMG.Qr, PN B half arighs
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Angle,” Whence the Point P falls in the Cen-
tre of the Circle 4N D. ‘

Here it is worth obferving, that as thePoint
P afterwards accedes towards the Extremity
B of the Diameter, fo does the Point F like~
wife accede towards the Axis 4B, until it

es to a certain Point K3 after which it re-
cedes therefrom till it comes to D. So thatthe
Cauftick 4 FXFD has a Point of Rctrogrcf
fionin K.

#4rt.150, . TOdetermine which, we muft obferve* that

i the Part /F=PM-+ MF, the Part /FK
=HL-+ LK, and the Part K Fof KFD is
=HL4+LK—PM—MF: whence HL X~
LK muft be a maximwm. And if you call
AH,xy; HI,y; the Arch 4 Lu; then will
HL4-LK=u + 2y, the Fluxion whereof is

a+z.y_o, and 4% +7._yr—o, by fubftitu-

ting T for 4: ﬁ'om whence we get 4 #=F

—2yy=2XX—24% bccaufc of the erclc
and therefore 4 H (x) =}a.

Conou

124. Tan Space AFMor AFKFM con-

tained under the Parts of the Curves
AFor AFKE, AM, and the refle&ted Ray
- MF is equal to the half of the circuldr Space
APN. For the Fluxion thereof, wvis. the
Se&tor FMO is equal to the half of the Re-
&angle PpSN, the Fluxion of the $
APN; fince then ht-ang led'l‘mn les MOms,
MRm being fimilay and e gD fhall be
equal to MR or NS or Pp, and _moréover
MF=PN, :

ExaMe



~of FLuxions. 143

Exampre VL

llf.LET the Curve .AMD be the half of Fia. 106.
a Cycloid rated by the Rota-
tion of the éirclc GV about 4G K equal
toit, and let 4 be the beginning thereof, and
D the Vertex. And let the incident Rays
AM all iffue from the Point 4. The Line
B Hjoining the Centres of the generating Cir-
cles conftantly paffes thro’ the %oint of Con~
ta& G, and the Arches G M, G 4, as alfo their
Chords, are alwaysequal; alfo the Angle HGM
#B G A, and the Angle GMA=GAM. Now
the Angle HGM-+-BGA=GMA+GAM;
becaufe if the Angle 4G M be added to each
Side, there will be two right Angles made.
. Whence the Angle H G M fhall be always
- equal to the Angle GMA; and fo likewife
- to the Angle of Refle¢tion GMF. Whence
it follows, that AZ/F always paffes thro® H the
Centre of the moveable Circle.

Now if CE, GO, be drawn perpendicular
to the incident Ray 4 M4, it is manifeft that
MO=0 A, and 0 E=40 M; fince the Point
C being *in the Evolute, G C =FG M; there- *4r. 100.
fore M E =3 A4 M; that is, a==}y; andcon-

] ay N\ _ ‘ .
fequently M FCEFE) =1y. Whence if
you draw G F perpendicular to MF, the Point
Fwill be in the Cauftick 4FK.

The Circle whereof G H'is a Diameter, does
pals thro’ the Point F; and fince the Arches
GM, $G F, the Meafures of the Angle GHM
are to one another, as the Diameters M N, GH,
of their Circles; the Arch G fhall be cgual

A.

o GM, and confequently to the Arch
o From.
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From whence it is evident, that the Cauftick
AFK is a Cycloid generated by the Rotation .
of the moveéable Circle HFG about or along |
the immoveable one 4G K. . |
A -

CoROLLARY.

1 2.6.11? a Circle be defcribed about the Cen-

tre B, with a Radius equal to B H or

AK; and an infinite Number of right Lines

arallel to B.D falls on the Circumference of

1t: it is then manifeft * that by their Refle€ti-
on they will form the fame Cauftick 4 FX.

ExamrrLe VIL

127. BT AMD be a Logarithmick Spiral,
' and let the incident Rays (4 M) all
#lue from the Centre 4.

If the right Line C £ be drawn from C,
the End of the Radius of Evolution, perpen-
dicular to the incident Ray 4 M, it fhall meet
* the fame in the Centre 4. Therefore 4 M
(») =a; and confequently M F ( 2;_}’_4

=y. Whence /MF fhall be an Ifofceles
Triangle; and fince the-Angles of Incidence
and Refle€tion 4 M7, F M §, are equal toone
another, the Angle 4 FM is equal to the An-

le AMT. Wﬁencc it is manifeft that the
,%auﬁick AFK will be a Logarithmick Spiral,
differing only from the propofed on¢ 4 M D

"in Pofition.

i~ . « Pror
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Pror. IL

I5S

128 ELE Cauftick HF by Reflestion, and the p.c. . cq.

~ Tuminous Point B being given, 0 find
an infinite Number of Curves, as AM, whereof
tbe [ame is the Canfiick by Reflection.

. Take thePoint 4 at pleafure inany Tangent
HA, for one of the Pomts of the Curve A M
fought ; and from the Centre B, with the Di-
ftance B .4, defcribe the circular Arch 4 P;
and with any other Diftance B M, another cir-
cular Arch. Then aflume A H4+-HE=BM
—B.A or PM; and by the Evolution of the
Cauftick A F, beginning at E, defcribe the
involute Curve, cutting the circular Arch de-
fcribed with the Radius B M in the Point A7,

which will be * in the-Curve AM. For by 4, ;0.

Conftru&tion PMAMF=AH+-HF.

Or elfe take a Thread BMF, and havin
fixed one Endin B, and the other in 7, ftretc
the Thread by Means of a Pin at M, which
fo-move along, that the Part MFof the Thread
wraps about the Cauftick ZF: Then it is e-

vident that the Pin M in thus moving, de-

{cribes the Curve M A fought.

Otherwife thus:

‘120 TYR AW any Tangent (FM) excepti
9D HA, atipleafugre, and in the ri'ar?n%
find the Point M fuch, that B M+MF=BA
-4 H4HF; which may be done thus:
Affume FK=B. A+ A H+HF, and bife&-
ing BK in G, draw the Perpendicular ?I‘ Jl:{
: is
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This fhall interfet the Tangent FM in the
fought Point M: for. B M=MXK.

If the Point B be fuppofed at an infinite
Diftance from the Curve #M; that is, if the
incident Rays B4, B M, be parallel to 4 right
Line given in Pofition; the former Conftru-
Gtion will ferve likewife in this Cafe, in con-
ceiving the Arches defcribed from the Centre
B, to become right Lines perpendicularto the
incident Ray. But the latter Conftrution
will not do here; for which we fhall lay down
the following one. '

Affume FK=AH-+4 HF. And find the
Point M fuch, that MP (a Parallel ta £ B)
perpendicular to 4 P, be equal to MX; then
it is plain * that M will be the Point fought in
the Curve 4 M, becaufe P M-+-MF=A4H-}

HF. Now this is done thus.

Draw K G perpendicular to 4P; and aflu-
ming KO =KG, draw X P parallel to OG,
and P N parallel to GK: [ Ey the Point M
will be that fequired. For becaufe of the fi-
milar Triangles GKO, P MK, PM will be
=MK; fince GK=KQ. If the Cauftick
HF degenerates into a Point, the Curve A M
will become a Conick Se&ion.

CorowL. I

I ;o.H E N CE it is manifeft, that the Carve,

which paffes thro’ all the Pomnts X, -
is generated by the Evolutiont of the Gurve
H'F, beginning at A4, and that its Nature va-
ries according as the Situation of the Point 4
in the Tangent 4 Hvaries. Wherefore be-
caufe the Curves (4 M) are all generated by
the fame geometrical Conftruction from ‘t_hg

ail
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faid Curves: It is manifeft * that the Nature *4r¢. 108.
of them differ, and they are only geometrical

when the Cauftick AF is a geometrical Curve
and rectifiable.

Corown. 1l

‘-I;IACNRVE D N, together witlnthe la- Fic.aio,
: minous Point C being given, to find
any Number of Lines (as 4 M f’ being fuch,
that they may caufe all the Rays D4, N M,
refle&ed from them, to unite in a givenPoint

B. .

If the Curve HF be fuppofed tobethe Can-
flick of the given Curve D N, formed by the
luminous Point C; it is manifeft that the faid
Line A F muft likewife be the Cauftick of the
Curve #M, having the given Point B as 2
luminous Point: So that #K==B A4 4 H-+
. HF, and NK=BA+ AHAHF+FN=BA
+4D4DC—CN, fince* HD+D C==HF ®*4rt.110.
é-{i: FN4NC. Which gives this Conftru-

ion.

In any refleCted Ray affume the Point 4 at
pleafure, -for one Point in the feught Curve
AMj; and in any ether refle@ed Ray M N, af-
fume the Part VX =B.4+.4D+£ C—CN,

and t)hc Point M will be found as above (Arz.
129.

" SECT.



158 A Treatife

SECT. VIL

The Vfe of Fluxions in finding of
Cauflicks by Refraltion.

DEFINITION.

Frc.111. Y £ the Dire&ions of an infinite Number of
‘A Rays B 4, BM, B D, all ifluing from the
ame luminous Point B, be alter’d after their
Concurrence witha Curve #/MD, either nearer
or farther from the Perpendiculars MC to it:
And if the Law of Alteration be conftantly
fuch, that (C E) the Sine of the Angles of In-
cidence (C ME) be to (CG) the Sines of the
Angles (CMG) of Refraltion, in the given
F1c.112. Ratio of m ton; the Curve HF Nthattouches
all the broken or refraéted Rays, or the Con-
tinuations of them, 4 H, MF, D N, is called

the Cauftick by Refraction. '

COROLLARY.

t;z.Ir the Cauftick H F N be taken as an
Evolute, and the Involute /LK be
defcribed from it beginningat 4; the Line L F
Plus F H, aPart of the Cauftick, will be always
equal to AH.. And.if 'you conceive another
Tangent Fml infinitely near to FML, and
another Ray of Incidence Bm; and from the
Centres F, B, be defcribed the fmall Arch;s
MO,
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MO, M R; then the little right-angled Tri-

- angles M R my M O m, will be fimilar, the
. former to M E C, and the latter to M G C;

becaufe if the Angle £ Mm be taken from the
rzight Angles E, CMm, the Angles RMm,

M C, remaining, fhall be equal: and, in like
manner, if the Angle GMm be takenaway from
the right Angles G MO, CMm, the remaining
AMm, G MC, will be equal. Therefore Rm

- :Om::CE:CG::m:n Now fince Rm

is the Fluxion of BM, and O the Fluxion
of LM ; BM—B.4*the Sum of all the Flu-
xions (R ) in the Part of the Curve 4'M, will
be* to ML or A H—M F—F H, the Sum of
al the Fluxions (O) in the fame Part, as m

" ton. A_nd therefore the Part FH=_4H—

MF4+ 2 Ba—2 BM-
”m m

There are feveral Cafes, according as the
incident Ray B A4 is greater or lefs than B M,
and the refratted Ray 4 H wraps about, or
unwraps (itfelf from) the Part HF: But we

~ prove, as already, that the Difference between

the incident Rays, is always to the Difference
of the refraCed Rays, (Plus the Part of the
Cauftick that one of thefe Rays difengages it-

- {eif from before it falls on the other) as 7 tox.

159

* 4r¢.96.

For Example, BA—BM: AH—MF—FH g .

tim:n, From whence we get FH=4H—
MF4” pM—2Z B4,
m m

* Ifthe Arch 4P be‘ defcribed from theCen- p 1.q. 1112

tre B, it is manifeft that P M will be the Dif-
fererice of the ineident Rays BM, B 4. And
if the luminous Point B becomes infinitely di-
flant from the Curve 4MD, the incident

Rays B4, B M, will be parallel, and the Arch

AP
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A P will become a right Line perpendicular |
to the faid Rays.

Provpr I

1 33.THE Nature of the Curve AMD, the

luminous Point By and the Ray of In-
cidence BM, being given, to find the Point F in
the refratted Ray MF given in Pofition, where-
in the [ame touches the Cauflick by Refrattios.

Firsm find * the Length MC of the Ra-
dius of Evolution at the given Point M,
affume the infinitely fmall Arch M, draw
the right Lines Bm, Cm, Fm, from the Cen-
tres B, F, defcribe the little- Arches M R, MO,
draw CE, Ce¢, CG, Cg, perpendicular to the
incident and refrated Rays; and-call the given
Quantities BM, y; ME,a; MG,b; and the
little Arch MR, x. This done,

Becaufe of the right-angled fimilar Triangles
MEC and MRm, MGC and MOm, BMR
and BQe, ME (a) : MG (§) : : MR (x): MO

.___.é’f. And BM (5): BQor BE (y+4) : :

MR (%): Qe.—.—‘li‘:i‘ﬂ. Now from the Na-
ture of Refraétion Ce:Cg::CE:CG::m:mn.
Andthereforem:n::Ce—CEor Qe (ﬁjﬂ)

:Cg—GCor Sg= .”Lm"}"ﬂf W herefore be-

caufe of the right-anglcd fimilar T riangles KMO

and Fsg MO“"Sg bmyfc-—-'amx—'-aami) .
? T amy .
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Mo(%’-‘}:Ms«Mc(a);MF:

___ib_mz_' From whence comcs’ out
bmy——any—aan
the follow‘l Conftruétion.

- Towards C M make the Angle ECH=== Fia.n13

GC M, and towards B take MK=2% Then

if you make HK : HE :: MG : MF I fay
g:om wall be in thc Cauttick by Refra- -

- Far bcoauﬁ: of the Similarity of the Triane °
ugles CGM, CEH,CG:CE::n: m:: MG

0): EH:*_'."; Whence HE—ME or HM=
b"—‘”; HM— MKorHKJM
Aad therefore HK(W) 4z

f.”i) £ MG (5): MF 2o I
n “bmy—any — adn -
Itis mamfcff, that when the Value of HK
is Degatiye, that of M fhall be fo.likewife:
Whence it follows, that when the Point 4
falls: beeween the-Points G, F, the Point A
falls between the Points K,
. If the lummous Point B bc next to E or’
(which is the fAme thing) if the Curve 4 MD
be concave neéxt to B, then will y be changed
from pofitive to negatives. 4nd confequently,
 MF = —bbmy S bbmy
—bm +any--aan Zmy——a»y—{-—aarp
And the Conﬁru&xon will be the fage.. . .
Ify be ﬁlppofed mﬁmtc; that is, wher tbe
lmﬂln':ms Point Bisat an infinite Diftance from
the Cuive AMD, the incident Ravs wxn be
M then
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. bbm 7 ace
thes parallel, and JFF gty .ﬁxEQc the
Term asnis 0 With yelpaft 1o bmy; any; and
becaufe MK ﬁ. then vapithes, we need
REr 1‘:'\5‘o‘rﬂy make HMJ HE:: MG: MF..

b . . e N .
oo .o Gorow Lo
Y X {7 rg4.Ii'r~may be demotafiraved after the fame
115. manner, as in the Caufticks by Riefles

' &len; that the Curve 4 M D.hes Hut one
Caettick by Refiadbion,. the Ratio of .72 to »
beiog giverry which Cauftick is slways a geo-
metrical Curve and rectifiable, wheii the pro-
pofed Curve 43/ B-is a geometrical Curve.

- . ..o~Cemer I |
1;,-.1”# the Paint E fils on the other Side
.- = the Perpeadieular #/C with:zcgard to
gg Point G, and C E be ==C G} it is cyident
at the Cauftick by Refralion will be-

eome 2 Cauftick by Refle&ion. -~ For M F

g bbm X @ becauk
(‘bﬁy;any’fa_br) s s Do me,
and ¢ js here riegative and equal to 5. And
this agrees ‘with what has been before demon-
ftrated in the Seftion aforegoing, |
.. X m be infinite with reéfpe to #, it is evie
teiit that the refri@ed or broken Ray MF will
eoineide with the Rerpendienkar C.A£: Sotligt
the Canftick by Refraftion will be the Evo-
%ltp.‘ ‘For MFwilt be =8, which inthisCafe
secdmes MC: “Thar is, the Point F will co-
Incide with, the *Pbint C, which is in the E-

YVolute, -~~~
- CoRrRoOL,

2, N o



of FLH&IONS

¢
[ .:A

"conon “Yit. .

336 I P tbo convex dec of the C’nrvc AMD
be next to the lummous Point B, and

tie Valtie OEﬂF( b‘;ﬂyilfzﬁh-u—") be poﬁd

tive; it is evident that the Point F muft bc
affumed on the Tihe Side of M as G is, which
was fuppofed in the Operation of the Problem}
#d 60 tHe confrar, if & bo negativé,. the
fime weEt “be. afuied. on the eondmy Side.
The Tthe 19" 6 be uderftsod when the cons
tive Pare of the Cutve SMD i towards thie

163

Point B. Butwe mutt obferve that then A4 ¥

bb)ﬁy 47;»“ From wherice it follows,

x mdmte “peaf refrated -or ‘broken
converge: whenéﬁe 'Value of M F is

tive i _the firlt Cafe, ive @ix the
?o econd';- arrd onthe contrareym% yﬁw e when
egatwc in the e, and pofitive ip

tbe econd Thxs bcmg premlféd it is evi-

:°* Phat ;f the conwx Side of the Curvc
4MD be nexe to th Juminous Point ' B} -and-
‘o lefs than #3 ot if the concave Paft thereof
bt next to the faid Idminous Poiht, and -

thian 7; then the iiifisitely pbdp téfra-
¢r.broken Rays will always diverge.. -
- 2% I the convexSrdtofAMDbotunmd
Mthc lurhinous Péing B, :and # excoeds
n, or.thé ¢omncave Side, andmbeleﬁthan#,
the infioiely. near refitted Rays do com-

verge whcn,MK( ) is lefs than MH'
M z \;\‘_.. .‘. B

.
LI,
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(.b;"'—aorarb-’:-"); diverge, when it is

reater; and are parallel, when it is equal.
ow fince MK =0, when the Rays of In-

~ cidence are e}, it follows that in thisCafe

the infinitely neac refialed Rays do always
converge.” "~ -7 o

. CoroL IV . ..

137. ‘Iril ¢. Ray of Incidence B.M touches
the Curve 4 M.D in the Point M,
thenwill M E (4) =03 and therefore MF=4..
And fo the Point F will coipcide with- the
Point G, . ' sl Lo ‘
* If the Ray of Incidence B Mbe i-
cular to the Curve' #MD, the right Lines
ME (s)-and MG (%) will be each equal to the
Radius CM of Evolution; becaufe they.co-

.. . bmy -
incide with it. Thcrc'ﬁ')rf M F mo
which becomes’ bm . when' the Rays of In-

m—n

cidence are parallel to one another. . -

.- If the ed Ray MF touches the Carve
AMD :in the Point M; then will MG (&)
==o. . And confequently the Cauftick does

“then touch the given Curve in the Point M.’

If C M theRadius of Evolution be nothing,
the firaight Lines M E (a), MG (b) thall like-
wife be equal to nothing; and fo the Terms

-aan, bbmy arc nothing with refpe&t to the

Terms bmy, any. Whence it follows that
"MF=03 and fo the Point M is both in the
Cauttick and given Curve. .
~If C M the Radius of Evolution be infinite,
the right Lines ME (), MG (5) thall bt‘i:nixn.
S F ite
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| finite alfo 3 and confequently the Terrus 5my,
~ any fhall be nathing with regard to aan,bbmy:

" So that M F will be :f__b."iy. Now fince
w7 :

this Quantity is * negative when the Point F ®41.133.
&l ot on rhe fams fide the Live £MD 25
B; and on the contrary is pofitive, when F
and Bare both ont the fame fide /M D ; there-
fore the Point F muft be * afflumed next to *4rs.136.
* the Point B, that is, the infinitely refratted
Rays are diverging. It is evident that the
fmall Arch Mm then becomes a right Line,
and the Conftrution above will not do here.
And fo we fhall lay down the following one,
which determines Points in Caufticks by Re-
fra@ion when 4 M D is a right Line. ,

Draw B O perpendicular to the Ray of In- Fre. 114
cidence B M, interfelting the right Line MC
perpendicular to 4D in the Point O ; likewife:
draw O L perpendicular to the refratted Ray
MG, make the Angle BO H equal to the An-
flc LOM, and alilo BM:BH:: ML:MF.

fay, the Point F will be in the Cauftick by

ion.

For let MC be of what Magnitude you
pleafe, the right-angled Triangles M EC and :
MBO, MGC and A£LO will always be fi- ¢
milar: and therefore when it becomes infinite,
we ftill have ME (a): MG (b):: BM(y): ML

=%Z. And becaufe of the fimilar Triangles
OLM, OBH we have likewife O L : OB
(n:m);:ML(?.’):BH= %Z. Whéncc

BM (s)y: BH(E2) ML (i_’)}m* ey

(6:“%!)" | M3 " Corov
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138. W EEs ay fwo of ‘the three Points
: B,C, F are given, it is manifefsthat
the thn‘d may be eafily found.

Exaur&z L

Fic. 115- 139, T ET AM.Dbaandt;anCOFaercle,
. 4 L whereof the Poiat € is the Centre;
and let the Rays ‘of Jacidence B 4, BM, B.D
be paralle] to each other,.and p;;pmdwular to
CD,andﬁmllylettb:Rano w #.be 25
310 ¢, which is the Ratio between the Sing
of the Angle ofIm;dpmcandReﬁ?&mm ‘
.- the Paflage of the Rays of Light from Air
into Now becayle the Evoluge of the
Cirele AMD is the Centre C thereof; if 3
Semicircle ME € be defcribed, with the Ra-
diys C.M, 3s 3 Diameeter, and you afliyme the
Chord CG=3}CE, it follows that the Line
MG will be the refralted R ag in which the
Pomt Fmay be determined asabove (4r¢. I;; }
To find the Point A, wherein the Ray o
Incxdence B 4 parpendicular vo AMD. tonchcs
® gt 137 the Cauihck by Refreétiop, we have ¥ 4H

j'— 36—'36'_4 And if aSemicn'cle'
m--»

CND be deferibed with CD 254 Radl%and
*4rt.137. 'you take the Chord C N=3C D5 i is* tha-
' nifesft thag-the Point V. wﬂl bc in the Gapttick
by Refrattion, - bccggf Mms of, Inci-
dence BD touches the Ciccle 44D in the
Point D,
4t 13z, If decdmwn p:{gal C.D,:if is¥mma-
/;g\r}.z mﬁ;{tthattthart,FH-—AH‘?—MF-’Pﬁg

-

; fa '\...,r
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fo that the whole Cauftick HFN ==§]C Ao
DN:Z..-L'— Sc4 .

T the czméévc Part of the Circle g MD Fi¢: "2
- be turned next to the incideat Rays BAf, and  © ’

- the Ratio of m to s be as 2 to 3; then on the
- Semi-circumference CEM having CM as'a
i ‘Dmmcter, affume the Cherd CGz*CES and RN 4

draw the refratted Ray MG, in which the

- Paint AZ may be determined aceording tq the

general Conftruétion (4. 133.) o
~ We fhall bave * .dH’(mb_’f” = w2 B, *4rt.137.

that is, .4 will be * next to the convex Part *4r¢.136.
‘of the Quadrant /M D, and the Double of
the Radius #C. And if we fuppofe CG or
{C E ==C M, it is manifeft that the refratted

. ‘Ray M F will touch the Circle #MD in M,
. -becaufe then the Point G will coincide with

the Point M. Whence if ybu take CE=2=
{C D, the Point M will coincide with the
‘Poimy NV, wherein the Cauftick /F N touches
-* the Circle /MD: but when CE is tEX * 4rt 1]7
‘than § C D, the Rays of Incidence (BM) can
be no more refraéted, that is, pafs out of Glafs
mto Air; becaufe it is impoflible for C G, per-
pendicular to the refrafted 'Ray MG, to be
gﬁltcr than CM: fo that all the Rays that
on the Part DN will be reflefbed. .~ - .
If 4 P be drawn parallel to C D, it is ma-
nifeft * that the Part FH == AH—MF=-} 0 401,34,
PM: o that dmw‘in%NK"parallel to CD,
the whole Cauttick HFN=2( A+} 4K = .
Z:;L’.?c,f. . -

. S
( . “
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. EXA-MPLE II -

!40.LE r the Carve 4MD be a Logarith=
, ‘mical. Spiral, the Centre thereof ‘be~
ing the Point 4, from which let all the inci~’
dent Rays (4 M) iffue.

It is manifeft * that the Point E coincides
with 4, viz. a=y, Therefore if you fubfti~
tute y for 4 in e ™ the Value * of

bmy—1any~-aan -
M F when the Concavity of the Curve is next
the laminous Point; we fhall have MF=5:
‘Whence the Point F coincides with G. :

If you draw the right Line 4G, and the
Tangent M7, the Angle 4GO, the Comple-
ment of the Angle 4G M to two right An-
gles, will be ct]ual to the Angle #M7. For

ince the Circle, whereof C M is the Diame-
ter, pafles thro’ the Points 4 and G, the half
of the Arch 4 M is the Meafure of each of the
Angles /GO, AMT. Therefore it is evi-
‘dent that the Cauftick /G is a Logarith-
mical Spiral,the fame as the given one, differ-
ing from it only in Pofition.

Pror. IL

s and the Ratip of m to n, being gi-

Fieus. 14f.THE'cM/ﬁ¢ HF, the luminous Point

wen: To find any Number of Curves (as AM)

N abereaf it may be the Cauflick by Refrattion.

Take the Point  at pleafure inany Tangent
for one Point in the Curve 4 M, and from the
Centre B, with the Interval- B 4, defcribe the
Arch 4P, andanother Arch withany other I:l-

el o terval.
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terval. Then take 4 E ———PM and with tbc

| Cauftick H Fas an Evolutc, defcribe the In-
| ' solute £ M, which will interfec the Archde-
. feribed with the Diftance BM in the Point
M; and this will be in the Curve fought:
For*PM AEor ML::m:n.

Otherwife.

142.F N any Tangent FM, excepting HA
ﬁnd};hc Point M th,h this Condmon:

that HF+FM+;BM~HA+-"7 B4 .

And then if you take FK=2

m
FH, and find the Point M fuch, in the Line
FK, that MX=_— B M; the ﬁud Point will

169

S drt. 132

be * that fought Now this may be effeftede 4.4 ,5,.

in defcribing a Curve GM of fuch a Nature,

that the right Lines MB, MK, drawn fromF 16 “9

any Point in it to the given Points B and X,
may be to each other always in the conftant
Ratio of 7 to n. Now this gurvc may be thus
found.

Draw MR perpendicular to BK, and cail
the given Quantity BX, 45 and the indeter-
mmate Quaatities BR, x5 RM,y. Then be-
caufe of the right-angled Tnangles BRM,

KRM, we thall have BM= sty and

KM= /aa—2axFxxFyy. So that to ful-

fil the Conditions of the Problem y/xxFyy : -

vaas—2axtxx+yy::m:m. Whence yy=
2ammx——aanns P .
T = %%y Which is a Locus ad Cir-

culum
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T culum; and may be thlls defcribed. . .
Affume BG =2 +«’ ‘and BQ= am ,and

with G asa D:amcw', defcribe the- Sctm-

circlo G 2 { fay, this will be the Locxs

fought. For fince QR or' B Q—BR = 5—':—-—-

—#,and RG or BR—B G—x—z_{; ; from
the Nature of the Circle, where QRxRG

' -m we have yy nzm—-—”dm;_::mm-—xx.
e 120, . Jf the Rays of Incidence B 4, BM, be
Fic. 120, rallel to 2 nght Line given in Poﬁtxon, f:;
Sormer Solution will fiill take place: But the
latter one is of no Effe&, and mﬂ:cad of it wc
-may ufe the following one.

. Affume FL=AH—HEF, draw LG rallcl
to 4B, and pcrpcndlcuiar to 4P, aﬂ'umc

LO= _LG and draw L P paralle] to GO,

and PM parallcl to GL. Then it is manifeft
® rt. 132, * that the Point A will be that fought For

fince LO.——LG, ML——PM

If the Cau{’nck by | Reﬁ‘a&non FH becoma
'a Point, the Curves (M) will then be the
famous OvavrLzs of Defiartes.

B Coror L

143. Ar T ER the fame manneras in Caufticks

. o by Reflexion, we demonftrate * that
the Curves 4 M are of 2 Nature very different

from one another; and that they are not %-

- metrick Curves but when the Cauftick by Re-

fraction
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fry&ion HF s a geomerrical Curve, and gefki-
fable allo.

Coror IL

144, AC URVE 4 M, the luminous Paint B, Fic.321.
* and the Ratio of m to » being gi-
ven: To find any Number of Lines DN of
fuch a Nature, that they may again refraét the
refralted Rays M N, fo as to upite them at
lcn?h in a given Point C.
'+ If we imagine the Corve HF tobe the - »
. Cauftick by Refraltion of the given Curve .
 4M, formed by means of the luminops Point
B; it is aianifeft that the fid Live AF mut
likewife be the Cauftick by Refra&ion of the
- Carve D & fought, having the given lumie

. Bous Point C.  Therefore®-=- BA+ 4 H= *4rt.132.
| 3B MF 4 FH, and NF+FH- 2
- NC=HD 2-DC; sndtheschote - BA+-
AH=Z-BM4 MNAHD~2% DC+
%N C.  And by the ufual Tmnfpoﬁtion-z‘—

B4— 2 BM+_ DCHAD=MN+

=-NG. Which gives the following Con-
ftruétion. - o n

Firt affume the Point D in any refracted
Ray 4 H, as oric Poing in the fought Curve
DN; then on any other refrafted Ray MF,
take the Part MK =——BA4— 2 BM+Z
< a8 T DC
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. DCH+AD; and having found the Poine N
$4rt.142. (as above*) of fuch Condition, that NK ==
. ,3,.%NC,:i; is evident * that the fame fhall be
id the Curve DN. - : ‘

A GENERAL COROLLARY.
For the three laff Seitions.

® Ars. 80,14;'.:[1' is manifeft * that 2 Curve can have
85, 107, but one Evolute, one Cauftick by Re-
198, 114, flection, andone Cauttick by Refration, when

" 423, 134, the luminous Point, the Ratio of the Sincs of
143 the Angles of Incidence and Refraltion is
given; which Lines are always geometrical

and reftifiable, when that Curve is geometri-

cal. ‘Whereas the fame Curve may be an E-

volute or a Cauftick by Reflection or Refra-

¢tion (in a given Ratio of the Sines, and Po-~

fition of the luminous Point) to an infinite
Number of Lines of different Natures, which

will not be geometrical, but when that Curve

. is geometrical, and withal regtifiable.

SECT,



}

ofFLwaNs'.' 173

SECT. VI
The Vfe of Fluxions in finding the
- Points of Curves touching am in-
- finite. Number of Curves, or Right
. Lines given in Pofition.

‘ Pror. I .

346. T E T AMB be any given Curve, whereof Fic. 122,
4 the right Line AP is the Axis; and let -

s comceive an infinite Number of Parabola’s -

AMGC, AmGC, all to pafs thro’ the Point A,

axd to bave the Ordinates PM, pm, as Axes.

It is required to find the Gurve touching all

the faid Parabola’s, - o

It is manifeft that the Point of Conta& of
cvnzaParabola AMC, is C the Point wherein
the Parabola 472G, which s infinitely near it,
interfe&ts the fame. - This being -{%ppofcd,
draw CK parallel to MP; call thegiven Quan-
tities AP, x; PM,y; and the unknown Quan-
tities A K, 53 K Ezf; Thc_rlggm the Nature
of the Parabola .7 P (xx) :. P K (us—2u%-1-5x)
HMP(9): MP—CK(y—z). Whence zxx
=24xy~uuysy which is an Equatian common
to all the Parabola’s as AMC.- 'Here I ob=
“ferve that the unknown Quantities do not va-
1y, while the given ones 4P (x), PM (y) do,
iz, become Ap and pm; and KC (z).is ne-
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ver invariable, but when the Point C is the
Interfetion aforefaid: For it is manifeft that
every where clfe the right Line KCinterfe&ts
the Parabola’s 4 MC, AmC, in two different
Points, and confcqucntl it will have two dif-
ferent Values corme(panderit to thé fame Value
of 4 K. Therefore if the Equatxon above
found be- théown into Fluxions, with 'z and
%y taken as condbant. ies; the Point C |
will he détermined to be that of the Interfe- |
&ion aforefsid. Whence zzxx—-Zuxy—}‘z)g'x

—uuy: And fo 4K (u) M by fub-

IhtutmgM for 2 P and thc Nature of

theCurveAMBbem %:ven, wemayﬁnda |

Value of y in 43 whxc put in the Va-
lu¢ of 4K, the faid untknown uantity wifl
ut lerigth be expreffed in knotwrn Tlertrs freed
gom I%lumons Which was pfopoi‘ed to be
“done.” !
If other Curves or right Lines of a determi-

-pate. Pofition, be propofed-infiead of the:Pa-

. rabola’s (#MC), the Solution of the Problem |

‘will be much the fame, as will a appcar m the
ﬁ)llowmg Example. ‘

A |

EXAM rnm N

_147 y—dgy exprefs. tﬁe Nature
L of the Eurvc AMB:: This will be

half an Ellipfis, whofe ‘comjugate Axis is 4B

equal t6 2, and perpbndlcular to AP, and

tranfverfe Axis the Pouble'of the Conjugate’
Now #4#=24j=49j; and thercférd 4K

(”"5"""’" _—_..-‘3;-’-" = Whene if 4K

x;-—lyx
be

[2ee.
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be affusred a fourth Proportional to M P, P4,
4B, and HC be drawn perpendicular-to £K;
1t fhallinterfett theParabols 4 M C inthe Point

175

C fought. Againij to'find the Natuve of the

Curve touctring atl the Parabola’s, or which pal~
f3thro’ all the Poits C-thusfound, we muft find
in Fquation espiefling the Relation of AKX
(#) to KC (z)afker chis manner. Subfti-

tute % for # its Equal in zme=24xy—nuy,

Lwe get y=>2., aud thercfore  or 2L
@‘W?-gctym; and thcrcfot:c'x are—s

=2 __ Now if thefe Values be put for »
and 5 'in xx==4ay-=4y5, there will arife 24=
e 2375, Wherein x amd » are got out, and
whick exprefles the Relation of 4K to KC.
"Pheréfore it is manifeft, that the Curve foughe
is 2 Parabola’, whereof the Line B .4 is the
Axis,; the Pomt B:the Verrex, the Point 4
the ﬁﬁcu"s,f and confequentdy thie Parameter is
four times 4B, L
We have foundy:zz.;‘f_-‘f_-;; anil fo we get
EC(z) uﬂ}‘i—“. But fince this Expreffion

is pofitive when 2% is gréater than 4, negative
wggn it is lefs, and. ho%ﬁ?)g; when it isccgatl 3
therefore in:the firft Cafe the Point of Con-
t& C fills above AP, as it was fuppeled to
do in the Inveftigation; in the fecond, it falls
below; and in the lat Cafe ig falls in 4 P.

If the right Line 4C be drawn to interfect

"MPin G; Lfay MG =B 9, arid the Point . .
G is the Focus of the Parabolz AM€. - For, -

o,2x( 2 ) k(R aP:
| | PG
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PG=2zy—~a.' And thereforc MG = gy ==
B9, 2°,TheParameter of theParabola /A1C,
is 44—4y, putting 4ay—4yy forxx; and
therefore MG =ga—y is the fourth Part of
the Parameter. Whence it is evident, that
the Point G is the Focus of the Parabola; and
‘confequently the Angle B4C mutt be: bifeCted
by a Tangent to the Curvein 4. .

Hencc the Parameter of the ParabolaA McC
is four -times B 9Q; and when the Veértex M
falls in 4, the Parameter will be four times

- ABj confequ ucutly the' Paribola, whereof the

Fic. 123.

Point A is the Vertex, is Afymtouck to that
pafling thro’ all the Points C.

Becaufe the Parabola B.C touches all thc
Parabald’s (as 4MC), it is manifeft that all
the faid Parabola’s will cut the determinate
Line .4 Cin Points, -which will all be nearer
0 A4 than the Point C,° Now it is fhewn in
the Doctrine of Proje&ies, that (A K bein
Horizontal Line) a]l the Parabala’s, as AA} G
will be the Paths of Bombs thrown out of a
Mortar with a given Force placed in 4, hav-
ing all poflible E,cvanons “And confcquently
1f a right Line be drawn bife&ting the A lc
B AC the fame will be the-Pofition of t
Axis of the Mortar; fo that a Bomb. thrown
‘out of it, will fall on the Plane 4/C given in
Pofition to a Point G, which will be farther
from the Mortar than when it has any othcr
Elcvanon _

Proep II

!4.8 ET any Curve AM be given 'wbermf
L AP isits Axis: To ﬁnﬂnot}aer Curve
BC of fuch a Nature, tbat if any Ordmm‘c PM
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be drawn ., and- the’ Pespendicular P C to the

fought Carie’s thefe Liries P M, P C may be
always eg:ml to one another.

‘1fan mﬁmte Number of cu'cular Afches be
fuppofcd to be defcribed from the Centres P, p,
with the Radii P, »C, . equal to PM,pm.
It is evident that the Curve BC fought, muft
touch all the faid Circles; and that C the Point
of Conta&t of every ercle, is thee Point where-
in the Circle infinitely near it cuts it. This
being 'premifed, draw’ C K perpendicular to
APy and call ‘the given and variable Quanti-
ties A Pyx; P Mor P y; and the unknown
~and conftant Quantities 4K, u; KC,z Thcn

from the Nature of the Circle PC ‘=PK +
KC viz. yy—xx—-zux+uu+zz, which

is the Equation common to all the faid Circles.
This thrown into F luxxons, will be.2yy=2x%

—2ui&; and fo we get PK (x—u)=-2L yy

From whence comes the following gcncral
Conftru&ion.

Draw M @ perpendicuiarto the Curve 4 M,
take PK=P 9, and draw K parallel to PM
I fay, this will meet the Circle defcribed from
the Centre P, with a Radius PC=P) in
the Point C, wherein it touches the Curve "
CB fought. Thisis cvident, becaufe P9 =
5’3' '

’ h’l‘he ‘Value of PX may be found othtrwxﬁ: .
thus:

Duw PO perpendicular to Cp; then the
right-angled Tmngles 20 P, PKC will be
N fimilar.
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fimilar. ‘Therefore Pp(x):0p (5)::PC(9):
PK= ‘y.—y.
3 .

‘When PQ=P M, it is manifeft that the
Circle defcribed with the Radius PC, will
touch KC in the Point K; fo that the Point
C will then coincide with X, and confequent-
ly will fall in the Axis.

But when P 9 is greater than PM, the
Circle defcribed with the Radius P C, cannot
touch the Curve B(C; becaufe it cannot at
all interfe&t the right Line KC.

ExamrLE

!4.9.LET the given Curve 4 M be a Para-
bola, the Equatien whereof is a x ==
yy- Now P Q or P K (x—s)==}a; andcon-
fequently x ==ja-}-%, and yy ==1zs4z2, be-
caufe of the right-angled Triangle P KC. If
thefe Values be put in 4x =5y, we fhall have
Ys4+au=slaatzz, or jaatan=zz,
exprefling the Nature of the Curve B C.

hence we may perceive that the faid Curve
is allo a common Parabola as well as 4 M, be-
caufe they have both the fame Parameter 2,
and the Vertex B is diftant from the Vertex

4, by the Diftance B4 = }a.

Fic, 124.

Proep I

1 fo.LE T°A M be any given Cyrve, the
right Line AP being a Diameter, and
the Ordinates P M, pm, parallel to a right Line

A Q_given in Pofition; and bavingdrawaM Q,

mq, parsiiel to AP, #hen draw the right Lines
PQGC, pqC. I isrequired to find the C:X‘zé
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AC of Juch a Nature, that all thefe iaf} ments-
owed Lines may be Tangents tooy ory which is the
Jame thing, 1o find the Point of Contaft C in
-every right Line PQC.

~ Conceive another Tangent p¢C to be infi-
nitely near P 9C, and draw C K parallel to
49; then call the given and variable Quan-
tities /Pyx3 PMor 49, y; the unknown
and variable Quantitics £ K, 23 KC, z. Now
becaufe of the fimilar Triangles P A9, PKC,
. AP (x) 1 AQ (9):+PK (v4u): KC(») 2=y 4

¥ . o« 7 .
-;‘L. ‘Which is an Equation common to alt

the right Lines as XC.  The Fluxion thereof
is j & L2y ;;“y xao‘FromwhcnccarifaAK‘
v -n; xxi, s \ 1 ‘

| (“)_yir—-xj 3 and fo the following general
- Conftrution.

Draw the Tangent M7, in which affume
4K a third Proportional to AT, AP: Then
if KC be drawn parallel to 49, it fhall cut
the tight Line 29C in the Point C fought.

‘ForAT l’-‘-;ﬂ i AP():: AP (x): AK

i
Jh—=-zxy

ExamrprLe L
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‘ l)'l.LE'r the given Curve 4M be a Para- Fio. 124

. bola; fo that the Equation thereof

willbe sx2=yy. Then A T AP; whenca 4K (k)
s=xy that is; the Point R falls in 7." Now
'® have an Equation expreffing the Reéhtion
of AK (x) to K:C(2); we fhall lieve K€ (2)
%25, becaufe P K is the Double of 4 P.
" N 2 Now
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Now putting & and § z for their Equals x and
y in ax=yy, and then will 484 =z =z:
Whence we may perceive that the Curve 4C
is a Parabola, whofc Vertex is 4, and Para-
meter a Line equal to four times the Parame-
ter of the Parabola A M.

Exampere I

172. T T the given Curve 4 M be a2 Qua-
L drant BM D, whofe Centre is the

‘Point A, and Semidiameter the Line /B or

AD, which I call 5. It is manifeft that P @
is always equal to /M or AB, viz. isan in-
variable Quantity. So that the Ends P, ® may
be fuppofed to flide or move along the Sides

-BA, AD oftheright Angle BAD. Now 4K (%)

willbc=£, becaufe AT = 2%, and on ac-

X

count of the Parallels KC, /9; AP (x):PQ,
(a)::AKG;):Q‘szi. Whence we
a

a

-may perceive that to determine the Point of

Conta& Cs we need only affume C a third
Proportionalto PQ and AP. If you feck the
Equation of the Curve BC D, the fame will
be found thishere, 45—3a44* -} 34* 4 4—as=o0.
+32z 214422 34%22

;z*—-;aaz:

2

Coror. I

153. ¢ the Relation of D the Past of the

Curve BCD to its Tangent CP be
required, you muft firft conceive another Tan-
gent cp infinitely near CP; then dcfcribi:llg

. _ -t
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the little Arch PO from the Centre €, and
X

¢p—CP or 0p—Ce will be =f§_, which

is the Flugion of CP = ‘1“_7.—_;‘” : whence

there comes out C¢ = O0p 4 <=2 2%% Now be-
a ]

cafe of -the right-angled fimilar Triangles
2P4, PpO, PQ(a): AP(x):: Pp(x):0p
='-;5 And therefore Co = lﬁ:DC -
Dc. Whence it is evident, that where-ever
the Point C be affumed, this Proportion will

181

dways be had, viz. DC — D¢ (;’“‘ :CP .

3 —cp("xx ::3:2. And confequently the .

Sum of all the Fluxions DC—De correfpond-
~ ing to the fame right Line PD, that is, ¥ the
Part DC of thcrgurvc (BC D) is to the Sum
of all the Fluxions C P —¢p anfwerable to the
fame right: Line PD, wiz. * to the Tangent
CP:;3:2. And alfo the whole Curve BCD
isto 1tsTangent BA::3:2.

.Coror. IL

154. Ip the Curve BCDbetakenasan Evolute,
the Involute D NFformed from it begin-
mgatD willbe of fucha Nature, that C N: CP
::3:2. Becaufe CN is always equal to DC
the Part of the Curve ECD. hence it
follows, that the fimilar Setors CN n, CPO,

are to one another ::9:4. And therefore th¢“

Space D C N comprehended under the Carves
DC, DN, and the rg%ht Line C N, which is
. aTan-

® Art. 6.

.dfiq 960
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a Tangent in C, and perpendicular ot N, is to
the Sngccl; e ;’ contained under the burve
DC and tthangents DP,CP, as 9 ta 4.

CoRroL. III.

r5y. FT u e Centre of Gravity of the Seftor
T C N'n muft be in the Arch PO ; be-

. caufe CP= $CN. And fince the faid Arch

® dre. 2.

is infinively fmall it follows that the Centre of

‘Gravity muft be in the right Line 4 D; and

therefore the Centre of Grayity of the S aces
DCN, BDF, made up of all thofe Sectars,
muft bc in the right me AD. Canfequent-
ly if a; Fxguxc bc%cfcrxbcd on the other fide of
B D Fequal and fimilar to B.D F, the Centre
of Gravity of the entire Figure fhall be i the
Point 4.

C‘onoL. V.

! ;6~.. EcAUse of the right-angled fimilar
B Triangles Pgd, gpPO P9 (a):
A9, or PM (Jaa—xx):: Pp(x): PO:x
Va4 —%%  And becaufe of the fimilar Se@ors
CPO, PO, CNn, €P:CNor 2;3::PO (5
Jaa-—rxx) N”E“ ¢M~m Nowﬁn

R.e&anglc MPxP A Vi . thc little eircular
Space M m==xyaa—uxx. Whence. £B.
XNp=3MPpm: and. coufcqucndy the Part
N of the. Cutve DN F drawn into the Ra~
dius 4R, is the Selquialter. of the circula
Segment D M P, and the whole Curve DN F
;scqua) to jof tl;c cxmhr Quadeane BMI,

Prove,
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Proer IV.

177. J ET AM be any given Curvey wheteof ¢, 126.
the right Line AP ‘is the Awis; and

Iet there be an infinite Number of Perpendiculars

MC m C drawn to the fame. 13 is required to

find that Curve which all thefe Perpendiculars

are Tangents tos or, which is the fame thing, to

find the Point of Contait C in every Perpendicu-
lar M C.

Firft imagine another Perpendieular » C in-
finitely near to M C; let M P be an Ordinate,
and through the Point of Interfe&ion C draw
the right Lines CKX perpendicular, and CE
parallel to the Axis: then call the given and
variable Quantities £P,x; PM,y; and the
unknown and invariable ones £ K, u; KC, z.

-This done, PQ willbe =22, PKor CE=
X

#— %, ME =y 4 z; and becaufe of the right-
~angled fimilar Triangles MP 8§, MEC, MP

() : PQ(%Z)::ME (y+2):EC (§—=x)
=._3’_‘.‘:}1 Which is an Equation common

X
to all the Perpendiculars as MC, and the Flu-
xion thereof (fuppofing ¥ invariable) will be

"2
s = XS X2, fom whenice comes out
X

ME (z +y)==@{. Now the Nature of

the Curve 4 M being given, we thail have
Values of j* and 5 in #°, which being put in

- ’f_-f_i'f% will give a known Value of ME
N 4 freed
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fre?d from Fluxions; which is what was pro-
ofed.

d It is manifeft that the Curve paffing thro”

all the Points C, is the Evolute of the Curve

" AM? and becaufe m the fifth Se&ion thefe

Fie. 127.

Curves are fully handled, it is needlefs to give
again new Examples of them here.

Propr V.

178. AN Y two Lines AM, BN being givern,

together with a right Line M N con-
tinuing akways of the fame Length. Now if the
Ends MyN of this Line cantinually move along
the two former Lines, it is required to find the
Curve that it always touches.

Firft draw the Tangents M7, N 7, and con-
ceive anothet right Line m» infinitely near
M N,and which by confequence cuts it in the
Point C, wherein the fame touches the Curve
in which we are now determining Points,
Now it is plain, that while the right Line MN-
is moving to the Situation 7, the Ends there-
of will defcribe, or continually be in the fmall
Parts Mmy Nn of AM, BN, which on ac-
count of their being infinitely fmall, are com-
mon to the Tangents 7 M, T N: So that while
the right Line A NV is moving to the infinite-
ly-near Situation m», the Ends. thereof may
be concived as moving along the right Lines
T'M, TN given in Pofition. )

This being well ynderftood, draw MP,CK
perpendicular to N7, and call the givea and
variable Quantities 7P, x; PM, y; the un-
known and conftant Quantities 7K, %3’ K C,z;

sod the ftable Line M4N,4.  Now becaufe -

of.
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of the right-angled Triangle MP N, PN =
v3a—yy3 and becaufe of the fimilar Trian~
gls NPM,NKC, NP («/aaZ:‘ yy): PM(y)
i NK (# —x—y/aa—yy) : KC (z) =
¥J—%) __y And this thrown into Fluxi-
vaa—yy . . .
ons will be gauy—aaxy—aayxyx —
6ay—3yyyaa—xx: and making ysa—yy
=m for brevity’s fake, there comes out PX
(a-—x) ;':mai, +7{;m_yx=m3+mmx, byfub-
aay aa
ftituting xy for its Equal yx, becaufe of the
fimilar T'riangles 7 RM, MPT; and there-
fore A7C :M: from whence comes

a
the following Conftruétion.

Driw 7 E perpendicular to M N, and af~

fume MC =NZE: I fay, the Point C will be
that fought. TFor fince the right-angled Tri-
angles M NP, TNE are fimilar, MN (a) :
NPm)::NT (m+x): NE or MC =
mm—-mx :
a

Otherwife. Draw 7E perpendicular to MN,
and defcribe the {fmall Arches M §, N O, from

the Ceatre C, call the given Quantities NE,r;

E7,s; M N,ay and the unknown Quantity

CM,t. 'Then will §mor On=}; and be- -

caufe -of the right-angled fimilar Triangles
MET aid mSM, NET and nON, CMS
amd CNO, ME(r—a):ET(s)::mS()):SM

=’%.; And NE (r):ET(s)::hOG):ON ;

= Asdms—no (ZE ) v aes
P r * . N ’ .t - rr—r"a . .
(;é_}—a ) ::MN (a): MC (#)=r. From whence

arifes the fame Conftruétion as above. If

18§



$86

A Treatife

If AM, BN be fuppofed right Lines at
right Angles to each other; it is manifeft that
the Curve fought is the fame as that of _Zr-

Fic. 128.

- Propr VL

159, LE T L, M, N be any three given Lines,
: and from every Powst L, 1 in the Curve
L, let swo Tangents LM and LN, lmiand ex

_be conceived to iffse, to the Curves M and IN,

one to each. Ii is required to find a fourth Curve
C, #0 which all the right Lines MN, mn join—
ing the Points of Contaét of the Curves My, N
may be Tangents. ‘

Draw the Tangent I E, and thro’ any Point
E therein draw £ F, E G perpendicular to the
two other Tangents M L, N L, let the Point
7 be fuppofed infinitely near L, draw the little
right Lines L H; L K perpendicular to mly»nl;
as likewife MP, mP, N Q , n Q perpendiculae
to the Tangents ML, ml, N L, nil, which
will interfet each other in the Points P and

9. Then the right-angled Triangles EFL

and LHI, EGL and LK} will be fimilar;
as likewife the Triangles EMH and M P,
LnK and NQn right-angled at Hand w, K
and N; becaule cach of the Angles LM H,
MPm added to the Angle P Mm, makes a
wight Angle. And in lkike manner we prove
that the Angles LK, NQn are equal to one
another. L

- This b‘ein%) premifed, call the lirle fide
Mm of the Polygon, the Curve M is con-
ceived: to be, #; 'and the given Quantities
EF,m; EGyny MN or mnya; ML or mi,&;‘

1 KO A T SE LA
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- (T here take the right Lines M

'of FLuxions.

%or 19,853
y N9 for
given ones, becaufe the Nature of the Curves

M, N being given by Suppofition, may
always ¥ bc%und

3 then we fhallhave, 1° M P * 4r1. 78.

(ML) :Mm@):LH=§}‘. 2%, EF(m)

| :EG(n)::LH(?-):LK=’%”7’Z. 3°,LN

LA __bgms
or Lu():3Q @ :: LK (;‘7) : nN-—%-
4% (Drawing MR panallel to NL or »l) m?
B):1n ()::mM () : MR =£bf. 5% MR+

Nn»; %—F%. :MR(%’-;)::MN(A:

. ac .
MC ¥ b which was to be found.
‘When the Tangent Z L coincides with the
Tangent ML, it 15 manifeft that EF (m) will
become nothingy and therefore the Point
fought C will comncide with 4£ Likewifa
when. the Tangent EL coircides with  the
Tangemt LN; then EG (#) will become no-
thing ;' amd confoquently MC==s. Whence
it is evident, that the Point C fought will co~
incide alfo with N. Laftly, if the Tangens
EL falls io the Angle GE/; in this Cafe £G
(a) will be negative: fo that them MC ==
ALz and the Point Gught G will

withowt the Points A and N,

Ex A M-
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Exampre L

Fre. 129. x6o;s vrrosk the Curves M, N, tobeParts

of the fame Circle; then it is plain,
that in this Cafe /==, and f=g: So that AMZC
=——73 whence it follows, that the Point

mtn L

C fought, is determined by dividing the right
Line M N into two Parts, being to one ano-
ther in the given Ratio of # ta #, viz. fo that
MC:NC::m:n: : '

Exampre IL

161.Svppqu the Curves M and N be any
Conick Seftion. Here the general
Conftruction will be changed into a far more
fimple one, from the Confideration of a Pro-
perty of the Conick Se&ions demonttrated in
Treatifes of thofe Curves, viz. That if from
every Point Ly 1, of a right Line E L, bedrawss
two Tangents LM and LN, 1m, In, to any
Conick - Section, all the Right Lines MN, mn,
joining the Points of Comtaét, will interfett one
another in one and the fame Point C, thro’ which
the Diameter A C, to Ordinates that are paral-
lel to the Right Line EL paffées. For it fol-
lows from thence, that-the Point € is deter-
mined by only drawing a:Diameter whofe Or-
dinates are parallel to the Tangent E L.

In the Circle it is manifeft that the Diame-
ter muft be perpendicular to the Tangent EL;
that is, 2 Perpendicular /B drawn from the
Centre A to the Tangent, will interfe& the
right Line M in the Point C fought.

ScHo-
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blem depending on the Method of
Tangents, will be had by means of the afore-
faid Problem. '
The three Curves C, M, N, being given,
and a right Line M N being continually mo-
ved about the Curve G, fo as to always touch

~it: And if from the Points M, N, wherein it

cuts the Curves M and N, be drawn the Tan-
gents ML, NL, interfe&ting each other in
the Point Z, which by the Motion defcribes

- afourth Curve LJ. It is required to draw

LEthe Tangent to this Curve, theright Lines
MN, ML, together with the Point of Con-
ta&t C being given. o

For it is manifeft that this Problem is but
the Inverfe of the aforegoing one, and here
MCis given: So that we are to find the Ratio
of E Fto EG, which determines the Pofition
of the Tangent EL. Therefore if you call
the given &mntity MC,b, we fhall have

accfm

: 7 bgn= h. Whence comes out m —

bbghn
accf —ccfh
muft be fo fituate in the given Angle M LG,

; and confequently the Tangent LE

- that if from any Point E in it, be drawn E F,

*EG, perpendicular to the Sides of that Angle,
they may be always to each other in a given
Ratio, viz. of bbgh to accf—ccfb. Now this
is done by drawing M D parallel to N L and
- ( bheh

accf—ccfb /"
- When

‘xﬁz.THE Solution of the following Pro- cm. 128. -
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Fic.129. Whenthe Curves M and N, are Parts of the
4yt 161..fame Conick Se&ion, it is * manifeft that then
you need but draw the Tangent L E parallel

to the Ordinates to the Diameter paffing thro®
the Point cC

SECT
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SECT. IX

The Solution of fome Problems depend-
ing on the Methods aforegoing.

Propr I

16;.LET AMD be 2 Curve (AP=x, PM Fic.130.
—y, AB==a) of fuch a Nature, that

the Palue of the Ordinate y is expreffed by a Fra-

itiony the Numerator and Denominator of which,

do each of them become o when x=—a, viz. when

the Point P coincides with the given Point B.

It is vequired to find whar will then be the Value .

of the Ordinate BD.

Let 4N B, CO B, be two Curves (having
the Line 4B as a common Axis) of fuch a
Nature, that the Ordinate P N exprefles the
Numerator, and the Ordinate PO the Deno-
mimator of the general Fralion reprefenting

any Ordinate PM: So that PM:L—BP%I-)-]-Y
Then it is manifeft, that thefe two Curves’
will meet one another in the Point B; fince
~ by the Suppofition P, PO, do each become
0 when the Point P falls in B. This bein
fuppofed, if an Ordinate 44 be imagined inﬁg-
Aitely near to B D, cutting the Curves AN B,
COB,
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COB, in the Points f; g; then will §d ==
%—ﬂ, which will be*equal to BD. Now
our Bufinefs is only to find the Relation of &g
to 4f. - In- order thereto it is manifeft, when
the Abfcifs 4P becomes 4B, the Ordinates

* PN, PO, will be o, and when A P becomes

' fume the Fluxion of the Numerator

A b, they do become 4f,'5g.  'Whence it fol-
lows, that the faid Ordinates 4f, #g, them-
felves, are the Fluxions of the Ordinates in B
and 4, withregard tothe Curves AN B,CO B;
and confequently, if the Fluxion of the Nu-
merator be found, and that be divided by the

Fluxion of the Denominator, after having

made ¥ ——4—=Ab or AB, we fhall have the

Value of the Ordinates 44 or BD fought. .

Which was to be found.

74 Examrre L~

-164..LET ]=Vzasx—x4;-a{/aax Now

a—*%/ax*
it -is manifeft when ¥ — a4, that the Nu-
merator and Denominator of the Fra&ion will

each be equal to o. Therefore we muft af-

B x——23%

V283 K=yt
aax

% and divide it by the Fluxion of the

: 3’aax

4—.34'%% , after having made
x==a, viz. divide —44% by—3ix; and there
comes out %2 — B D, -

Denominator —

1 , ExaAam-
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165 'LET y= 2 . Then when x—g,

. - @——/a%

ywillbe =2a. '
This Example may be folved without Flux-

jons thus. :

Taking away the Surds, and then will zax»
Y-2085y—2xyy — 24'% - a*-}-aayy—24%) =0,
which being divided by ¥—2, will be brought
down to gax—a*-24ay—ayy—03 and fubfti-
tuting 4 for x, we have as before y—=24.

LeMMA.

193

-

&

. 166. T ETBCG beanyCurve, which the right Fic.131:

|
|
|

Line A E toyches in the Point By in
which take two Points(baving an invariable Po-
firion) A, E.. Now if this right Line moves a-
bout the Curve o as ta touch it continually, it is
evident that the fiable Points Ay E, by the (aid
Motion willdeferibe twoCurves AMD, EN H.

- Then if D L be drawn parallel to A B, and

which confequemtly makes with DK (én which

- the right Line A E is fuppofed to be when it

touches the Curve BCG in G) the Angle KDL,

equai to the Angle AOD formed by the Tan-

gnts in B and D3 and from the Centre D be .

deferibed any Arch KF L.
{fayDK:KFL::AE:AMDIENH,

viz. - when the Point of Contall falls between

the deferibems Points, and — when it does not.

_ For fuppofe the right Line 4 E in its Mo-
tion about the Curve B C G to be come to the
Situations or Pofitions M C N; mC# infinitely
. : () near
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near each other, and draw the Radii DF, D f,

el to GAM,Cm. Then it is manifeft
that the Se&ors D Ff, C Mm, C N»n, are fi-
milar; and o DF: Ff: :CM: Mm:: CN<
Nn::€EM+¥+CNor AE: Mm+Nn. Now
fince this 1s always fo, let the Point of Con-
taét C be any where taken, it follows that the
Radius D X is to the Arch KFL the Sum of
all the fmall Arches Ff: AE:: AMDAENH
the Sum of all the little Arches Mm-4- Nw.
Which was to be demonftrated.

CoroL. L

1 67.I T is plainthat the Curves /MD, E N H,

are formed by the Evolution of the
Curve BC G; and fo the right Line 4 E is al-
ways perpendicular to thole two Curves in all
the various Pofitions of it fo that thetr Di-
ftance is every where the fames which is the
Nature of parallel Lines. 'Whence it appears

. that aCurve Line 4 M.D being given, we can

find an infinite Number of Points in the Carve
E N H without the ufe of the Evolute BCG,
by drawing an infinite Number of P?I-Fcncﬁcu-

lars to that Curve, and taking them to
the right Line 4E. :
Cororn IL

{68.IF BC, CG, the Halves of the Curve
. BCG, be fimilar and equal, it i ma¢
nifeft that the Curves /M D, ENH, thall
be fimilar and equal; fo that they only differ
in Pofition. hence it follows, that the
Curve 4 M D will be to the circular Arch
KFL::34E:DXK: That is, m agivenRatio.

. Prop,
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!69.LE9" there be any two Curves AEV ,Fia.132;
BCG, together with a third Curve

AMD of fuch a Nature, that a Part of aCurve

EM being defcribed from the Ewolution of the

Curve BCG, the Relation of the Bprtions or

Parts AE, EM, to the Radii of Evolution EC,

MG, e expreffed by any given Equation. It is

required to draw the Tangent M'T from the gi-

ven Point M in the Carve AMD. - :

Conceive another Part orPortion e 7 of the
* Curve infinitely near to E M, and the Radii of
Evolution CeF, Gm R, to be drawn. Then,
1°, Let C H be perpendicular to CE, meti;?
£ H the Tangent to the Curve £E/ in H.
2° M L parallel to CE, meeting the ArchGL
defcribed from the Centre M with the Radius
MG in the Point L. 3° GC be perpendicu-
lar }o MG meeting the fought Tangent MT
in7.

This being dene, make 4 E==x, E M—y,
C E=y, G M=z, C H=;s, E H=t, the Arch’
GL=r. Then will Ee=2x, Feor Rm =
=z; and becaufe of the right-angled fimilar
Frinngles e FE and ECH, CE (»):CH(s) : :

Fe(z):FE =i§. And CE (u): EH(1)s:
Fe(3):Ee (%) '—f?—. ' Now by the Lemrniz®
RF—=me 3% 3 and therefore RM (EF;ﬁe

Yme—ME+ME—MF="2+j+=
Whenge becaufe of the fimilar TrianglesmR A,
Oz MGT,
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MGT, mR (2) : RM(’—E-_F‘?Z.;.;) -
MG (2):GT=r+Z+42L; butif zand %
be put for their Equals # and # in the Fluxion
of the given Equation, we fhall get a Value of
5 in 23 which being fubftituted in Eél, there
‘will come out a known Value (fréed from Flu-

xions) of the Subtangent G7'fought. Which
was to be done.

Fic.133.  If the Curve B C G degenerates into a Point

Fi16.133

» 4. 8.

O it is manifeft that the Portion of the Curve
M E () will then be an Arch of a Circle equal
to the Arch GL (r), and the Radii CE (#),
G M (z) of Evolution will be equal to each
other: So that G, which in this Cafe be~

comes OY, willbe*—'-y-{-s-{-il.
ExaMPLE.

170  ery =%‘5; this thrown into Fluxions
= :xz (—xzbeing taken negative

*, becaufe iwhi_le xand y incrpafe,zdccrcafcs):
tz—ax %, by fubftituting % for its Equal »;

and therefore OTCy+:+-Z% =y+ s+

T;z——xz_a:-l—tz
p) a

will be j==

. . xZ
putting y for its Equal—a-.

ScHo-
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ScHoLIUM’

I7I.II-‘ the Point O falls in the Axis AB,:md Fic.134.
the Curve 4 E 7 be a Semicircle, the
Curye 4 M D will be half a Cycloid genera-
ted by the Rotation of a Semicircle BS NV a-

long an equal Arch BG N of a Circle defcri-
&I:ig&om the Centre O, the generating Point
4 falling without, within, or upon the Cir-
cumference of the moveable Circle B § N, ac-
cording as the given Quantity 4 is greater, -
. equal to, or lefs than O 7. To prove this, and
withal determine the Point B, :

Let us fuppofe the thing to be fo, uiz. that
the Curve AM D is a Semi-cycloid, genera-
ted by the Rotation of the Semicircle BS N,
(whofe Centre is X the Centre of the Semi-
circle 4 E V) along the Arch BG N defcribed
from the Centre O; and conceiving the faid
8:micircle B § N to remain in fuch a Situation
BG N, that the defcribing Point / falls in the
Point A, draw the right Line O X thro* the
Centres of the generating Circles; which, by
confequence, will pafs thro’ the Point of Con-
tal G; then drawing K § E, we may obferve
that the Triangles O K E, O KM, are equal
and fimilar, becaufe the three Sides of the one
are each equal to the three Sides of the other.
Whence it follows, 1°% That the extreme An-
gles MO K, EORK, are equal; and fo likewife
the Angles MO E, GO B. Whence GB:
ME . :0B:0E. 2°That the Angles MXO,
EKO, are moreover equal: And confequently
the Arches G N, B §, meafuring them, are ¢-
quat alfo. The fame may be faid of theirCom-
plements G B, § N, to two right Angles, be-.

_ 03 = cumfe
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caufe they appertain to equal Circles. Now
by the Generstion of the Cycloid, the Arch '
GB of the moveable Circle is equal to the
Arch G B of the immoveable one. Whercfore
SN:ME::OB:OE. 'Thisbeing premifed,

Call the knownLines O 7, b; KPP or KA, c3

" and the unknown one X.B,». Then will OB

==b-+c—u; and becaule of the fimilar Se-
Qors KEA, KSN,KE (c):KS():: AE (x)

:SN="Z And therefore 0B (b+c—x)
. .o ux '\, r3 —_  #XZ
.OE(z)..SN(.c_).EM(y)

bct-cc—cu

=*2, Whence we get KB (x) =¥,
: a a+tc

Wherefore if you affume X B =kt ana

a4c
from the Centres K and O do defcribe the Se-
micircle B SV and Arck BG V; it is evident
that the Curve .4 M D will be half a Cycloid,
defcribed by the Rotation of the Semicircle
BS N along the Arch BG N, the defcribing
Point A falling without, within, or on the
Circumference of the faid Circle, according
as K/ (c) is greater, lefs than, or equal to KB
(6‘ +?‘)’ .that is, according as 4 is greater,

4

lefs than, or equal to O/ (&)
L €oror. L

272, Jr is manifeft that EM (y) : 4E (x)::

KBxOE (42): OBx KV (be-4-cc—uc).
Now if OB be fuppofed to become infinite,
the right Line O E-will be fo alfo, and parallel
to 0 B, bécaufe it will never mectthcﬁn:}c‘é

r
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the Concentrick Arches BG N, E M will be-
came parallel right Lines, perpendicular to
O B, O E; and the right Line £M will Be to .
the Arch 4E::KB:K¥?. Becaufe the infi- -
nite right Lines O E, O R, which differ from
each other by a finite Magnitude only, may be
looked upon as equal. oo

Coror. II

173. BECA'Usz the Angles MX0, EXO

are equal, the Triangles M K G,
E K B {hall be equal and fimilar; and fo the
right Lines MG, EB are equal to each other.’

hence * if it be required to draw MG from * 4rt. 43

a given Point M in the Curve of the Cycloid
perpendicular to the fame, you need only de-
fcrrigc the Arch ME from the Centre O, and
from the Centre M witl‘)‘ the Diftance £ B,
an Arch which will cut the Bafe BG NV in the
Point G, thro® which and the given Point A7
you may draw the Perpendicular requir’d.

Cororn. IIIL

174. Tns Point G being given in the Cig-
cumference of the moveable Semi-
circle BGN; and it be requir'd to find the
Point A in the Cycloid wherein the defcribing
Point " A falls, when the givenPoiat G touches
the Bafe; you muft afflume the Arch SN=BG,
and drawing the Radius X § meeting the Cir-
cumference #E/ in E, defcribe the Arch
- E M from the Centre O. ‘Then it is manifelt
that the faid Arch fhall cut the Cycloid in the
Paint A foughs. | .

,04" Prop,
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17§. LE T AMD be a Semi-cycloid deferibed
' by the Rotation of tbe Semi-circle BGIN
along an Arch BGN equal to it; [o that the
contiguous Parts BG, BG, as they fiill increafe,

‘are conflantly equal to one another : And let the

® Art. 47,

defcribing Point M be affumed in the Diameter
BN, cither without, within, or on the Circum~
ference of the moveable Circle BGN. It is ye-
quir'd to find the Poimt M in the Semi-cycloid,
whofe Diftance from the Axis O A thereof fhall
be 2 maximum.

If the Point M be fuppofed to be that fought,
it is * manifeft that the Tangent in M/ w‘ill% be

arallel to the Axis O 4; and thercfore the
gcrpendicular MG to the Cycloid, muft like-
wife be perpendicular to the Axis which it
meets in the Point P. ‘This being fuppofed,
if O K be drawn thro’ the Centres of the ge-
nerating Circles, it will pafs thro’ the Point
of Conta& G; and if XL be drawn perpen- .
dicular to MG, the equal Angles GXZ,GOB
will be formed; and therefore the Arch /G,
which is. the Double of the Meafure of the
Angle GK L, will be to the Arch GB, the

~ Meafure of the Angle GO B, as the Diameter

ZG thyo’ the given Point M, the Arch IG is

BN is to the Radius O B.' Whence the De-~
termination of the Point G, in the Arch of
the Semicircle BG N, wherein it touches the
Arch ferving as a Bafe to it, when the Diftance
of the defcribing Point M from 40 is a
maximum, will be had by fo dividing the Semi-
circle BGN in G, that drawing the Chord

9
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. to the Arch BG, in the given Ratio of BN
' to OB. ‘Therefore the Problem is brought to
a commox;dgcometrical one, and may be al-
+ ways folved geometrically, when the %i:cn ‘
Ratio can be exprefled in whole Numbers;
- but by means of Lines reprefented by Equa-
tions of fo many Dimenfions the more, asthe
Ratio is more compounded.
. If the Radius OB be fuppofed to become
infinite, as it will be when the Bafe BGN is
aright Line; then the Arch /G fhall be infi-
nitely fmall with refpe¢t to the Arch GB.
Therefore the Secant M /G then will become
the Tangent M7, when the defcribing Point
M falls without the moveable Circle; and it
is manifeft that when the defcribing Point M
falls within the Circle, there will be no maxi- .
mum in the Cafe aforefaid.

W hen the Point M falls in IV on the Cir-
cumference, you need only divide the Semi- -
circumference BGV in the Point G in the
given Ratio of BN to OB. For the Point
G fo found will be that wherein the moveable
Circle B G N touches the Bafe, when the de-
{cribing Point falls in the Point fought.

LemMmwMma.

176. IN every Triangle BAC, the .Angles Fio. 137-
b thereof ABC, ACB, and CAD the

Complement of the obtufe Angle BAC to two

right Angles being infinitely fmally are in the [ame

Proportion as the oppofite Sides AC, AB, BC.

‘ For if a Circle be defcribed about the Tri-
, angle B AC, the Arches ACy, 4B, BAC be-
ing the Meafures of the Doubles of thofe An-

gles,
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gles, will be infinitely finall; and fo will not
® 4r2. 3. * differ from their Chords or Subtenfes.
If the Sides #C, 4B, BC of the Trian-
%L: B AC be not infinitely little, viz. are of a
nite Ma%nitudc 3 it follows, that the circum-
fcribing Circle muft be infinitely great; be-
caufe the Arches 4C, AB, BAC having a
‘finite Magnitude, and being the Meafures'of the
infinitely fmall Angles, mutt be infinitely fmall
with rd{)c& to that Circle. :

Propr IV.

5, 177. " HE fame Tbings being fuppofed 5 it is

6. required to determine the Point C in

" every Perpendicular M G, wherein it touches the
Ewolute of the Cycloid.

Firft conceiveanotherPerpendicular mg infi-

Fic. 13
o

nitely near M G, and which by confequencecuts

the fame in the fought Point , draw the right
Line Gsm, affume the fmall Arch Gg in the
Circumference of the moveable Circle, equal
to the Arch Gg in the moveable Circle, and
draw the right Lines /g, Ig, Kg, Og. This
being done, if thefmall Arches Gg, Gg be con-
ccived as ftraight Lines perpendicular to the
Radii Kg, Og, it is evident that when the lit-
tle Arch Gg in the moveable Circle coincides
with the Arch Gy of the immoveable one, the
defcribing Point M will coincide with =; fo
that the Triangle G A%g will coincide with
the Triangle Gmg. Whence it appears that
the Angle MG w 15 equal to the Angfc 2Gg=
G K g+ GOg; becaufe the fame Angles K Gy,
O Gg being added to both Sides, will make up
two right Angles. S

Now
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Now calling the given Lines 0G, 535 XG,s3
GM or Gmym; GI or Ig,»; and we fhall
have, * 1°, 0G: KG::GKg:GOg. And *4r.176.
OG (5):0G+GK or OK (b+4)::GKg:
GKg-!—GOgorMGm:“_}'f’xG Kg.
2% ¥ Jg: MI::GMg:Mgl. And Ig4-MI* Lii-
or MG (ws):Ig(m)::GMg+Mglar Gig, or

{GKg : GMg or Gmg =21;BGK$- 3% The

Angle* MCm or MGm'-—Gmg (a-_{-b-—%‘ * Lid.

GKg) : G’mg(;f-‘”-z GKg)::Gm(m):GC::

bmn : -
T gy r— And confequently the Ra

dius M C of Evolution fought will be' =
2amm -+ 2bmm
2am - 20m—bn R )

If the Radius OG (§) of the immoveable
Circle be fuppafed to become infinite, the
Circumference thereof will be a right Line;
and firiking out the Terms 24mm, 2am, as be-
ing infinitely little with refpe& to the others
2bmm, 2bm—bn, we fhall have MC =

2mm -

————

2m—n

Coror. L

178-BECAUSE the Angle MGm = 4T5

GKyg, and Arches of different Circles are to
one another in a Ratio compounded of the
Radii and Angles that they meafure: therefore

Gg:Mm::KQGxGKg: MG x f-;lé GKyg.
t » And

7

§
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And confequently alfo X G x Mm= z % ma

xGyg; or (which is the fame thing) KG x Mom :
MGxGg::0K (a+5):0G (). Whichisa
. conftant or ftanding Ratio. Hence it appears,
that the Dimenfion of the Part or Portion of
the Cycloid 4 M D, depends on the Sum of
all the Reftangles MG xGg in the Arch G B;
which is what Mr. Pafisl has demonftrated in
common Cycloids.
Mr. Varignon found out this Property after
a manner very different from this here.

a

€Coror. II.

Fre. 135. 179. WHEN the defcribing Point AF falls
A without the Circumference of the
moveable Circle, there will of neceffity hap-
pen one of the three following Cafes. For
-drawing the Tangent M7, the Point of Con-
taét @ will fall (1°.) in the Arch 7'B, as it is
fuppofed to do in the Figure for the Invefti-

Vo 2amm-t-2bmm
gation; and then MC (z.am T2in =53/
will be always gcater than MG (m), 2% In
the Poit:t*:- of Conta& 7; and then MC

2am - 2bmm
(umm+ iz =™ becaufe /@ (1) var
nithes. 3% In the Arch T'N; and then the
Value of G 7 (1) being now negative, we {hall
3 . 2amm-t-2bmm
havc‘MC’—Mm_{_m_‘_bn. So that MC
will be lefs than MG (m), and always pofitive.
Therefore in all thofe Cafes it is evident, that
the Value of (MC) the Radius of Evolution
is always pofitive.

CoRroL,
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Cororn. IIL

| -
| !80.WHEN the defcribing Point M falls Frc.136, -
, Y within the. Circumference of the '

moveable Circle, we have always M C =
2amm - 2bmm . . '
o +j;m_ Ty and }t may happen that 4#

'is greater than 2am 4 2bm, and fo the Value of

(MC) the Radius of Evolution negative:

~ Whence it appears, that when it ceafes to be
pofitivé to become negative, as it happens

- when * the Point M becomes a Point of In-« 4, g,.
flexion, then of neceflity we muft have f#n—

2am -+ 2bm 3 and therefore MIx MG (mn—rmm)

'=W.__._.;:!i.'_”l” . Now if the given Line
- KM be called ¢; from the Nature of theCir-

" cdewe ﬂlallhachIxMG(zfﬂ”;'_l’ﬁ".');
" BMxMN (aa—cc)3and fo the unknownQuanti-
| tyMG(m)——-___W. W hence if from the
- given Point M as a Centre, with the Diftance

MG :*%"%é"_'b-b_‘_‘ you defcribe a Circle ; this
~ will cut the moveable Circle in the Point G,

wherein it touches the immoveable Circle
fcrvin% as its Bafe, when the defcribing Point
M falls in the Point of Inflexion F.

If M R be drawn perpendicular to BN, it
is evident that the faid MG s_/zﬂ_”__'_t;_“ will
- 2a
belefs than MR (ysa—cc), and that it muft

be equal to the fame when 4 becomes infinite,

viz. when the Bafe of the Cycloid becomes a
night Line,

Note,
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* Art. 2.
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Note, That in order for the Circle defcribed |
with the Radius M@ to interfect the moveable |
Circle, it is neceffary for MG to exceed MA, |

. — !
that is, for % ta cxcch a~~c; and

aa e .
fo KM (c) excc;ds Py th:nceltlsma- |

‘pifeft, that in order to have a2 Point of

Inflexion in the Cyeloid 4M D, K M muft be

. aa
Iefs than X' AV, and greater thm s

Lemma ML

ISI.LE.‘Z"t'wo Triangles ABb, CDd each
kave one Side (Bd, and Dd) infinite-
by fimall with re[pest 10 the otbers: I fay, the Tri-
angle ABD is to the Triangle CDd in 4 Ratio |
compounded of the Angle B AD 10 the Angle DCA,
and of the Square of the Side AB or Ab te the
Square of the Side CD or Cd. o
For if from the Centres 4, C, and with the -
Diftances 4B, C D the Arches BE, DF be !
deferibed ; it is manifeft, * that the Triangles
AB&, CDd do net at all differ from the Se-
Eéors of the Circles 4BE,CDF. Whence, .
c.
If the Sides 4B, CD are equal; the Tri-
angles £84, C.Dd fhall be to each other as

their Angles B 44, DC4.
. " Propr V.
182.7HE fame things being [uppofed; it is

- reguired to [quare the Space MGB A
comprehended under the Perpendiculars MG, BA
‘ ’ ‘ AN jq
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%0 the Cycloid, the Arch G B, and the Portion

AM of zhe Semi-cycloid AMD granting the
Quadrature of the Circle.

~ The Angle G Mg (2 GRg ) is to the

Angle MGmnm (“ :‘bGKg), as the * lit- *4+. 181

stle Triangle M Gg, whofe Bafe s Gg the Arch
/‘of the moveable Circle, is to the little Tri-
‘angle or Se@or GMm; and therefor¢ the

Se@or G Mu = 2% Mchfx#="“‘;‘2”
n

MGg + -+ 2bp MGg by calling M1, p;

and putting p4-7 for m. Now * the little ®*4r2.187.
Triangle or Seftor K Gy is to the little Trian- '
gle MGg in a Ratio compounded of the
Square of XG to the Square of MG, and of
the Angle GKg to the Angle GMy; that is,

e XGKg:mm % ﬁzGKg. And therefore

the little Triangie MGg= ”{7’; GKg. Now

puiting this Value in yf—;;ﬂMG g for the
Ttiangle MGy, and there will come out the
Setor G Mm = ___M_b*‘ZbMGg 4 L1272 ti:pm
KGg. But becaufe of the Circle GAIx M I
(pm) =B M x M N (cc+aa), which is an in-
vatiable Quantity, being {o in all Situations of
the dofcribing Point A3 and confequently
GMm- MGg or mGg, that is, the fimall cy-

- cloidl Space GMmg =1L 116 ¢ -
atb
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- atbxecc—aa J e 4. Therefore becaufé CMMQ

® fre. 96.

- aab
is the Fluxion of the cycloidal Space MG B 4,
and MGy the Fluxion of the circular Space
MG B contained under the right Lines MG,
M B, andthe Arch G B, and likewife fince the
little Se&or K Gg is the Fluxion of the SeCtor
KGB; it follows * that the cycloidal Space

—

MGBA=2F3b prgpq attri—aa

F1c.139.

* 4r1.180.

o . aak
KGB. Which was to be found.

When the defcribing Point M falls without
the Circumference BGN of the moveable
Circle, and the Point of Conta& G in the
Arch N5 it is manifeft * that the Perpendi-
culars MG, mg interfe each other in the
Point C, and then will m=p—z. Where-

fore the little Se&or G M m = — Zd-b—zb

2apt+2bp —__24—2%
MGy + 222 ppg= 2220
MGg -+ ﬁ'f.%“bi’.”.ﬁKGg, by putting (as be-

fore) % KGg for its Equal the little Triangle
M@yg; ind therefore G Mm—MGg or mGg,
that is, MCm—GCg :-—-"—a'b:ifoGg-i-

‘Z’ﬁ%f;_'_—_ff K@Gyg, by fubftituting cc—aa for
pmits Equal. Now if 7H be fuppofed to be
the Pofition of (7'M) the Tangent to the
moveable Circle, when the Point 7" thereof
touches the Bafe in the Point 7' then it is evi-
dentthat MCm—QCg=MGTH—mgTH,

~ ~ ' T iz,

™ T e
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viz. the Fluxion of the Space VGT H, and

that M Gg is the Fluxion of MQ 7, and like-
wife KGg the Fluxion of KG7. Therefore* * 4. g6.

the Space MG TH=-—"“7¢ MGT+

‘iﬂ%——_ﬂ xKGT. But, as we have alres-

dy demonttrated, the Space HT'BA= 21.‘2‘_3:‘,

MTB +“_"';QL_‘1§:‘_“_“KTB. Whence in all

Cafes we have always the Space MG B A
(MG TH-+HTB 4) =512;15W—TB—M 7 .

orMGB+‘ii£:—;—;:-‘-‘-“KGT+K T B or
KGB.

Wherefore the whole Space D N B 4 con- Fia. 135]
- tained under (D N, B 4) two Perpendiculars
+ to the Cygloid, the Arch BG A, and the Se-

cycloid AMD, is ‘-M-l_ 3l’+ a‘H%:; 2% x

KNGB; becaufe the Sector KG B, and the
circular Space M G B, do each become the
Semicircle K NG B, when the Point of Con-
ta& @ falls in the Point N.

When the defcribing Point M falls within F10.1364
the moveable Circle, we muft-put ss—rc, in-’
fead of ¢c—a4 in the foregoing Expreflions,
becaufe then B Mx M N =aa—cc.

If you make c=—a, we fhall have the Qua-
drature 'of Cycloids, whofe generating Points
are in the Circumference of the moveable Cir-
cle; and if 4 be fuppofed infinite, we fhall

Bave the Quadrature of Cycloids whofe Bafes
are nght Lires.

P A NoOe
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ANOTHER SOoLYTION.

xS;.W: tH the Radius O D deferibe the
- Arch DV, and with the Diames
ters 47, BN, the Semicircles /E¥, BSN;
and draw it pleafure from thé Centre O the
Arch EM between the Semicircle 4 E ¥, and
the Semi-cycloid A M D, as likewife the Or-
dinate EP. Now it is required to find the
Quadrature of the Space 4 £ M eomprehend-
ed under the Arches 4E, E M, and the Por-
tion 4 M of the Semi-cycloid 4 M D.

To do this, let there be anothér Arch em
concentrick and ibfinitely near to E A, ano-
ther Otditiate egy as likewife amother Oe ine
terfecting the Arch M E continued out (if ne-
ceffary) in the Point F. Now call what is
variable, viz. O¢, 25 V' P, u3 the Arch 4E,
%3 and (as before) thé invaridble Lines OB, 53
KBor KN, a3 KV or K 4, ¢. Then will Fe
=3, Pp==4, O P=x4tb—cVuy, PE=2cu—
1, the Arch EM*=7=Z; and therefore the

Reltangle under the Arch £ M, and f{mall
right Line Fe, viz. * the littlé Space £EMme

axzz

=-—. Now béciufe of the right-angled

o

T be

Trianglc OP E; t2=% 44 sab-}bb— 2dc—
abetcct-2aut2bu . which thrown into Flu-
xions, and zz=:a4-+bis. . Now putting this

Value forzin 22, and the little Space EMme

will be = 22xit-abit

R i
. - ._Now‘
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- * Now if the Semi-cycloid 4 HT be deftri-
bed by the Retation bf the Semi-circle 4 E 7~
along the right Line 77 perpendicular to 74,
‘and the Ordinates PE, pe, be continued out
meeting the famein the Points 2y »: Itisma-
nifeft * that EAx Pp; that is, the little Space *4rt.172

’ EHbeis=x:};.ind.fo EMme ”ﬂxﬂ'i"ﬂbxu)

ke
:EHbe (x4)::a6-}abibe. Which is a ftand-
ing Ratio. But becaufe this is always fo, let

. the Arch EM be where it will. Therefore

the Sum of all the little Spices EMme; that
is, the Space A EM is to the Sum of all the
Yirtle Spaces £ Hbe, that is, the Space /EH

- s:as-4ab:be. But we have*the Quadrature * 4+, gq

of the Space 4 E H by means of the Quadra-
ndy therefore alfo the Qua~
drature of the Spate 4 E M fought.

This may be demonftrated without any
analytical Inveftigation, as I have-fhewninthe
Atta Eruditorum tor duguf?, in the Year 1697

The Quadrature of the Space 4 E H, may
behad otherwife than from Ar¢. 99. For ¢om~
pleating the Reétangles P 9, py, we thallhave
Qqor HR: Pp or Rb:: EP: PAor HQ, * 4. 18
Becaufe * the Tangent in H is parallel to the
Chord 4E; and therefore HQx @ g =EPx
Pp; thatis, the fmall Spaces H.Q gb, E Ppe,
are always equal to each other. Whence it
follows, that the Space / HQ contained un-
der the Perpendiculars 49, Q#, and the
Portion 4 H of the Semi-cycleid 4HT, is
equal to the Space 4 P E contained under the
Perpendiculars 4P, PE, and the Arch AE.
Therefore the Space 4 EH will be equal to
the Reétangle P @ minus twice the circular
Bpace AP%; that is, to the Reftangle under
PE and KA plus or minus the Refangle un-

‘ P2 dler
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der K P and the Arch A4, accordmg as the

Point P falls below or above the Centre. And

confequently the fought Space AEM =— “2;_"5

xPExKA¥XKPxAE.

Conor.. L

‘!84WHEN thc Point P falls in KX, the
. the Rc&anglc P

glc KPxAE vanﬂhcs, and
x K A becomes equal to the
Square of K.4. Whence itappears that the
Space 4 E Misthen = M[_b‘—ab‘ 5 and confe-
uently it may be fquared without the Qua-
graturc of the Circle.

Cogon.l I

xSy.Ir the Seftor /KE be added to the

Space 4 E M, the Space AK E M con-
tained under the Radii /K, KE, the Arch
E M, and the Portion 4 M of thc Semi-cy-
cloidAMD will be (when the Point P fallsabove
the Ccntrc) __beet-2aac4 zafzc-—zaau—-zaba(

AE4 ““Z“b P ExK Aj; and therefore if you

affume 7P (u )ZM:;‘::Z;"M' (which makes

the Value of 26+ 244¢ 1 2abc — 2a0u—2abu

2b¢
AE nothing,) we fhall have the Space /KEM
=%t abP ExK A. Therefore it appears fll
that the Quadrature thereof is had independent

_on that of the Circle.

Hence -




of FLUXIONS.
. * Hence it is plain, that among all the Spa-
ces AEM and A4 KE M, there are only thofe
two above-mentioned that-can be fquared.

Note, 7bat bas been demonfirated of exterior
- Cycloids, extends likewife to snterior Cycloids,
viz. thafe that are gemsrated by the Rotation of
the moveable Circle along the concave Part of
2he immoveable one; but then the Radii KB
(a)y KV (c) will be negative ; and [o the Signs.
of the Terms in the foregoing Forms wherein a
or c are found of odd Dimenfions, mufi be
changed. :

- ScHOLIUM.

186. HERE are fome Curves which feem

213

to have a Point of Inflexion, and yet -

have not; which I think proper to explainb
an Example, becaufe fome Difficulty may ari
aboat this Matter. - '

Let NDXN be a geometrical Curve, the Fre. 14s.

‘xXx—aa
v 2xx—aa
(4 P=x, PN=2), wherein it is evident, 1°,
That x being =4, PN (z) vanifhes. 2° That
when x exceeds 4, the Value of z is pofitive;;
and 'when the fame is lefs, the faid Value is ne-
gative. 3% That when x =/424, the Value
of PNV is infinite. 'Whence it appears, that
the Curve VD IV extends itfelf on each Side

Nature whereof is exprefled by z=

the Axis, cutting the fame in the Point D -

fuch, that 4D =a; and that the Afymptote
theteof is the Perpendicular BG drawn thro’
the Point B fo, that 4B =/fa.

Now if another Curve E.D F be defcribed

of fuch a Nature, that drawing the Perpendi-

€ular M P N at pleafure, the Rectangle under
P3 - the

w
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the Ordinate P M, and the ftanding Quantity
AD, be equal to the-eorrefpondent Space
D P Ny then if PM=y, it is manifeft that

dD,>_<,_R7\n.('a)?)=NPpnvor‘NP;(_PP
('—;% s and therefore Rm.(5): Pp or

RM(#):: PN: 4D, Whence it follaws,

® 4198,

®4rt. 81.

Fic.142

that the Curve E D F totiches the Afymptote
BG continued out in the Point. E, and the
Axis 4 P in the Point J; ‘and fo it ou'gh{,to
have a Point of Inflexion in D. Yet the Va-
lue of the Radius of the Evolute of it will be

X* B ., . .
found * by being always negative,and be«

comes ¢qual to =14 when the Point M falls
in D.. Whence we infer*, that, the*whole
Curve paifing thro’ all the Points M, is con~
vex next to the Axis /P; and {0 has not a
Point of Inflexion in D. . Now. ta unravel
this. . AN *

~ If you affume P M on the fameSide as PN,
there will be formed another Cutvé G D H,
which will be in all refpeéts fimiley to ED F,
and muft be a Part thereof, fince its Gengra»
tion is the fame.. This being fo, we muft conn
ceive the Parts of which the whale Gurye cone.
fift, not to be ED F, GDH, but EDH, GDF,
which touch in the Point D for by this the
above mentioned Difficulty is falved. For
Example. . :

Let DMG be a Curve, whafe Nature i
exprefled by y* =x*-faaxx—b* (AP==x, P
=y). From this Equation it is manifeft, that
the whale Curve has two Parts E D H, GDF,
oppofite to each other, as the common Hy-

- perbola; fo that the Diftance 2D or ZJD

=y =242 /a4t
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'ilg'

If 5 be fup Jofcd tovanifh, the Diftance DD Fic. 143.

will vanifli Ykewife; wnd- :iwm the ‘two
Parts E D H, G DF, will téisch ene another

‘in the Point D ‘So that one would think the

faid Curve had a Point of Inflexion or Retro-
greflion in D, accarding’ as the Parts thereof
were fuppofcd tobe EDF,GDHor EDG,

HDF. "But this Defception will eafily aps

pear, by fiading the Radws of Evolquon;

. whach will be pofitive always, and equal to %

a in the Point D, as aforefaid. -

By the way, we may obferve that the Qua- F, o141

drature of the Space D PV is dependent on
that of the Hyperholas or (which comes to
the fame thing) the Reétification of the Curve
of the Pambg

D AfF, {olves the Problem f ropofed by Mr.
BER NOULLI, in7om. 2. of the Supplements
to the Afa Eruditorwm, page 291.

P4 SECT

as and the Parc of the Curye .
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SECT X

The Vfe of Fluxions in Geometrical
Curves after & new Manner; from |
whence is deduced the Method of (
‘DEescARTES 48 HUDDE. '

A _D‘EPIN. I -

Fic.144, Y ET 4D B beaGurve fiich, that the Pa-
1455 146. rallels K M N to the Diameter .4 B there-
' .of, meet it in two Points M, N; and con-
ceive the intercepted Part M N or P9 to be-
come infinitely {mall ; then is that called the

Fluxion of the Abicifs AP or KM,

CoRr oL, I

!87.Wu EN the Part MN or PQ becames
infinitely fmall; it is evident thar

the Abfciffes 4P, 49, will each become e-
qual to 4 E, and the Points M, NN, will coin-
cide in D; fo that the Ordinate ED is the
eatef} or leaft of all the Ordinates P M, N9,

ike it,
Coror. II

188. AMONG all the Abfcifles £ P, it is evi~

¢ dent that 4E only has a Fluxion,

_beeaufe there can be none, but in that Cafe
‘where P 9 becomes infinitely {mall. ‘

' CoroL,
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189.1 F the indeterminate Lines 4P ot KM
be called x; and PM or 4K, (y) be
jnvariable, it is evident that x will have two
different Values, viz. KM, KN or AP, 49,
Therefore the Equation exprefling the Nature
of the Curve 4.D B muft be clear’d of Surds,
that fo the fame unknown Quantity ¥ expref-
{ing the Roots thereof (for y is looked uponas
known) may have different Values. Which
muft be obferved hereafter.

'

Pro 1? 1.

190"V H E Nature of a Geometrick Curve ADB

. * being given: To desermine the greateft ar
Jeaft Ordinate theregf, ‘ T

If the Equation exprefling the Nature of
the Curve be thrown into Fluxions, with y 4s
2 ftanding Quanitity, and x as a variable one’;

217

itis plain * that a new Equation will be had, » 4 ;3.

one of whofe Roots x, fhall exprefs fuch a
Value AE, that the Ordinate ED will be 2
Maximuam or Minimum. :
For Example, let #3-}-y»==axy. This thrown
into. Fluxions with « as ‘variable, and yas a
‘ﬁanding Quantity, and 3xx%==ay#3 and there-
fmcy:%’i. Now if this Value of y be put
for it in the Equation of the Curve 43 | p3=
_axy3 then will 4E (x) ="4%/2 be fuch, that
£D is a Maximum, as has been already thewn
. 4.8, ' 2

14

1
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It is manifeft that by this way we not only
can determine the Points D, iwhen the Ordi- |
nates ED are Perpendiculars or Tangents to :
the Curve 4D B; but likewife when they |
are oblique to the Curve, ®iz. when the Points
D are thofe of Retrogreffion of the firft or fe~ |
cond Kind. So that this new Manner of can- |
ﬁderinF Fluxions in geometrical Curves, is
imple and lefs mtricate in fome Cafes
than the firft *, : ’

ScHoLIiwMm

I 9I.IN Curves that have Points of Retro- |
g

reflion, we may ebferve, that ‘the :
P M* parallel to 4 X, mect themintwo Points

M, O, juft as the K M* parallel to 4P doin
the Points M, N So that 4 P () continning
the fame, y has two Values P M, PO. There-

- fore in finding the Fluxipn of the Equation of

that Curve, ¥ may be confider’d s invaniable,

and y 35 varjable. " Confequently if ¥ and y be
‘taken as variable Quantities, in throwi% the
crms

aforefaid Equation into Flyxions, all the

affeCted with # on one Side, and all thofe with

j on the other, muft be equal to 0. But-we
muft obferve that & and 5 do here depote the
Fluxions of two ©rdinates iflung frqm the
fame Point; and not (as bcfozc,.geﬂ. 3.) the

Fluxions of two Ordinates infinitely near.

o - CoeROL

1 pz.I F after having order'd the Equation ex-
preffing the Nature of the Curve where-
in there is only the unknown Quantity » vari=

-gble, the fame be thrown into Fluxions; it is

evident,
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evident, 1° That in-doing this, we only mul-
'tigly every T'erm by the Exponent of the Power
o

219

#, and by the Fluxion of %, and afterwards ‘

divide it «b%)x. 2° That-the Divifion by a,
as well as: the Multiplication by x may be o-
mitted, fince in every Term it is the fame.
.3°, That the Exponents of the Powers of » are
wn-an grithmetical Progyeflion, the firft Term
thereof being the Exponent of the greateil
Power, and the laft 0 ; forthe Terms tharmay
be wanting in an Equation, we have repre-
fented by a Star. T .
For Example, let **—gyn-t-y'=0. If ¢ve-
ry Term be multiplied by the Terms of the
arithmetical Progrefhon. 3, 2, 1, 0, there will
arife 2 new Equation 3xt=—gyx==0. .. . .

%t ¥ewgipf-yta=a, - --
3y 2y, "X, O 7 Tl
3 ¥ —ayx * =0, |

W hence there comes out 3= %’ﬁ", the: fame

2s woyld be found by taking the Fluxion the
common way.. . Coe

This heing premifed,. inftead of she arith
metical Progreflion 3, 24 1, 0, you may taks
any other at pleafirey as w3y w42, -1y
m-1-o, of 7, (1 being any pofitive or negative
whole Nusmber or Fradtion). For multiplyr
ing #* * —gyx+-y*==0 by #™, and we fhall have
;'g-.’*, £9¢c. =03 every of the Termas of swhich
muft be multiplied by thofe af the Progrefhon
w3y 12, -1, m; each by that anfwer-
ing thereto, to get the Flugion thus, -

. . -
19 - m
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o % g +r%" =o.
m+3, mt2, m+t1, - ”.
w3t % —mt oyt mytm—o.

Whence there arifes m— 35" —mt12y5™
~4-my*x®—o0; and dividing by +*, therecom

out m—+ 3x*—m—+1ayx -4 my—o, aswas at fi
found by only multiplying the propofed Equa-
tion only by the Progrefhion m{~3, m--2, 72+ 1,

.

If m =—3, the Progreflion willbeo,—1—2,
~—3; and the Equation fhall be 24yx—3y*=o.
If m= —1, the Progreflion willbe 2, 1,0,—1I,

_ and the Equation 24%<—y*=0. ‘

The Signs of all the Terms of the Progref- |

fion maygbc changed, viz. inftead of o,—1,

. e=2y=3, and 2, 1, 0,—1, W€ may take o, 1, -
2, 3, and —2,—1, 0, 1; for doing this only .
alters the Signs of the Terms of the new E-
quation, which is to be made equaltoo. That
is, inftead of 2ayx=—3y’=0, 24’'—y’=0, we
-fhall have ~—24yx+3y?, —2x*-}5* =o.

Now it is manifeft, that what we have de-
monftrated in the aforefaid Example, may be
ap}:ly’d after the fame Manner to any other.
Therefore if after an Equation having two ¢-
qual Roots, be duly order’d, the Terms there-
of be multiplied by the Terms of any arithme-
tical Progreflion taken at pleafure, it is evi-

“dent that a new Equation will be formed, one
'of whofe Roots fhall be equal to one of the
Roots of the firft Equation. By the fame
Reafon, if this new ation has two equal
Roots likewife,--and it be multiplied by an
arithmetical Progreffion, we fhall form a third

Equation,
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Equation, having one Root thereof equal to
one of the equal Rootsof the fecond Equation,

and fo on. So that if an Equation of three
equal Roots be multiplied by the Produét of

two arithmetical Pro%:cﬂions; by that means .

a new Equation will be formed, having one
Root equal to one of the three equal Roots of
the firft Equation: And, in like manner, if
the Equation has four equal Roots, it fhould
have been multiplied by the Praduét of three
arithmetieal Progreffions; if five, by the Pro-
dut of four, £J¢.

This is what the Mcthod of Mr. HupDE
precifely confifts in. =

Provr. Il
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1 93.TO draw a Tangent T HM from a givent Fre. 147.

Point Ty in the Diameter. AB; or a
given Point H in AH, parallel to the Ordis

nates.

- From the Point of Conta&t M, draw the
Ordinate M P, and call 4T, s; 4H,t; (one
or the other of which is given) and the un-
known Lines AP, x; PM,y; thén becaufe

ofthe Similiarity of the T'riangles T A H, T PM,

—

= 5 and putting thefe Va-

lues for y or # in the given Equation expreffin
the Nature of the Curve /M D, we fhall

ve a new Equation freed from # or y.

Now if a right Line 7D be drawn cutti
the right Line 4 H in G, and the. Curve AM.
In two Points NV, D, from which are let fall
the Ordinates N9, D B; it is manifeft that
When # exprefles 4G in the foregoing Equa-

v tion,

Sttt sy—st
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tion, # or y will have two Values 49, 4

or N9, DB, which become equal to o
another, viz. to 4P or P M fought when

-exprefles 4 H; that is, when the Secant 7.D

becomes the Tangent TM. Whence it fol-
Jows, that that Equation muft have two eq

‘Roots. And fo we will multiply it by any
arithmetical Progreffion at pleafure; which

muft be repeated, if neceflary, by multiplyin
de Noweas, the fame Equ:}trionyby anypo)t’hg
arithmetical Progreflion; that fo compari
the Equations arifing therefrom, we may

one of them affefted with either of the un-
know Quantities x or y, and having one of the
given Quantities s or #in1t. The following
Example will be fufficient for explaining this.

ExaMPLE

194.F ET ax=yy exprefs the Nature of the
L Curve 4 M D. If inftead of x we
sy

put -—_t:—t 3 then will #yy, &c. Which muft
have two equal Roots. :

tyy—asytast=o.
I, 0,— 1.

tyy * —ast=o.

~ Therefore multiplying orderly (as you fee
here) thefe Terms by thofe of the arithmetical
Progreflion 1,0,—1, we fhall have ss=yy=
ax 3 and confequently AP (x)=s5. Whence
taking 4/ P=A47, and drawing the Ordinate
P M, the Line TM will touch the Curvein
M. Butif 4H () be giveninftead of AT (s),
‘we muft multiply the fame Equation 7y y, 8;c
. . . y

!
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jby this other Progreffion o, 1, 2, and the
doughit Tangent P M (y) willbe=2¢.

| ' The fame Conftrultion may be found by
T 2e < PN -
putting - for y, in a¥=yy. For there
latifes #2x%, &ec. the Terms whereof multiplied
by 1, 0,— 1, produce xx==ss, and confequent~
Ay AP (x) =s. ‘

CoroL,

197 N\T o w if you fuppofe the Point of Con-

_ fN uft 1{1 to g given, and the Point
for H, wherein the Tangent M7 interfeéts
the Diameter 4 B or the Parallel 44 to the
Ordinates, be fought; you need only, (in the
latter Equation exprefling theunknown Quan-
tity ¥ or y with refpe€tto thegivenone s or#,)
look upon this laft as the unknown Quantity,
and & or y as known.

" Prow IIL
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1987 HE Nature of the Geometrick Curve Fic.148.

) AFD being given: To determine its
Point of Inflexion 1§ .

Draw the Ordinate FE from the Point F
fqught, as likewife the Tangent F L, and thro®
the Point A (the Origin of the ) the Line
4K parallel to the Ordinates. Likewife call

what are unknown, viz. L A, s; AK,t; AE,

#3EF,y. Then becaufe of the fimilar Tri-
mples L AK, LEF,y =% L X dnd x -'-—-”'_T”;

o that if thefe Values be put in the Equation
of the Curve for yor x, we thall get a new

Equation
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Equatior freed from x or y, as in the laft Pro«
pofition. - . _ 3 '
. Now if a riglit Line 7D bé diawn inter-
fe&ting theright Line 4K in Hy which touches
the Curve 4FD in M, and the Abfcifs in D, '
from which are let fall the Ordinates M P, |
D Bj; it is evident, 1°, That when s expreffes

. AT; and t, AH; the Equation found as afore~
$4r:. 193. faid, muft have two equal Roots, viz. * each
equal to 4P or P M, according as y or x be
made to vanifh, and another Root 4B, or
BD. 2° That when s exprefles /L3 and 7, |
AK; the Point of Contat M coincides with 1
the Point of InterfeCtion D in the Point F
* 41.67. fought: Becaufe*the Tangent L F muft both
touch and cut the Curve in the Point of Infle-

" xion F; and fo 4 P, 4B, the Values of », or
PM, P D, the Values of y become equal to
one another, viz. equal to 4 E or E F {fought.
Whence the faid Equation muft have three

ual Roots. Confequently it muft be multi-
plied by the Produét of two arithmetical Pro-
greflions at pleafure; which muft be again re-
peated, if neceflary, by multiplying it in like
manner with another Produét of any two a-
rithmetical Progreffions; that fo by compa-
ring thofe Equations refulting therefrom, the
unknown Quantities s and # may vanith.

ExaMpLeE.

1‘97.Ln'r ayy=xyy-+-aax exprefs the Nature
of the Curve 4 F D. If‘—y;ﬂ be

;é!t for x, there will arife sy*—szyy—32¢ 33,
C.

Syl
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syP sty t-aasy~-aast==0.

_'4‘5
i N i . !,‘ o, “ I, - 2. - A
H ; ‘_.. 3, .2’ ‘ 1»1, 0. . _“;' N

ferm

'35° . * —aayy * =o.

Produ&. of two arithmetical Progreflions 1, o,
—1,—25 and 3,2,1,0, gives Us y=+143 and
putting -this Value jn the Equation of the
Curve, the.ynknown. Quantity 4E (x) will

Which ‘being multiplied by 3, 0,—1; 0, the

be=%a.

' . ANOTHER SoLuTION:

1 98.THE aforefaid Problem may be folved Fic. 149,
likewife, in confidering that butonly 159
one Tangent L For KF can be drawn from
the fame Paint L or K, fince it outwardly
touches the toncave Part 4 F, and inwardly
the convex Part FD; whereas from any othef
Point Z.or:H, taken in 4L or AK between
A and L, or A and X, we can draw two Tan=
gents T M, TD or HM, HD, the one to the
concave, and the other:to the convex Part;
So that thePoint of Inflexion (F) may be con-
ceived as the Point of Coincifion of the two
Points of Contact M and D, If then A7 (s)
or A H (#)-be fuppofed to be given, and you
feck * the Value of x or y with refpeét to 5 or
13 we fhall get an Equation having two Roots
AP, AB, or PM, BD, which will bg each
Cqﬁlal, to the fought Quantity 4E or EF,
when s exprefles 4.L, and ¢, AK. Therefore
thatg(}uation ‘muft be multiplied by anyarith-
metical Progreffion, &5 , .
, s Q ExamreLs

241t 194,
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ExamMPLeE

199.Ls'r as before, ayy=xyy-+aax; then

again will sy’emstyy=—sztyy+aa 5y
aast =0, which being multiplied by the a-
rithmetical Progreffion 1,0,—1,—~2, and there
arifes y*y—aay—24at=0, freed from s, hav-

_ing two unequal Roots, viz. P M, B D, when

Fic.151.

t exprefles 4 H, and two equal ones each to
E F fought, when # exprefles 4 K. Therefore
multiplying de nouveau this latter Equation by
the arithmetical Progreffion 3, 2, 1, 0, and
there will arife 3yy—as=o0 ; and therefore EF
(7)=y/$44. Which was to be found.

Propr IV.

200. ;'R O M a given Point Cwithout a Curve
Line AMD, to draw CM perpendi-

* cular to that Curve.

. Draw M P, C K, perpendicular to the Dia-
meter 4B, and with the Diftance C M de-
{cribe a Circle from the Centre €y then it is
manifeft that it fhall touch the Curve LMD
in the Point M. Now calling the known
Lines AP,x3 PM,y; CM,r; and the un-
known ones 4K;.s; ;(C, ¢; and we fhall have
'PK or CE=s5—x, ME=y4t; and becaufe
of the right-angled Triangle M £ C, y==—t4-
VIT—S54252—KKy XTZ§ e\ /1Y et tomed b p—yy =
So that putting thefe Values for y or x in the
Equation of the Curve, we fhall get-a new
Equation freed from y or x.

Now if another Circle be defcribed from
the Centre C, cutting the Curve in two Points

N, D,




of FLuxions.
N, D, from which. the Perpendiculars N 9;
D B, arc letfall: It is- manifeft that w_heg'r,
expreffes the Radius CN, or C D, in the E-
quation aforegoing; x or y will have two Va-
lues A 9, 4B or N9, D B, which become
equal to one another (viz.)to the Quantity AP
or P M {ought, when r exprefles the Radius
CM. Whence that Equation muft have two
tégual Roots; therefore it muft be multiplicd,
¢

ExaMmpetE

e} .Ln’ t aw==yy exprefs the Nature of the

Curve AM D, in which purting s
yrr—itt—1ry~=yy for its Equal x, and then a5
amyy == @y/rr—~t}—21y—yy: So that {quaring
cach Side, and afterwards duly ordering the
Equation, we fhall get 54, f¢. which muft
have two equal Roots when y exprefles P
fought. .

% *— 2050y 284ty aass =o.
aa —aarr
—aatt
b 3 2, 1 o. )
4yt *—4qas9py-t-2aaty  * ==o.
244 C

Therefore multiplying it by the atithmetical
Progreffion 4, 35 2, 13 0, (a8 here-you fee it
- done) and there comes out 4y’==44sy-|-24ay
4-244¢ =03 and the Value of y will be=
PM fought.

. 224

If the- given Point C falls in the Diameter ¥1c. 143,

A B, then will 70, and confequently all the
Terms affeted with it will go out. Whence
Ai—144 = 4yy == 4ax, By putting 5y inftead

Q2 of

-
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of ax, wluchxscqualmxt T'hcrdbrcwcgct
x—:-—~a, that is, if.C P beaffumed equal
to ; the Parameter, and the Ordimate PM be
drawn perpendicular o AB, and the nght
Line C M be driwn, it will be pcrpcndlculz
to the Curve AMD -

CoRrROL: ,
ioz.Now if the Point Mbe ngcn, and fhc»
Point Cbefuppofed tobe thatfought;
then in the laft Eguatlon exprefling the Value

of AC (s) with refpult to AP (x) or PM (),
we muft efteem thefe Jatter as known, aqd the.

, other as unknown.-

Fic. 153.

Pnor V. _ . *

103 NY Pomt M being given i Cam

AMD, whofe Nature is alfo given:
% f ind MC rhe Radius of the Curvaiure in
that Point: Or to find the Point C, béing the
Centre of a Circle of "equal Curwture -with
the Curve in the Point M.

Draw M P, C K, perpendicular to the Axis;
denote the Linies by the fame Leftersas in the
Problem aforegoing. Then we fhall get the
fame Equation as there, wherein we muft ob-
ferve thdt the Letter # or # does here dénote a-
given Magnitude, tho?itdid theroan unknown
one; ‘and on the conuary sy #, efteemed as
known ones there, are in Rcahty here un-
known as well as 7.

Now it is manifeft,” 1°, That C the Centrc
of the Circle of cqml Curvature with the
Curve in the Point M, muft be in MG per-

pendicular
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ndicular to the Curve. 2° That a Circle
can always be defcribed which will touch the
Curve in M, and at leaft cut it in two Points
(the’ neareft of which is D, from which the
Perpendicular D B is'let fall); becaufe we can
always find a Circle that will interfect any
.Curve Line, except a Circle, in four Points
at leaft, and the Point of Contatt M is equi-
valent but to two Interfetions. 3° That the
nearer the Centre G thereof is to C the ex-
treme of the Radius fought, the nearer will
the Point of Interfection D be to the Point of
Contaét M. So that when the Point G falls
in C, the Point D falls in A; becaufe * the * 4. 76.
Circle defcribed with the Radius € A fought,
muft both touch and cut the Curve in the
fame Point M. Whence it is manifeft, that
¢ exprefling 4 F, and ¢, FG, the Equation
muft have two equal Roots, (viz. * each equal » 4, o0,
to 4P or PM according as y or » are made to
vanith) and another 48 or BD, which be-
comes’ likewife equal to 4 Por PM, when s
and ¢ exprefs 4K, KC, fought; and fo the
faid Equation muft have three equal Roots.

ExampLE

204;LE T ax==yy exprefs the Nature of the

' Curve AMD. We thall get #y4,85¢. # 44 40,
which being multiplied by 8, 3, o;,—1, o, the .
Produét of two arithmetical Progreffions 4, 3,

2, 1,0, and 2, 1, 0,-~1-—2, and there arifes

- 8y*=24azy. See the Operation.

. Qs : »
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;4 *_M;jy+zmy+aass =0,

“+‘aa - ——aarr

~+aatt

4 3 2 I, 0.

2, I, 03 han I,' — 2..
8yt * *  __szary * —o.

Whence KC or PE (1) ::%.‘

If it be required to find an Equation expref-
fing the Nature of the-Curve paffing thro’ all
the Points (C), we muft ftill multiply y4, (5.
by o, 3, 4 3 0, the Produ& of two arithme-
tical Progreflions 4, 3,2,1,0,7and 0, 1,2, 354 %
and then will 845y — 444y =6aat: Whence
(making; for Brevity’s fake, s =44 =) there
274'#

164*
and therefore 1643=27a#t, Confequentlythe
Curve paffing thro’ all the Points (C) is a fe-
cond cubick Parabola, the Parameter to the
Axis being = 2—17;, and the Vertex is diftant
from the Vertex of the given Parabola by 34,
fince y=s5s—1%a. ’

When the Pofition of the Parts of the Curve
adjoining to the given Point 24 is alike ‘on
each fide that Point, as it happens when the
Curvature there is a Maximum or Minisum:
‘Then one of the Interfettions of the touching
Circle cannot coincide with thePoint of Con-
tact, except the other does o likewife ; fothat
the Equation muft have four equal Roots.
Now if y4, {Fc. be multiplied by 24, 6,0,0,0,
the Produét of three arithmetical Progreffions
45 35 25 1,0, and 3, 2, 1, 0,—1, and 2, 1,0,
=1y—23 we fhall get 2¢9*=0. Therefore

- : the

comes out y =34 , and gp*= =4aty
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the Point M muft fall in 4 the Vertex of the
Parabola, in order for the Parts of the Curve
adjoining to it on each Side to be fimilar or
alike. : : :

/ ANOTHER SOLUTION.

zoy.Il-‘ you call to mind what has been de- Fic. 154.
) montftrated in Arz. 76, viz. that but

one L.ine C M can be drawn from the Point ¢
fought perpendicular to the Curve AMD3y
whereas from any [other Point G in the faid
Perpendicular, there can be drawn two Per- .
pendiculars M@, G D, to the Curve. From

this Contfideration we can folve the Problem

thus : Supgo{'e the Point G tobe given, and _ =~ -
feek * the Value of » or y with regard to s and “4r*- 200-
¢ which are given: Then it is p%ainrthat the
Equation muft have two unequal Roots, vsz.

A Py AB, or PM, BD, which becomeequal

when the Point G coincides with the Point C. .
{ought. Wheréfore multiply that Equation T
by any arithmetical Progreflion, &¢.

ExamMpLeE

206 LE T, as before, ax=yy, then will* 45, 'xlrt;:"“to,l-
.= &c. See the Operation.

ber

4 * — 4asy+ 20a1=o. RN

‘ Y7 %,
2y I, Oy —I. =~
¥y * * —24at==0.

Which being multiplied by the arithmetical
Progreffion 2, 1, 0,1, and there comes out,

3
as*before, ¢ =%. ®4rt.2040

Q4 Coror.
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Fic. 153, 207.I'r is manifeft that the Point wherein
154 the Radius of the Curvature touches
*4rt. 203, the Curve, may be confider’d * as the Place
"7 % where the Point wherein the Circle of the
fame Curvature with the Curve touches it,
coincides with the Point of Interfe&ion of the
® 4t 205.faid Circle; or elfe as * the Point wherein
two Points of Contal of different concen-
trick Circles coincide. Juft as a Point of
® 4r¢.196. InfleCtion is looked upon *, as that wherein
a Points of Contact coincides with the In-
*4rt.198. terfeCtion of the fame right Line; or * as the
- . Coincifion of two Points of Contact of two
-right Lines iffuing from the fame Point.

Prope VI,

Fic. 155 2.08.TO find an Equation expreffing the Nas
ture of the Cauftick AF G K, gene-
rated in the Quadramt CAMN B, by the re-
fetted Rays MH, N L, {Jc. the incident Rays
PM, QN, {9c. being all parallel to CB.

We may obferve, 1° That if the' rofleted
Rays MF, NG, touching the Cauftick”in F,
G, be continued out to meet the Radius C B
in the Points A, L then will M H be=C H,
and NL=CL. For the Angle CMH=CMP
=MCH;.and in like manner the Angle CNL
=CNQ=NCL: '

2°% ‘L hat from a given.Point Fin the Cau-
ftick #FK, there can be drawn but one right
‘Line M H equal to CH; whereas from a given

Point D hetween the Quadrant 4 M B, axlxld
. the
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bf FruxiowNs.

'‘the Cauflick 4 F K, two Lines MH, NI,

‘may be drawn fo, that M H=CH, and NL
=CL. For but one Tangent MH can be

233

drawn from the Point F; but from D two .

Tangents M H, NL, can be dragn. 'This
being well underftood: o
* It is required to draw the right Line MH
from a given Point D, in fuch manner, that
it be-equal to the Part C/ determined thereby
in the Radius C B. A 3
Draw MP, DO, parallet to CB, and M§

~parallel to C A call what is given, viz. CO

or RS, 13 ODyz3; AG-or CPya; and the
unknown Quantities CP or MS, x; P M or
CS, 35 .C Hor M H, r. . Then becaufe of the

. xight-angled Triangle M S H, rr=rr—2ry -}

yy+xx 3 and fo CH(r):@!. Moreo- |

-y
ver, becaufe of the fimilar Triangles MR D,
MSH, MR (x—u): MS (x) :: RD (z—})

SH=ZET2_ . And therefore CS 4§ H or

CH= W —xxyy

XU

aa .
prar i SRy by puttmgae
for xx+yy. Whence (multiplying crofswife)
and there arifes aay—aau=23zxy—24yy; and
‘putting sa—xx for 3y, there comes out 2zxy

+ '=aax -} aau—2u4x%. - Then {quaring both

Sides, to get rid of the Surds, and again fub-

ftituting sa—xx for yy, and at-length we .

have quuxt——qaoux’— 4aauuxx - 24 a‘un
=0,
42z — 44423 '
T
Now when # exprefles CO, and 2 O D, it is
‘manifeft that this Equation muft have two
x 4 " unequal
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unequal Roots, viz. CP,C9; and on the
contrary, when # exprefles C £; and z, E F;
C 9 will become equal to CP; fo that then it
will have two equa] Roots. 'Therefore if the
‘Terms thereof be multiplied by the Terms of
the Arithmetical Progreflions, 4, 3, 2, 1, 0,
and 0, 1, 2y 3, 44 there will be two new
EPuations formed, from whence there will a-
rife this Equation, after the unknown Quan-
tity x is gotten out. .
642°—48aaz*+-12a822—a° =o0,
419244 —96aanu—1g5atuu
- 1920t —48aaut
4645 .

exprefling the Rektion between the Abfcif

GE (x) and the Ordinate EF (z). Which
was to be found. . :
The toilchini‘Point F may be determined
by what is explained in the cighth Setion.

~ For if another incident Ray pm be conceived

infinitely near P/, it is plain that the refleét-
edRay mb fhall cut MH inthe Point F fought;
from which having drawn FE paralle] to PM,
and making' C E =4, EF=z, CP =y,
PM=—y, CM=a, you will find as before

aax-t+aau— . . . .
GUIUXX — 1%, Now it is manifeft,

. Xy ‘ .
that CM, CE, E F continue the fame while

CP and PM vary. Therefore with 2,#,z, as
ftanding Quantities, and x and y variable ones,
throw that Equation' into Fluxions, which
will be 2uyxxx—taauyx—aaxx)—aauwxy-t21uxy

=o. Wherein fubftitute —-7?-7 for its Equal
#, (becanfe they are fuch by throwing yy=

#a—x% into Fluxions) and then 44—xx for J'Jg
. an
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and at length there comes out CE (#) ==
LA ' : L

éa - :

If the Curve AMB be not a Quadrant,
but any other Curve, whereof the right Line
MC is the Radius of Evolution in the Point
M; it is manifeft, * that the Portion Mm
thereof may be efteemed as an Arch of a Cir-
cle defcribed about the Centre C.- Therefore if
fom that Centre the right Line C P be drawn
perpéndicular to the incident Ray PM, and

aluming CE = Z—; (CP=x,CM=a), you

draw E F parallel to PM7y it fhall cut the re-
fieéted Ray MH in the Point F, wherein it
touches the Cauftick /FK. :
If thro’ all the Points M,z in any Curve
AM B be drawn ftraight Lines MC, zCtoa
given Point C in the Axis 4C of it,"and other
ight Lines M H, mb terminated by C B per-
dicular to the Axis; in fuch manner that
the Angle CMH=MC H,and Cmb=—=mCh;
and it be requir’d to find the Point F, in ev
Line M H wherein it touches the Curve AF.
formed by the continual Interfe€ion of the
faid right Lines MH, mb, we thall find as before
CH="Z +_yy;zof—uy : From whence we
2y =k
getx’+”” -{;yxyy T H¥¥ — 2z, which thrown
* 1o Fluxions (with # and z as ftanding Quan-
tties, and » and y as variable ones) will be-
9% — wxny — unxyx — x4 - ux'y -+ xxyyy+
”x}’f}’s-—;uy’x ’;_—T':og and thereforc CE (1) —
X yx—xtyrtaxnyyy
P — ",l-y’kn_:y_yj'. Now the Nat@c of

~ the
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*® Art.76.
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"Parabola’s BF D,CD G, having the right Line |

| - A Treatife -

the Line 4 M B being given,. we fhall have 2
Value of y in x, which being fubftituted in
the Expreflion of CE, and the fame will be
freed from Fluxions, : ‘

Pro .p: VIL

209. LE T AO e an indefinite right Lines |

‘the Beginning whereof is the flable
Point A; and let there be an infinite Number of

Ag.a; a common Axisy to which the right Lines
A B, AC intercepted between the flable Point A
and their Pertices B and C, are the Parameters.

4t is requir’d to find the Nature of the Lins AFG

souching all thofe Parabola’s.

~ We may bbferve, 1° That atg two of thefe |
one another

Parabola’s BF D, C D@G interfe
in the Point D, fituate between the Line 4FG

and the Axis /0 and that when /C— 4B, |

the Point of Interfetion D coincides with the
Point of Contat F. This being well under-
ftood, = ' - '

It is required ta draw 3 Parabola thro’ the
given Point D having the denoted Property.
Draw the Ordinate DO, and call the given
Quantities #/0,% O D,z ; and the unknown
one 4 B,x; then by the Nature of the Para-

bola given #BxBO (ux—xx) =D O" (z2);

- and ordering the Equation xx — ux 4 zz=o.

Now when # exprefles 40, and 2 O D; th¢
faid Equation will have two unequal Roots,
viz. AB,CA: and on the contrary when#
exprefles AE ;and z, EF; AC becomes equal
to 4B, that is, the Equation then has two
equal Roots. Therefore it muft be multiplyi;d

] , y

i
¢
1
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'by. the~ Arithmetical Progreflion 1, 0; ~—1:
and fo ¥ —=z, and fubftituting z for », there
arifes # =2z, which muft exprefs the Nature
of the Line AFG. Whence it follows, that

- AFG is a right Line making the Angle F40

“with _4Q, being fuch that 4E is the Double

of EF. . _ : ‘

If the Problem is requir’d to be folved ge-
nerally, wiz. let the Parabola’s BFD,CDG
be of what nature you pleafe. Recourfe

237

is to be had to the ‘Method cxplin’d in

the Eighth Seftion, and the fame muft be ufed
thus. Call 4E,43 EF,z; 4B,x; then will

u—x X7n*=z"™+" exptels generally the Na-
ture of the Parabola BF. This Eguation
thrown into Fluxions (making x and z in-
variable, and » variable) and we have

M1, Aemi, =T
—mXU—X XXx"Apx T xXu—x =03
%

and dividing by s—w - sxw 5 there

comes out x =

#3 and therefore #—x =

2 4. Now fubﬁ:ituting thefe Values for
m—+n : '

- 4—x, and x in-the general Equation; and
. PPN I ”
making (for brevity’s fake) P p
=g, m-+n==r, and then will z be =}/p"7".
Whence it appears that 4FG is always a right
Line, be the Parabola’s of what Nature fo-
ever, the Ratio of AE to E F only varying.

_ From what bas been explained in this Settion,
it evidently appears how Defcartes and Hudde’s
Method muft be ufed in the Solution of Problems
of thefe Kinds when the Curves are geometrical.

But
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.But it is not comparable to the Method of Flusis

ons, which furnifbes us with general Solutions,
and extends to all Kinds of Cuyves, withowt any
Neceffity of clearing Equationg of Surds. Where-
asy by the former Method, we only get particular
Solntions, and are neceffitated to throw out the
Surds: which very often cannot be done. -
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PART IL

Being an

APPENDIX,

Containing the

Inverfe Method of FLux1oNs,

WITH THE

. Application thereof in the Inveftigation
of the Areas of Superficies, Lengths of
Curve Lines, Contents of Solids, and the -
Determination of their Centres of Gravity

* and Percuffion.

. Wherein are Examples of Solutions, accord-
ing to the excellent compendious Way of
the late Learned Mr. Rocer CoTEs, by
the Meafures of Ratios and Angles, or Ta-

bles of Logarithms, and natural Sincs and
Tangents.
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APPENDIX

. oF THE

.:‘Inverfe Mcthodof FLUmes.

il

‘@féTthi“

- Of the Reluﬂ;on of Fractional Ex.

preffions and Surd ngnt:tze.r to ine
Jinite Series,

HE Flucnt;s of ﬂongg Quantis

1l ties of Fluxions exprefs’d frattion=
wife; or of ‘{uch wherein there

|| ate Surds or radical Quantitiesy
) in general cannot be found till

the faid fractional Expreffions are freed from
their compound Deriominator, and brought to
fimple ones, and the radi€al Qlantmcs from
their Surds, by throwing fich Expreffions in-
to infinite Sches Whnéh may gc done’ by
the two follawmg Problems

»; ’ :




APPENDIX.

P RoB. I..

I.TO throw 3%; (a and b being ﬁktdi&,

and X a variable %aanﬁty) into an infinite Se-
vies, whereby it wi
Denominator.

Divide the Numerator / by the Denomina-
tor 4 -, after the very fame manner as you
do decimal Frattions, by adding o to the Re-
mainder, and repeating the Operation till you
have gotten 4, 5 or 6 Terms in the Quotient;
after which, in many Cafes, you may find as
many Terms as you pleafe, by confidering the
Law of the Progreffion of thofe Terms alrea-
dy found. And an infinite Number or Series
of Terms fo found, will be the exa& Quotient
of the Divifion; but ufinally a few of the firft
‘Terms are fufficiently near the Truth for any
Purpofe. . B

o EX;_&MPLE,I.Ab .

b bx y bat b g
a+tx) b+ 9(-“--—-;5 7w &c.

s+ S

5 at For

be freed from its binomial
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For dividing 4 by 4, the Quotient is é .The
Produ& of -Z-by at-x is_ba_.a %for b+i—"",
W hich fubftra@ed from the Dividend 4, and
there remains o—%"f. Again, if o -——%”bc di-

vided by 4, the Quotient will be — bx . There-

aﬁ
fore the Produét of 4+« into —-%—f, that is,

_abx_be

ox
— or — - —
a* @

% Gibfira@ed from
aﬁ.
the Dividend —%’5 leaves o - %’f;. Whence

the Law of the Continuance of the Divifion
is evident. Now the Quotient confifts of an
infinite Series of Terms, whofe Numerators
are the Powers of ¥, lefs by 1 than the Num-
ber of the Order multiply’d by 2, and deno-
minatgs the Powers of 4, whofe Exponents
are equal to the Number of the Order of the
Terms. For Example: In the third Term,
the Exponent of the Power -of x in the Nu-
merator is 2, and of &-in the Denominator -

is 3. .
%n liké manner, if you put « the firft Let-
ter in the Divifor, and then divide 4 by x4,

as before, the Quotient will be .;;‘- —.b_f + i.,_;‘:
) X

....g, &c. So that it’s plain there will be as

many Quotienits .or infinite Series gotten by
this Divifion, as there are Terms in the Divi-
for; and thofe Terms of the Divifor which are
greateft muft ftand firft, as well as thofe in the
Dividend, in order to have a true Series.

R 2 For
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: For Example: Let be=1, =1, inds=1,
Then if the Divifion be perform’d with 2 as
the fitft Letter of the Divifor, you will find
1 I 1

T SN .
";—2—1—[-—,2‘ 4+§— !—6-, @c- WhICh
we know to be true from other Princi-
ples. But if x be the firft Letter, then will
1 I : .
ST be —1' 244 —8 416, &9c.
which is falfe. For this Series diverges;- and
differs fo much the more from the true Quo-
tient, as the Number of T'erms is greater. For
Example: One Term 1 exceeds § by §5 two
‘Terms are deficient by $; three Terms exceeds
it by §; four Termis are deficient by ¥, and fo
on.

ExamrprLe IL
bet s (aa - 0) 9650 4 47 __00¥ g,

a0 3-2%%

If
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1f & be put firft, then wdl the Qtouent be

Ad  aab y asb* aab’
% x* X8

Again; the C&muent of --+——- will be

found 1 — x* +x4—-x‘+a" &c. or (ma-
kmg xx the firft Term in the Divifor)

X ‘—l-x b—x—8 &ec.
x s 8; )

Moreover, —= : freed from its com-
1+x’-—-3x

pound Denominator by Divifiord wxll be brought:

to zx{'——zx+7x ~ 134+ 345, &e.
And lattly, This Fration
14-iaxt—va'xt 4 Tratxt ——-—m‘x &ec.
1 —3ox — 30 xt—Te P ut — iy bt oy &,
having both Numerator and Dcnommator in-
finite Series may be freed from its compound
Denominator, or brought into an infinite Se-
ries by dividing the Numerator by the Deno-
minator, as before: the Operation being alike
to tHat whereby one intermifiate decimal Fra-
&ion is divided by another.
This Quiotient or infinite Series will be
Y PRy Y S-S btad, &c.
+ 34 Y bt tkab
—3a? —eath —ZaP
o ++5a*  +5a%

—zivas.

A

Pros I

z. TO free a compound Expreffion from Surds,
by tbrowmg it intg an infinite Series. Sup-
pofc M

1

-

S
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Extralt the Root thereof, as you do the
Root of a decimal Fraftion by the Addition
of Cyphers, and bringing out {o many Terms,
till you may difcover the Law of the Progref~
fion; that from thofe already found you may

. continue on the Terms at pleafure, and the

thing is done,
"ExamrrLe L

| x4, & *® '
8a-t-xx (a—l-f’- ,—-—{-—-i—ts—a-,-—;%—a,,&c. '

: 28 &4
aa

otax
xx+-’f‘-;
— 4

o X

44"
_E
442 R-a-; 64ﬂ . )
x° %
o —
7 644°
xo xs A0 .9:.' ?
3oV 162 6@ ¥ 560
Fa5  ar® X'
foX 0 - ———
644° * 644 zyda“’&c'

For the. {quare Root of 24 is -}-4, for the
firft Letter or Term of the Root. Which
{quar'd and fubftralted from 44 xx, there
remains ¥x. Which being divided by 24 (as
in the Extraction of the {quare Root) and the

Quotient will be - 5’% the fecond Term of the

-

28 Root. Which added to 24, and the whole

multiplied by £, will be xx 4%, Thistas
ken
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ken-from xx, and there remains —:-%.Which
divided by za.—-:-:: the Double . of the two

firt Terms, and the Quotient — - will be
a .

the third Term of the Root. This addcd to

2a —-—.;, and the whole muluphed by ——

8a ”

will bc—4—a— 4—l— — Wh’d.‘ taken
from -;-'--’5.-, and there remains o-—]—.‘f-— 2

8a* 64a°

And after this manner you may find any Num-
ber of Terms. Andfocontinue the Series on at

Pleafure.
If xx be the firlt Tcrm of the ﬁ then

at a°
wal the Root be x -} — _8'3 + 16x‘_:
o & -

And here, as well as in the Divifigg. afore-
ing, the greateft Term of the muft

firft, otherwife the Root or Series will
not. be true.

ExamrrLe IL
K——XX (x —%x —3 x’}—-—f-;x —-T’nx%, &e.
® C ‘
—x-qx
Lt Lid
— a8 it
O =3 Xt emmeyr ¥
—Fxt +-rx"+-rx‘+—wx’ 1)
~
O—dgat—gx Xommaiw i’
— e &° = viy a8 ptr a7 g +"n‘!“'x’
0 —wdva® —str s’ =i Al —rrire 4%,

&e.
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.’A.EX'AM‘PLE IH.‘ _
Tas24 3 x"-'—'{q.x’—\e o, See. (T b2 K C,
I ;

o2+ At gqa’ o 5, Bec.
—2x4 x* , .
ot zxte—yq -y af &c.
B el Lt uiit. S
0 ~—2x'~=gquxt &c.

A&ch the famé way Eo‘u may . extrak the
Cube,. Bi rate, {3¢. Root of a Surd, .even
if it be mq:}t?gnite’sgim.' T
But thefe Extradtions, as well as the Diivis
fions aforegoing, will be very much fhorten’d
by adiscorem mvented for that Purpefe by

Sir Ifaac Newton, which is this: P +- ,P.,?f

=P* 24+ " BTG,

~ .

Where P-|-P9Q:; is the Quintity whofe
Root or any Dimenfion, or Rogt of the Di-
menfion, is to be found; that'is, exprefs’d by

.an infinite Series. P is the firft TeAp of that

Quantity: 9 the reft of the Terms divided by

“firft; and 7;” is the numeral Index of kac Di-

menfion of P-+P9Q. Moreover, A, B;C,
D, &c. are ufed far she Terms fépmi in the

Quotient, wiz. A for ‘the friTem P” 3y Bfor

e e A fc@ |
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A few Examples will thew this wonderful

‘Theorem’s Ule. .

Examrere L

1/aa+xx or aa+xx is _a+2.a ;;‘-}-

xG

= —ZS'Z"’&C for in this Cafe, P is _-aa,

xx , : -
=% m=1,n=1 d = “=aa’ =g.
-Q, Py > s 4 ( )=a

ZaR) =1 C(="7BQ) =
. . 2” R
&c,

8’—

EXAMPLE II.

: L
!{/as".“:‘;—x——:x’, or #tatx—x’ 18 =

. —S 8 4ar6 g 410 N
a+a‘x x._zaxx+4.ax LX +&Cfol‘

ya 3L
. . d —‘a4x.._x$
hcrcm=1,n.-—‘_-f, =4y and @ = ——"*

ai

'

Examrepre L

’ e ==} 1
or bxy —4* s =bx~—
Vyf—_r—ay’ J’ .7 _ ‘_'}’
> &c for P—-y D=

§7 9y* = 81y
‘.‘-‘? m==—1 n—-—; d(P.—-y’x—*)::y
yy -

. thatxs, B(=_4,@=_,x x— 28

Y]

s . EgiMe
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EXAMPLE IV. |

xa¥ | 1u%
1/a—\—.a: ora—i—x 1.'.----41‘-}-4'?t +-E
-—-ﬂ—+&c for P=g ._-M. m=4

.L 84;

n-—-; (==PZ)— { &c

‘EX.AMP'LE V.

¢+x or ﬂ+# 18—4’+)'4"x+1¢a’xx
10424 - g aus 4 5. For P =g, Q=

m=y,andn=1. d(— ):a!. B(_

‘ %-—AQ) =y at%. and fo C—ma’xx D=
_104a¥. ——yax' F=y". and G (.-
m~f”FQ):o

EXAMPLE VI .

T —i ., I —
".——Ora x ora x -1s== okt
i + + - =
X%

—— ——
ae @

) Q——,m_—-t, #=1. and A(=P*—.
4__ ):.:4’_" or — r ,8 (=.Z.AQ‘=—3

—_ i, Ca"c for m this Cafe P =g,



- - e —————— e ————— — —=

i APPENDIX 19
._., £9’c So that the {'md wondcrful Theorem

hkcwﬁg frees Fratkions ftom their Detomina-
tors, as'well as extradts Roots.

)EXAMPLE "VIIL.
-3_L_;xa+x s L 3x+§ff’

a x & af a*
—Iox!
;&c

lEXAMPLE VIII

J——— 1

4 —3i. 1

Ap‘?ﬁ_éx{;fx “"é:hx—;%-
25x 14.*‘ ~ ‘
’~+9a§ 8145 » e .

EXAMPLE IX

And vY——— ,——_. =5 Xa -+ x-éis=bx—, — 3%

Va1 as yoav
1255, yzx’A ‘ ..
+zya‘;—f izga% . &fc._ - SRR

In the Philofophical Tranla&ions, Ne..»
Mr. De; Moivre has' given us thc followmg
Theorerh for raifing an infinlte Séries to.a given
Power ni or extracting the Root thcn’c s ViZs

az;;_bzz+;zz+dz4+ezr+ﬁ &e. " willbe =

- =aramt

m _
+ a™ ‘bz""‘l‘f
< ‘( -
: +ZX”L_.:I4“‘—45‘
ek 7;” i
v + =
PP

S:."-;-}-j
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| r 3 )
F 2B z=
I 1 ..
2

.
2 Iy "2y __la"’—"4-5‘
T 3

--mz__
.+ mlx msbz

I 2 1
+ = xm;—! m—bd 5z
< . + i xm I am—-z ‘x
1 2

s , 4 2 gn—ie
. - I J

1

P e _’

3 4
m— —_—2  m—
—l—.....' X I y?” 2y 34“*—4%
2 3 L
+ IO s SN e Y
| S 2 1 Ed
+ f.' 2122 s Lzt
Lo 1 I 2 4
-+ 7 o« ’.”_‘__..la""" be
1
m
(AN Gl WS VY
-1 .
. c ! 4 ”m “n——:f
- ¢ ) PR
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L Mt B3 —d M mbys
I 2 3 4 5y 6

. M1 D=, M -
” x 2xm 4 m—5)4,

1. 2 3 4 I
gn _m_ | m—zxm—'zam—-q.w
L1 2 3 1
-\_ 1”_ m_'l m me—;“m__‘bztl
1 2 1 2
+ KB s e
2
m _m—1 m—2
SRR i N S V7Y
1 I I .

~+ _’?x Ia"“"bf
I I .

m xm—-xxm—z‘a.,__, o

1 2

Ly M Ml e
+ - x—-—[-a"‘ *ce
_ 1 1
L Ml o
R (= el b
-~ I 2
N -
‘ . -I-»~a" g

J13

2o

&g¢.

=

Far underftanding of which, it is only ne-
ceflary to confider %l the Tcrms by which the
fame Power of z is multiply’d: In order to
- which two thmgs in each of thefe Terms muft
be confider'd, 1° The Produ& of certain-
Powers of the given Q:antmcs or Coefficients
ay by ¢y d, &c And 2°, The Uncie or Pro- _

dudls of % x 22, &c. prefixed to them.

Now to find all the Produts belonging to
thc fame Power of z. For Example; to find
) that

A‘V
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“that Produ&t whofe Index is m—4-r (r bein,

any whote-Number) the faid Produéts mu

be diftinguifhed into feveral Claffes. Thofe
which immediately after fome certain Power
of a (by which all thefeé Products begin) are
Produtts of the firft Clas: as a™—¢b'c is a
Produét of the firlt Clafs, becatife  immedi-
atcly follows a®—4. Thofe which immedi-
ately after fome Power of 4 have ¢; are Pro-
dudts of the fecond Clafs. So 4™ *c¢d is a

~ Produ& of the fecond Clafs: Thofe which

immediately after fome Power of 4 have 4, are
Produéts of the third Clafs, and {o of the reft.

This being undetftood, 1°, Multiply all the
Produéts belonging to z™+'—* (which im-
mediately precedes 2”4 by 4, and divide
them all by 4. 2°, Multiply by ¢, and divide
by a, all the Produéts belonging to z=4-—32
except thofe of the firft Clafs. d7,°,. Multiply
by 4, and divide by 4 all the Produ&s belong-
ing to z™+ "~ ¢ except thofe of the firft and
fecond Clafs. 4° Multiply by ¢, and divide
by a4, all the Terms belonging to z=+ 74,
cchpt_tho{é of the firft, fecond, and third
Clafs; and fo on, till you meet twice with the
fame Term.. Laftly, Add the Produ& of g=—*
into the Letter whofe Exponent is 7 ~{- 1 toall
thefe Terms. ‘

Note, The Exponent of a Letter is the
Number exprefling what Place that Letter has
irr the Alphabet, as 3 is the Exponent of the
Letter c. .

" By this Rule it is manifeft that it is eafy to
find all- the Produéts belonging to the feveral
Powers of z, if you have but the Produét be-
longing to zw, viz. a™; '

- Now

-
.
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Now to find the Uncie prefix’d to every

Produ&, you muft confider the Sum of the -

Units contained in the Exponents of the Let-
ters that compofe it ( the Index of 4 except-
ed) ; then I write as many Terms of the Series

X IR—=1 X =2 X113, (F¢. as there are Us

nits in the Sum of thefe Indexes; this Series

is to be the Numerator of a Frattion, whofe

Denomingtor is the Produ& of the feveral Se-
ries ¥ x2X3%4xf, o 1x2xIxX4x], Qo
I1X2X34X5X%6, (Fc. the firft of which con-
tains as many Terms as there are Units in the
Index of 4; the fecond as many as there are
Units in the Index of ¢; the third as many as
there are Units in the Index of 4," &c.

The Demonftration of this fee in the above
cited Tranfation. ;

Here follpws an Example or two of the Ufe
of this Theorem. - ‘

ExameprLe I
. ) o« . . . 1 I 1 1
[ o raife this infinite Series = - 4~ ==
x  xx X xt

{J¢. to the fecond Power, or to. fquare it.
In this Cafe in the Theorem m =2, z ==z,

¢ 1 1 J 1 .
= b=_. =_.d= ¢. therefore
x% & «°’ # &
a .
1 1 1 I A 1 2
—_—_t 4= . will be: — 4 =
x+xx+x’+x" &e. will xx+x‘ +

%; 4 ;“!;., {gc.for the firlk Term ™2™ (=$Xxx)

is _—.xl. The fecond Term 7 am~* pz"—*
7 ) 4

2 1 . 2
Soem X— X &? ) 1S =—.
( an %

The

-
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Bt ) . ,
The Thid ¥ 2 zmh =zx§ X %m’

+ Zar—re
R
T . 1.1 __2 3
il X =X =X xt=Z % 1s=2,
x4+z XX ;z‘ 4}

m m—1
1 2. _
The Foutth Term = + (LT PR S

.'_”. an—s4
.

2% ExSxxx x %xx’=o
z 3

zxxxrx-x_xx‘ z =‘.‘-—.
x° P x5

2

zxt—x %xx5=_.

xx X x

Examepre IL

To fquare this infinite Series 1—=x - »* -

-+ x4, &ec.
In thxs Cafe in the Theorem m =2, z==x.
4= L—1.b=1.c=—1.d=1, &c. and
X -

fo I—-x+x‘—x“+x" s &c. willbe =1—2
¥4 3 % — 44 + 5 x4, &c. for amzn

-I :
(=_ ——Ixx‘):—-t——zx-{-xx. Zam—:
. X - I :
—
2 1 . i
bzm-i—‘(:rx;——x.x’) = 2K XN —2 X

"
)

R
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7 an—3p 4 ‘ ‘

ottt i
7 am—r, )

2 —"—zf""z
IxDxlemr xoxas S
I 2 x =—x 4244 &c:
2 1 !

=X =1 K= Xx*

I8 &

Exampr e I

o raife 1 —x-}-x3—x* 4 x", &c. to the
. third Power, or to cube it.
Herem=3. z2==x. a= -;—-- I, b=o,
c¢==1, d==o0. and fo the third Power will be
I—3%+ 3524 — 6x4, &¢. for am zm
———3 .
I ‘
(=;~—! Xx*) =1—,-;x+ ;Nx«—-x'

etn——— L

m - N -
-;a m===t form- 1 (:3xi- -1 X oxx‘):o- ,

“m _
__X_m 1
1

gm—243 ,
20 2 =x
ﬁa‘n—‘.c
I .
. e I
1
_ QXIX-;—IXOfxx’:o _

———1 -

gxl-—-x xixad==3at—6atx3u
X .

303 —6x* 35 . '
And becaufe 4 ==0, and al{o 4, therefore the

next Term of the general Theorem will be o.
And thus you may proceed on. - T
A T

ExaMe

17
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ExamprLe IV.

o extrat the Root of an infinite Series;
that is, if z be —ax+bx*4-cx® 4 dxs
-+ ex%, {Fc. to find the Value of # in-an infi-
nite Series of Terms affefted with z, -and free
from x.
"~ Firfty Let us f?pofc x"-fz-l--bz‘—\-l;z3
=124 + m254n2% (9c. Then by the Theo-
rem x*=f* +szz’+b‘z‘ - 2bkz k28
~-2fkzt+ 2 fIz° +-2blz¢

+ 2fm2’
\ . &C

a’—f’z. + if’bz‘—l— 3fb 2’ +b’ 2% &ec. -

. 3kt +3}"Iz

at=f*244-4f b2’ +-6f*b*2", &c.
2t =f 25 J-gf *h2S
.~¢¢“=f‘z6 &ec.
Now fubﬁxtute thefe Values in the Equation
0 == e 2teant-bx* A cat d-dx*Hex®, ¢, and
then will —z=-—2.
+ax= +afz+abz + k2’ + alz* 4 amz® anzé&c.
bur = * bf 2 20l ob 24 A-25f 1 +bk’z‘
F-2bbkzs - %
) , +r}bbkz’+zbfmz
Foad= * * ‘-i—-c 2B 3ef bzt A cfb’ st 30120
P ey g
' ' 3¢f Iz
. T 6fbkzs
dit== *° * % +dfz“ +-4df’ ‘+6(1f‘b’z.‘
: . ) Pad
exT== % * % % €f'z -gef* bz*.

Now if the Sums of the Coéfficients of eve-
ry Term in this Equation be made equal to
’ no-

>
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nothing, we may get the Valués of the Coef-
-ficients f, bykyl,m,nythus. The Sum of the
.Coefficients of the firft Tcnp :;} z will be
-af—=1." Whence if af—1 =0, then will f
be = %.‘ In like manner the Sum of the

Cocfﬁci;:nts, of ;hc. fecond Term “b, 2* will
be ab4-2f*. Whenceif ab -+ 5f* =o, there

* will arife b= —'a‘ ~=E,é. In like manner
~ the Sum of the Cqéﬁcicnts of the third Term
made:- equal ‘to o will be ‘zzk+ 2bfb-efP=o0.
Wheogs 4 = 2t bt i
al4-bb-+-2bfk+3cf *b-df *=o0. Whence /=
—bh—2bfk{-3cfbmdf* _ —b? pLEWY P
g TG L a—gbt " g® 436
‘ 2 . S ¥ . .
+“a‘_d‘=f”.b‘ Zf ad So likewife  is
14 6ahd—218b 34 e .
= : ~—— Andn=

19

e

4285 484483 c—284" brem284*bd A743cd 4703 cd Y723 beat S

‘l 1 «

W hence at length fubftituting thefe Values
of the Coefhicients f; b, k,/ym, n, in the afflumed
Equation ¥=f% -+ bz* |-kz’ Iz *--mz* +n2%,
£¢. and the Root fought will be x = -az----bzz-3

+ zb’;zcz, "-+ rabe—rsb® —a'd 2* -1
: a’ . ti". . .
140*4-64%bd—2 : 94&‘:—}-;4’:‘—-4 ’ez,’ €7e.
Note, If there are any Terms wantinginthe
propoﬁ;d Equation, it is plain that they will
\ o T like=
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' likewife be wanting in the Root. . For ERam-
ple: If » be -—ax+cx3+ex &c then will

. —T—_ zi + —a ‘ @C In

like manmer, if 2 be ==ax+bx’+cx‘ R RS
£x°, Cs’c then on the contrary will » be. =

z 55 ac 8abc—aad — 1 2%
g g S

2 +ffb —ffabbc+1?’aaéd+yaaa—a e 2
&ge.

SchHoLIUM

3 Tunst two Expreﬁions for the Roet »
being, thus found, will now ferve as
Canons for ﬁndmg the Roat of a opofed
infinite Equation by Subftitution.
For Example: If you would cxtm& thc

Root of thxs Equauanz——x—_—}-?-—z

‘ +? 69”: Then fubftituting in the fitft Ex.
pr nxfora, ‘forb,fforc,--ford,

7 for ¢; there will come out ¥ =2z 4 #2z
+iz’ +nz“ e, . Moreover, the Root of

this Equation z==x—"_
= ’fﬂ” ?+M’

o — 2 22¢ 1727 + |
£e. willbe x = z+ + o + = 31;r
622

B350 © &c. by puttmg in the Exprcﬁion I
for a —é— for &, j_—- for ¢, —7_’;‘ for J?‘

-—fore,&c ; o
9 .

SECT,
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N

SECTION IL.

Of ﬁhding the Fluonts or ﬂowmg qua-
tities of given fluxionary Expre(fions,

DErFIiNITION.

HE fluens or ﬂqwg‘ég uanfity of 3 -

_ given fluxiénary Expreflion, is that
Quarntity whereof the given fluxionary Ex-
preffion is the Fluxion. As the Fluent of # is
w, the Fluent of #- 7 is -}y, the Fluent of
%y -g#1isxy, the Fluent of mxm=—*% is xm,

oy S =, an
the chntOFaxeis'mx L

Coror. L .

21

4 eExcE if the Ordinate PM (5} ofaCurve g 1e. 1.

: or firait Line) 4AM at ﬁ%‘“ Angles to
the Abfcifs AP (¥) drawninto Pp (&) repre-
fents any given fluxionary Exprefiion; then
the Area of the Space 4 PM wiﬁ be the fluent
or flowing Quantity of the given fluxionary
“Expreflion; and, vice versd, the Reltangle un-
der the Otdinate PM, and 4 the Fluxion of
the Abfcifs 4P, will be the Fluxion of the
‘Area or Space #PM. For this Reflan

may b taken for the Trapezium P Mmp, which
R : A
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is the real Fluxion of that Area: becaufe their
Difference is only the fmall Triangle A,
infinitely lefs than PMmp. And {o it may be
sejected.  (Axiom 1. Part 1.)

Coror IL°

5. Hs ncE likewife it appears that the in-

verfe Method of Fluxions is a kind of
a general Way of fumming up of Series,

ScHoLIUM.

6. Hmu: we may .obferve, that a Fluent

: can have but one Fluxion; but on the
contrary, a Fluxion may have an i{xﬁnite Num-
ber of Fluents. For Example:"The Fluent
ax will have but only this Fluxion 4%. And
if by ¢, dy f, g, &c. be conftant Quantities;

then will ax-b,ax-c,axtdyaxd-fiaxtg:

‘or 4x -, an infinite Variety. of other conftant
Quantities, be each the Fluent of 4. Whence
accurately” fpeaking, the Fluent or flowing
Quantity of zx is not ax, but ax=+p. p be-
ing any given Quantity, which may be equal
to any other Expreflion whatfoever, confift-
ing of conftant Quantities. The fame may be
underftood of the Fluents of other fluxionary
Expreflions. A :

As it is eafy to raife a given Quantity to any

-given Power; but on the contrary, any Root
- thereof cannot be had in finite Terms; fo like-

wife in the Bufinefs of Fluxions, it is cafy to

- find the Fluxion of any variable Quantity, or

variable and conftant Quantities any how com-
goundcd together. But on the contrary, the

Flueng of any given Fluxion cannot be had in

finite
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finite Terms. For as in Algebra we have re-
courfe to Approximations in the Extra&tion of

Surd -Roots, where they cannot he exaétly

exprefs’d; foin the Inverfe Method of Fluxi-~
ons we make ufe of infinite Series, where Flu~
ents cannot be had exaétly.

PRos. I

7.7O find the Fluent of a gifvm'. Suxionary
Eypreffion.

- Cafg I. 1. When fluxionary Expreflions
confift of no Powers of flowing or variable
Quantities, but Produéts of flowing Quanti-
ties multiply’d by Fluxions, aud alfo the Flu-
xion. of every flowing Quantity that is in the
Expreflion, as yx-{-xy, or xyZ 4z xj -+ 2yx..
The Fluents are had by this Rule, which is
the Reverle of the dire&t Operation, viz.

" Infiead of each Fluxion [ubflitute its re[pective.
variable Quantity; and adding all the Terms to-
gethery divide that Sum by the Number of Terms.

So the Fluent of jx -4 xy will be x5, and
of xyz+zx9+zyx willbexyz. - - .
2. When fimple fluxionary Expreflions, in-
volving fome Power of the vatiable Quantity,
occur, viz. multiplied into fome ftanding
uantity, as 2xx, or 3xx %, or mx™—*%, or

: 1% %=k or as®# which is the moft gene-
ral Expreffion of all of this Nature : "The

Fluent will be had by the Reverfe -of the di-
© re€t Operation. For as in the diret Operati-

on, any of the forcgoing Expreflions is found

by leflening the Index of the Power of the
variable Quantity by 1, putting in the Auxio-

nary
2

23
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mary Letter &, and multiplying the whole by
the Index of the Power of thcgvariablc Quas-
tity 5 fo we come back again to the Fluent
adding 1 to the Index of the Power of the
variable Quantity, ftriking out the fuxion

-Letter x, and dividing el by the Exponent

thus increas’d by 1: therefore in all fuch Cafes
this is the Rule. .

Strike out the fluxionary Lettery add Unity to
the Exponent “of the wariable Quantity in the
Expreffion, and divide it by that Exponent thus
sncreas’d by Unity. . . ’

Hence the Fluent of 2x%, or 24'% is »°.
For ftriking out #, and adding 1 to 1 (the
Exponeat of x'in the given Expreffion) there
will be had 2 ¥*; which divided by 2 (= the
Exponent increafed by 1) the Quotient »* will
be the Fluent of 2x%. . -

In like manner the Fluent of 3" will be

%3 of mam—1 i will be xmg .of.;,,“-‘a‘-’ %

T Oeel , . —n
will be x",of-—ux-'. "% wilbe x or

T, of. 2 s an L L .
x_‘.‘-;o qx.x thl &mx ”» -, FOI‘m
this latter Cafe by adding 1 to;.;thexrm of

the Power of the variable Quantity, and fris

kin'g'ouy the fluxionary Letter 5, we have

om

. B ”‘4_'

i . s L R T « Sma—rry < s
dex) and the Quotient is —oe & 7, iz,
' o m-tn
the Fluent of gx* %. -

tg . .. . ) ‘
ax =5 Which divided .byﬁﬂ(xhcncwlnf
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_. Becaufe- this latter Fluxion and its Fluent
are the moft general of any of thofe of the
above-named Condition: They may ferve as
a Canon for ﬁndufx'g of Fluents of fuch fimple
ﬁuxmnary Expreflions as abovefaid, by bri
them under thc fame Form, and aftcrwm‘D%s
§ﬁxtutmg For Example: To find the Flu-
ent of #*¥. Now thns ught to the ﬁmc

Form with the Fluxion 2 xwﬂlbcuf x3
fothatsis =1, n==1,andm=2. Whence
putting i for 4y and 1 for #, and 2 for = in

tthlucnt% = andthcoweﬂnllhavc
§* for the Fluent of 14'%.

" Inlike; manncr the Fluent of 4.,/xx(—-4.x x)
‘will be ‘x (—*?‘/x’)

- _ The Flucnt of /x’x (=x33) will be b2
The Flucnt of —,x (=1% x) will be

—
--—x ——)-—x ) Forhcrea::t,

V—,—x(:—";:é :E) will be

( "’Vx‘

Lai’dy, The Fluent of o (.—.—. 1% x)

The Flucnt of

U . will

\V

%5
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« r

will be 1x =1 =dx1 =-&=Inﬁnity. Fop

herea=1,m=—1,and #=1.

Cafe 11. Ifa ﬂuxionary‘Eiprcﬂioh g:on’i'xﬁs
of any Number of fimple Terms, fuch as
thofe in V. 2. Caft I. the Fluent thereof will

~ likewift confilt of the Fluents of the feveral
Terms of the Expteflion conne&ed together
with the Signs - and —. For Example:
)

The Fluent of «*4+ %% or #*+ &% x &,
will be $ 4 +3+>. For (by N. 2. Cafe L)
the Fluent of #*w will be § x*, and that of

. 5 .
#*#willbe $+*. And fo the Sum of thefe

Fluents wiil be the Fluent of the Sum of thofe
Fluxions. : .

So likewife the Fluent of x*:‘c——x%:': “will
be § »* —-%x*. ’

Andthatof 3xx—25*% |- »*x — 5 x* & will
be at —Fat F Fat—uS. "

I3

Moreover, that of ¥~ *#4-x— "% or that
of 452 Ti, will be —x—t— 22 )
or —x*-2x *; and by changing theSigns |
we fhall have the afﬁrmatiye Values, wiz.
T ax T, or x ez .r.

That of x*x-+x— *%, willbe §x3—27".

' Cafe 1II. 'When the Term or Terms of
a Fluxion are more compounded than any of
thefe aforcgoini, they muft firft be reduc’d to
fiaple Terns like fome of thofe of the fore-
going Cafés, by throwing the Exprcﬁiox}‘, or

‘ ome
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fome Part of it, into’an infinite Series, ac-
cording to the Rules of the firft Section: then -
the. Fluent of the Expreflion, thus brought in--

to. an infinite Series of fimple Terms, may be
had by the Rula bcforc laid down. For Ex-

[
amplc Let i -
. Now this thrown into an mﬁmtc Scncs (by
Prob 1. Se& I.) wxllbc_ x*— —-x+

xbea given Fluxion.

-;- x, &c the Fluent of Whlch by C‘a_/& 2.

Wlll;be, ,.,x-—- -zi X +.—-¢—-x’—-£’-‘- &c

44*’
. In llkc manner the Flucnt of —:l“—»‘; xx=¥ e 4,
A t:'c-—x x+x’:¢—-x % &¢. will bc*x——;x";{n 7.
'}‘i"r 2"": &e. o :

l

Thc Flutnt of Eﬁ-——r—-«x=*2x Kr2x% *Art.nl
: I+x“'-—3x .

-I-:-7x x—-I;x x+34.,xx, &e. w1llbc*§x“drt7'
-~ ';r‘a - x’ &ec. ‘ . .
Alfo thc Flucnt of \/aa+xxx;c *ax+ * drt.2

* 6

. X}

* ; x

(Mt+-—-—" + {Fe. * drt.7.
6a 4.04 1122° 11 )-2.4"’ 4

- The Fluent of ﬂi"?fri will be

T+ V1 —bx*

AR TR N A

+4a "j’_;.mb | &,

C o ewat )

U By

R
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the Flucnt be 9x .x:-—

-
LAl

APPENDIY.

By shiefame Rulesthe Fluent of dx™ e i
thay be found : Where 4, , f are an E:;n
Quantities, and m, », p the Indices of the
ers of the Quantities to. whom they are aﬁxed :

For make m+\l

='3 P+""‘a 7

:foH' =9, and rn—»=t then wdl

r—Y ed =2

.<--x = f'
r
__1 Fe""'?:'z €. _The Lets

ters A,B Co D, &c. exprcﬂing thc nearcﬁ pres

ceding Terms, viz. ‘4 the Term -,B theTerm

;;.":_‘“x"‘l &¢. - This ‘Series when r nsa

s—1-
Fration 01' negative Number will riot. tcrxm-_

- nate, that is, the Fluent will conffit of an’ ins

finite Series of Terms. --But when r.is a A
firmative whole Number, .the Fluent will ¢én-
fift of a finite Number of Tems, 'v;z fo Thae

- ‘ny as there:are Units in-s, °

Otbmﬁ

Thxs laft Fluxion and its Flucnt will ferve
as a Canon for finding the Fluents of Huxionas
ry Expreflions aﬂ how compounded, *not ex-
ceeding Binomidls, by bringing them -to the
fame Form with the fluxtonary Expreflion, and
afterwards by Subftitution, ‘as you mdy et in
the followmg Examples. -

EXAMPI:!;JA;

T o find the Fluent of Vaxxx “Thisb bt
.ta the fame Form with the fluxionary
1 prcﬂion




APPENDIX,

preflion abovr, rand then 14°X0 tiax* x==dx"
xe—- fx“ %. Whence d==1, M=, e-o,f:a,
»-—1,;::’-, Q,—;—xa:},‘ t==o0, r =1,

s==1} " And fo by fubftitating thefe Va-
lues for. their Equals in the gencra.l Fluent a-

bove,, Imd we dhall ha.ve—-xaw X .,.--—37:,/_

the Flaeat fought. And gmerdly athc Fluenc’

of-tvt“xwmbc-—*-—x"'l".
0 R

ExAmru II

'a'm

gencral Bmomml ﬂm:.mmry«Expreﬁon will be

a‘xx::-#xx ’ ora*x—'ﬁx_.l_‘_m, __nA_U_.A__.

dx"‘xe+fx In the firft Cafe, d==a*, ‘m=1,
=c¢, f-———-x, A2 pet—— - thnce

a*
r—-!, :=-r—1, .2--—__;—*;5—# ,thatls,

——— ., $=FO. And the Flucm: w:ll bc
zcc——zxx i
Q:f—o,‘fhatls, -u-—-l‘-‘-— In ﬂﬁ&h

c— 2-3#

condCaﬁ:, s ==, M==wm3, 5% 41 fe==t¢',:

at
="'2-,ﬂ=—l, f""l.,J——""I, Q’——.—- —_—

........

And the Fluent wxll bc Qx— T ﬂmt isy
atxx

A Exam-

136e-

29
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Arpmﬁﬁrﬂ
EXAM'PLE IH.‘*"'~

' _¢5x+xxx brought to. the gcncml Fortn

wxllbca.‘x gxb-{m X . x, or a‘x"“ -X

14+6x=""x k. In the’ ﬁrﬁ:Cafédw’ll be =4,

m—--—., ‘e==ph, fi=1y H=sp=t.’ “And o
r=—1 €. Now fince r is ncgauvc, Itry
the other Cafe. * Here 7 is —a‘, M=

€1,y f=0b, n=—1i, p=%. . And fo r=3,

& ———i 5
s=31, Q—-—--—x 1+6x"'t or—*% ;j-xa 5

Vxxtbxy and t =iz thncc thc Fluen:

. Wﬂlbc QX—TA. +Y- ,-__ ;“ibb
th zobesz-— r6xx a'x—}-a‘b
at 18, Toshix ‘x /mx
Vaa-l-ax

EXAMP&E IV.-.

———

% R

- _!:
‘/c’—- 3acexy 3 3aacx i —a’ . N

thc Form as abovc, lel be i x c—ax:"’ X x.
Aﬂd 8’4*‘&3 m—.&,ﬁ—’——_"’f= ""ﬂ, ﬂx; ’p-——}

r,--z, S8 Q== ;2 X cvax}>y t=5f, Then

the I:‘luent will bc Qx—— r, x— f‘!thatxs!
[ -3_'_ b —...-Z,...a :
L ImaAL "x;."_m;’f,

. 284a L T
¢ R I - ‘; PPN .

‘ScHO-

& mr‘a&gha to
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ScHobLOUM L

8. G ENERAL Farms may be found for the
Fluents of Trinomial, or other more
compounded fluxionary Expreffions, after the
fame manner as the general Form above; and
they ufed for ﬁndixéﬁ the Fluents of fluxionary
Expreffions propofed, which are lefs compound-
ed, or can be brought to the fame Form with
them. But the Work this way being moft
commonly extremely tedious, it will be beft to
gt the Fluents by (the firft way of Cafe 3. 2+
regoing) brin%ing thofe compound T'erms to
infinite Series of fingle Terms.
But compound %
thrown into infinite Series before we have tri-
ed to reduce them by augmenting, leflening,
multiplying, dividing, 5. the variable Quan-
tities: l"‘or by this means they may often be
brought down to fuch fimple Forms as come
under Café 2. aforegoing, and the Fluents of
them be had in finite Terms. :
Here it will be of Ufe to obferve likewife,
that if in radical fluxionary Expreffions, the
tational Part of the Expreffion, or that with-

out the Vinculum, multiplied into the Fluxion

of the variable Quantity, be the Fluxion of
the Part under the Vinculum, or in fome given
Ratio to it; the Fluent will always be had in
finite Terms, by Cafe 2. aforegoing, and by
Subftitution. I

"ExamrprLeEe [

L
3

Tn e Fluent of 2% y/aa—a or ax — aa Xai,
where a x is the Fluxion of vax—z4 or

—1 —T3
ax—aa’ will (by Cafe 2.) be j2x—as™ =
§9%~— 44 o/ ax—an. - Exam-

31

xpreflions muft not be -
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l:rx+aa ,wxllbe;xx-k-aa = ﬁi’%’—’iﬁ

Vxx 4 aa

Tmn Fluent of at# x& will be

APPENDIX,

Exampre IL

i}

nz Flucnt of zxn/ Iaa' or ¥xXaa

 x2x¥% where 2x¥ s the Fluxion of

Exampre Il

m—‘—-
L—agx

ExamprprLe IV.

Tm; Fluent of x%y/xx4-as. Where the
Fluxion x x without the Pinculum is to
the Fluxion of the Quantity under it, wiz.
2xxas1to 2, will be $xx+3axy/>x3F-ae.

For make xx 4.4e=2: then zzz—ux,'
and fo Vxx+4¢Xxx—z zZ. Whence the
Fluent (by Cafe 2.) ==$z*== by Subftitution
to the aforefaid Fluent. After this manner
might the Fluent of the fecond Examplc have |
been found by putting xx 4- a4 =2*. '

ExamprLEe V.

ne Fluent of ¥+ a* x¥* %, Where

the Fluxion »®*& without the Zinm-

lum is to the Fluxion of the Quantity con-

tamcd under i ler it, v wz mx"—‘x as 1 to m, will
m q X . m f—

be mn+m ‘+¢ . For put ¥ }-a*=2z:

' : thcn
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then ‘will #* + a4 =2" and ¥ Fag =

n—t

2ot Allo #2222 =nmx™ "  x x 5™ -4
=nms™*%x2" . And dividing by 5z,
there comes out z=mx"" x, or x™ '¥=
’ - -

. =—m———q .0
¥ . Whence ™15 x x®fag =2 %; and
” 1 w

the Fluent = —Jt— i+t = _L__
. wm+m nm - m

. n

™ taq

Here it may not be amifs to give the fols
lowing Table of fimple Fluxions, (from Sir
- Isaac NewroN's Quddrature of Curves)
whofé Fluents ftanding againft them are ex-

refled in finite Terms. By which Means the
E'luent of a Fluxion coming under any of ‘the
Forms of the Fluxions in the faid Table may
be had by Infpeétion, or elfe a very eafy Sub-
ftitution. Here z is the variable Quantity,
aud d,e,f,g,b, uare invariable or given Quan~

"tities,

i L Formq

33



APPENDIX..

34

ScHoLIuwM IL

Forms of Fluxions. ‘ Fluents.
L diz— Flu. = 2 2%
. gz — i —d
II. po ey e E:.l.a\.Tsn\.n... or vyt
= =
(1 |z i = 24 p3, Rbeing = :
1.18z22 %\nl—l.\.N- Flu. = wlﬂ\. s cing = ‘«Ll.\.N R
: )
2| dzzv=r o | P = lﬁﬂ.\mhm iR,
g = EwTYIPEL
s 3 3 - 10¢ —24ef2"-30f 'z 4R5.
3. | dzz3%t y /el fx Flu TYE
N dpgtr— v|Fl ."I..eo«unrits.\.ﬂ.l_on,pNzuTM_o\uNw.\ww.
ol A e o4snr*
dz 2t 2d
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les written by the late Mr. Cotes, Profeflor of

ftronomy and Experimental Philofophy in
the Univerfity of Cambridge; .and pubhfh’d
after his Death by his Succeflor Dr. Smith,
under the Title of Harmonia Menfurarum.

Here the Labour of throwing Quantities
into infinite Series, which in many Cafes is
very troublefome, and on account of their
converging fometimes too {lowly are not fit
for Ule, is entirely avoided, and elegant Con-
ftruétions of the Fluents of Fluxions are had

cometrically with the Affiftance of ample

ables of Logarithms of Briggs’s Form, for
finding the Meafures of Ratio’s, and of large
Tables of natural Sines and Tangents for find-
ing the Meafutes of Angles. And from hence
may be deduced wonderful neat and compen-
dious Solutions of all difficult Problems; {uch
as the Quadrature of Curve-lin’d Spaces, Re-
Etification of Curves, Cubation of Solids, 9.
wherein the Fluents of given Fluxions are con-
cerned. Several Examples of which I fhail
give hereafter. : :

In thé Treatife before us, you have two Se-
ries of Tables of feveral Forms of Fluxions at”
the Head of each Page, with their Fluents
urderncath them exprefled in the Meafures of
Ratio’s or Angles; the one Series compofed
by Mr. Cotes himfelf, and the other by Dr.
Smith. In Mr. Cotes’s Tables, which I fhall
confine myfelf to, they being fufficient for
‘Purpofes that ufually occur, z is the variable
Quantity, 4, ¢, f ftanding Quantities, » any
Index of the Power of z, § any affirmativé or
negative Number; and the Quantities R, S,
7, always being the three Sides of a right-
angled Triangle, wggfc Values are fet down

. 2 at
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at the Bottoms of each Page, exprefs the Ra-
tio or Angle, by the Meafure of which the
Fluent of the given Fluxion is had: and if 2
be the fquare Root of an affirmative Quantity,
they exprefs a Ratio; always being that of
'ﬁ -{ Zto §. Butif R be the fquare Root of
a negative Quantity they denote an Angle,
which Angle will be always that whofe T'an-
gent and Secant are to the Radius as 7and § to
R, where the Sign of that negative Quantity

1is changed into an affirmative one. The Fi-

gures in the Column of each Page of the Ta-
les, with 8 at the top, are fome of the afhir-
mative and negative Values of 9, againft which
the Fluents of the fluxionary Forms a top
' Az 2 =1

&nd. AS in the fccond Form -—e—_nz.——.
2dz3

- When 8 is 2, the Fluent will be =7

4 ¢ dR,R+T. When 8is

;___24’ez.i'”
off T ouff s
R

o, the Fluent will be fé—d R I—-g-—f And
1]

when 0 is — 1, the Fluent will be —Z.J

~ i
+ %dr r_'j't. Andfo of others. " ©

; !

But thefe Fluents cannot be faid to be en-
tircly known till the Quantiry RIR;_Tbe

found: Which is called the Meafure of the

Ratio of R+ T and § to the Module R, when
R is affirmative, or till the Quantity 254 R
"

R+T 2 R+T 2 ,-|r ¢

in
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in the feveral Fluents be found; thte firft of
which is the Meafure of the Ratio of R+ 7
and S to the Module ‘:;j;fd R; the fecond the
Meafure of the Ratio of R+ 7, and § to the
Mydule :..j R; and the third of R+ and §

to the Module Z-dR.. Or when R is nega-
. ne

R ;_T is = Meafure
of an Angle, whofe Radius, Tanfgcnt and Se-
cant are the refpective Values of R, 7°and §,
to the Radius R as a Module. And the Way
to find this Meafure of a Ratio or Angletoa

tive, the Quantity R

given Module 1 fhall thew prefently; but firft

take the following Definitions, or Defcriptions
of Terms, in order to clear this fo far, as that
a Perfon may in fome meafure underftand the
Ufe of thefe excellent Tables, without being
at the pains of reading the Propofitions in the
firft Part of the Harmonia Menfurarsm : which
are too generally handled to be perceived by a
- moderate Capacity without much Application.

Derin. L

THE Meafure of a Ratio is any Quantity
proportional to that Ratio; that is, if
M be the Meafure of the Ratio of 4 to B, or

of ‘g-, and 7 the Meafure of the Ratio of 4

to 4, or -f;-; then will M: %::m:-Z-.Thcrc-

fore equal Ratio’s have the fame Meafure. IF
ane Ratio be the Double of the other, the
' . - Meafure

37
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Maeafure of the former will be the Double of
the Meafure of the latter: if the former be
the Triple of the latter, the Meafure of the
former will be the Triple of the Meafure of
the latter: if the Half, the Half, &¢. So
that if the Ratio be never fo much increafed
or leflen’d by Compofitiun or Refolution, the
Meafure thereof will be likewife increafed or
leflen’d proportionably.

Moreover the Meafure of a Ratio of Equa-
lity is 0; and if the Meafure of the Ratio 6f
a greater Quantity to a lefs be fuppofed pofi-
tive, then the Meafure of the Ratio of a lef+
fer Quantity to a greater will be negative.

Derin IL

THE' Numerical Meafurs of a Ratio is the

* Excefs of the Logarithm of a Number
exprefling the Antecedentabove the Logarithm
of the Number exprefling the Confequent; !
that is, the Logarithm of the Quotient of the |
Divifion of the Antecedent by the Confequent, -
is the numerical Meafure of a numerical Ra-
tio.

DEPIN. III.

THE ﬁ'{gonomet;iéal Meafure of an Angle
is the Quantity of Degrees, Minutes,
Seconds, {J¢. contained in that Angle.

bxr:n. IV.

HE Module of Brigge's, Viaque’s, Ede.
Logarithms is 0, 434204481903, &,

by which if you divide 1, the Quotient
2y302585092¢94, &¢. will be the reciprocal
. ) Module
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Module of the faid Logarithms; that is, the
Quotient of the Divifion of any Quantity by
the firft Module, is equal to the Produé of
that Quantity multiplied by the reciprocal Mo~
dule. ‘

This Definition, or rather Account of the
Quantity of the Module of the Logarithms, is
fufficient for my Purpofe. Thoé who are
not fatisfy’d with it may confult Prgp. 1. and
its Corollaries, and Scholia in Part 1. Harmo-
nia Menfurarsm. 'The fame may be faid like-
wife of the following Definition, which is a
Confequence of the Prop. in the Notes of the
ingenious Dr. Smith contained in p. 94. at the
latter End of Harmonia Menfurarum.

Derin V.

HE Module of the Trigonometrical Ca-

non, or the Number of Degrees contain-
ed in the Arch of a Circle equal to the Radi-
us, which is to 180 Degrces, as the Radius of
aCircle to 7 the Circumference, is §7°17' 44",
or §7,2957795130; and-dividing 1 by it, the
reciprocal Module of the faid Canon will be
0,0174f3292%.

Propr 1.

o "TO find the Meafure of a given Ratio to a
<+ given Module, or to find the Quantity of

the Expreffion R R :— T when R is the

{q‘uare Root of an affirmative Quantity, and R,
s S, the three Sides of a right-angled Triangle.

Rule. As the Mbvdule of the Logarithms
0,434294481003, {F¢. is to the Modile R of

the -

39
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~APPENDIX,
the Ratio R} 7'to §'; fo is.the Logarithng of
this Ratio to the Meafure of it having R as a Ado-
duley which will be equal to R R j‘T .
tiply the Produét of the Logarithm of the pro-
pofed Ratio of R-{-7'to § into the Quantity
R, as a Module, by the reciprocal Module

ormul-

- 2.302§85092904, €9¢. and this fecond Pro-

du&t will be the Meafure of the Ratio of
R+ T'to § with R, being the Module there-
of; and it is equal to the Value of the Quan-
R4+T
; S ., .
Take this Numerical Example. Let R=8,
T=6, §==10. S .
Module of the Logarithm 0,434294481903

fought.

: 8 :: Logarithm Cofi%’) 0,1461280 : 2,69
16777 = Meafure of the Ratio of 14, and 10

to the Module 8, equal t08|8 ;*0_6.

Or fhorter thus: 1 :recip. Mod. ogarithm

2302185092994 : : Logarithm (of %

0,1461280x8 the given Module : 2,6916777
the Meafure of the Ratio as before.
This Problem may be folved without Com-
gutation by means of the Scétor of an Hyper-
ola,. after the following manner. Let 4G
be an Hyperbola, € .4 the Semi-tranfverfe Di-
ameter, and C B the Semi-conjugate, and C E
an Afymptote: and draw 49 parallel to C B.

~ Then make R:T:: 49 :.4D. And if CA

xCB be =2 R, the Se&tor C 4 M will be =

5 The Triangle C 4D being equal

to 7, when 7' is lefs than R; and the Frians
4. ’glc
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gle C BE equal to 7, when T is greater than
R.

Coror L

fo. HE NcE if m be the ftanding Module of
. + the Logarithms, and / the Logarithm
. R} T . R4+T
of the Rauo——s,--_-, then 'will R —— =
R x% .l. \
m

Coror I
'!I- Tn . A
Hzgcnﬁ ~=g|ZL. m being any
m g% S : :

whole Number, and # another. ‘This follows
from the Nature of the Logarithms.

P Mo s II
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L z.TO find the Meafure of an Angle, whofe O™

Radius is as R, Tangent asT, and Se-
eant as S, to the Quantity R as a Module : Onto
Jnd the Value of this Exprefion R l&%’l‘.
When R is the [quare Root of a megative Quan~
sityy and [o impoffible; ail of them being given
Quantities. Y ,

Ruale. Firft fay, AstheValue of R to the
Value of 7, or as the Value of R to the Value
of §3 fo'is the Radius of the Tables of the
Tangents and Secants to tli€ Tabular Tangent
or Secant of the Angle to be meafur'd. Againft
which ftands the &lantity of that Angle in
Degrees, Minutes, 5. being the Trigonome-=

Y trical

v
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trical Meafure of it. Then as the Module ot
the Trigonometrical Canon §9°. 17'. 44”. ot
§7,29§7795130, is to the Trigonometrical
Meafure of the Angle juft now found, fo is the

- Module of that Angle,viz. R, to the Meafure

of the faid Angle, having Rasa Module ywhich
is equal to the Quantity R R ';,' 7. Or mul-

tiply the Product of the Trigonometrical
Meafure of the Angle into the Mudule R by
the reciprocal Module of the Canon 0,01745

2921. And this fecond Produé& will be the
%Vleafurc of the Angle to the given Module R.

Here follows a numerical Example. Let,

Rbe =16, T=12, and § =20.
As 16: 12 ::Radius 10000000 : 7§00000 =

. 'Tangent.

L

* Andas16:20::Radius 100006000 : 12500000
== Secant. '

Againft both which in ghe Tables you have
36°. 52’. 6". for the ’I‘rigénomctrical Meafure
of . the Angle. : -

. Again: Module Trigonometrical Can. g7.
4§§y’77py130: Tri%onomctrical Meafure 36,

833331 :: Module 16: 104330985 =Mea-

fure of the Angle, whofe Radius 15 as 16,
JAangent as 12, and Secant as 20, to the Mo~

I."-dnk 16; or ctiual to 16]‘6"-”.

20
. Note, By ufing the reciprocal Module,
©17453292§ will be fhorter than by ufing the
.dire&t Module: And the Operations will be ftill
very much abbreviated, by ufing the Loga-
rithms to find the fourth Terms of the Pro-

gl).rtion, in the aforegoing Problems as well as
is,

This

l
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This Problem may be folv’d likewife by
means of the Seftor of a Circle or Eilipfis,
after the fdﬂowmi manner. Let CA4, CB, Fio. 3;
the Semiaxes of the Quadrant of a Circle or
- ‘Bliphis 48, drawn into each other, be squal
1o 2 R. Driw 4Q panmllel to CB, end BG
parsdle] to C A4} thon make R:7::CB:.4D,
and draw the right Line CMDG; then the

‘Se&tor CAM will be equal to R R + !’

‘whea R-is-greater zhan T -=Tmngle C.l

and the Seor CBM =R l.%'! Whon R
\ 1s tefs-than ‘1‘==Trianglc CBG.

‘Note, When § happens to be the:- Square
Reoot of a negative Quaritity, and (o-impoffi-
ble, you may change ’the Slgn, and evcry

N thmg will fuccccd right.

CQRQL

R | yIF 4 be the A lc, whofe Radius, Tan- ,
- gent aad SccmtmasR,TS,andmbc
i‘ _thc fhmdmg Module of thc Cgpon 3 then

l“‘" will be .__'.”‘3.

ScHoLIUM.

‘!4..BECAUSE R, T, § are always the three
Sidesof a nght-anglcd Triangle; there-

fore RI—R—;,—F_T =R IT-—Rs fuppofing T'to

be the Hypothenufe. For from the Nature of
a right-angled Triangle 7=y/ X R F 35+ and
fOng-#‘ _R‘R—l—df;R-}-Sb‘ And

Ya R
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§

RIT__ = Rl . Andmul-
g tlplymg crofswife, you -will find that

VRR+SS+R RR+SS—Ris = 8§
The Sum.of two Numbers multiplied by their
-Difference being equal to ‘the Difference of

thenrquuares thcrcforek+‘/]ER i S

 that R+T
—-R+1/§R:FSS s
8 ConfcqucntlleR+T R' S
T—R 4 S ‘T—R
This _cﬂdcntly appears alfo in E‘g 83. For

let the Hypothenufe 4B =7, the. .Perpendi-
“cular CBYPR, and the Bafe AC S. Con-
tinue out 4B till BD = BC =R, :and make
BE=BC; then AD=R+47, and 4E=
7—R. If a Circle be defcribed about B with
the Radius BC, it will pafs through E and D,
and 4C will .touch it in C; therefore- (by

‘Prop. 38 Tib. 3. Eucl) AC (SSivxs ;‘_ ‘AD
xAE—R+Tx2‘——R; and fo -—%—_— 15 =
S . .

.

T—R

18 ==

SECT.
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SECTION I

Y0 /e of the inverfe Method of Fluxions
in the Quadrature of Curve-lined

Spaces.
P rRosB
ks, TQ [quare a given Curve-lined Space.

Having gotten the Equation exprefling the Fie. 1.
Relation of an Abfcifs 4 P (x) to its correlpon~
dent Ordinate PM (y) at right Angles to each
. other, find the Value of y, which multiply by

#, and the Fluent of the Expreflion thus ari-
fing will exprefs the Quadrature of the inde-
terminate mixed-line Space contained under
the Abfcifs 4P, Ordinate PM, and Curve
AM. And if the Abfci(s 4P be determinate,
viz. = to a given Quantity 4 ; and according-
ly the Curve 1tfelf fo likewife: Then by [ub-
i{ituting a for ¥ in the Fluent aforefaid, there
will come out an Expreflion for the Quadra-
ture of the determinate mixed-lined Space.
This will be plainer by the following Exam-
Ples.

But if the Area CDEF contained under F1e. 4
two Curves or right Lines DE, C F, the right
Line C D, and the Part E F of any right Line
AE drawn from a given Point /£ in the right
"Line D C be fought, draw {fe infinitely near
AFE, and from the Centre 4 dcfcribcf t}:ﬁ
Ce . ms
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{mall Arches Fp, Eq: then from the Nature|
of the Curves find the Area of the Quadrila-|
teral Figure FEgp; which is equal to the|
Difference of the little Seétors 4 Fp, 4 Eq, or
equal to } /Ex Egq—3+AFx Fp: and this
will be == Space F Eef, being the Fluxion of
the Area C D E F; the Fluent of which will
be = faid Area. Examples of this will be '
thewn hereafter, |

ExameprLe I |
16. TO find the Area of a Triangle ABC.

Draw 4D perpendicular to oneofthe Sides,
as BC; in which affume any where between
A and D the Point P. Thro’ which draw
the Line M N perpendicular to 4D ; and let
mu be infinitely near and parallel to MN; and
draw Mp, Ng perpendicular to M N. Now
the Rectangle M Ngp, viz. under Mg, or Ng, |
or Pp, andthe Ordinate MN will be the Fluxi-
on of the indeterminate Area 4 MN. W hich
mutt firft be found thus:

Call the variable Quantities 4 Pyx; PM,y;
and the given Quantities 4 D,a; C B,b. Then
becaufe M N is parallel to /B. 4D (a):CB

(6):: AP (x): MN(y). \thnccy==éf. But
Pp (=Mp=Ngq) =x. Therefore the Flu-

xion of the indefinite Area AM N will be

é;-:‘r. The Fluent of which (by Cafe 2.) will

bc-bi‘-:=Atca AMN. Now if for 4P (x)

24
you fubftitute 4D (s); there will arife ?;

(=%aby=%A4DxCB. And this will be the
3 Area
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Area of thewhole Triangle 4C B; which we
know likewife to be true from the Elements of
Geometry. .

Here it may not be amifs likewifé to fhew F1e. 6.
the way' of finding the Area of a Trapezium, '
& P C B, having two Sides PC, G B parallel,
and the Angles B, C right ones, by the Inverfe
Method of Fluxions; tho’ the thing is much
thorter found out by the Elements of common
Geometry. But it is dcliightful to perceive
the fame Truth arife from fuch very different
Principles.

In order to this, continue out CB and P@
to meet one another in 4. From 4draw A4mp
infinitely near /G P, and with the Diftances
Amy Ap delcribe from A the fmall Arches
mr, pn: This being done, let 4B=4, BC
=b, B@=x, AG=y. Now the Triangles
AC P, p P are fimilar; becaufe the Angles at
# and C are right ones, and the Angle P is
common to both. Whence 4G (y): 4B (a)

$HGm (%) :mr = ‘5}’5. This multiplied by + 47

(= 1 4G =l), and the Produ@ %% is c-
2 2

qual to the Area of the little Triangle Arm or -
AGm: thele differing only by the Triangle
€ 7 r being infinitely lefs than either of them.
Again; Becaufe the Triangles 4/ BG, 4C P
are fimilar; therefore 4B (s): 4G(y):: BC

@:GP =%y . Conﬁ:qucntly AP = ?—{- 9.

And fince 4m, 4G, and AP, Ap differ from
one another by infinitely fmall Quantities on-
ly: therefore Am may be taken for 4G and
Ap for AP. This being granted, and the
Triangles 4mry Apn, taken as fimilar iihwﬁ
a
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Fic. 1.

indefinite Space 4M P will be /7% x#; that

 APPENDIX,
w5 42052 1,Y.
fhall have AG(y):rm -7) :AP (a_ +_y).
pn-_:?;"‘ = which multiplied by §y 4P |
(b2 +2); andthe Produ& 22% 4- 3% 4 14
24 2 2a
is equal to the Area of the Triangle £p# ot
APp. From which if you fubftra& the Area
of the Triangle 4m G (’f-zf) before found, the
Remainder 4%+ £ will be the Arca of the

Trapezium mpnr, which may be taken for the
Areaof theTrapezium mp PG,being the Fluxion
of the Trapezium BCPG. But the Fluent of this
bbx __2akx  bbx 2ax xb

Fluxionis & x 4+ — =
24 24 a
x 2 Bu®Xi— pC Since from the

2 a
Similarity of the Triangles 4BG, ACP, AB
@):BG (%) :: AC (a+-0) : C'P'=fi-:-;ié'
Therefore G5 + P Cx3BC = Area of the
Trapezium GPCB. Which is a known Truth
from the Elements of common Geometry.
Examrepre IL
7. ’I‘O find the Area of (or to [quare) the coms
mon parabolical Space AB D.

Call the given Quantities 4 Dya; B D,b:
and the invariable Abfcifs 4 P,x 3 and the core
refpondent Ordinate PM,y: and let Pp be =

%. Now the Equation exprefling the R elati-
on between AP (x) and PM (y)is px =yy.

“Whence y'= s/ﬁ-——-p.’{f. And fo the {fmall
Rettangle PMnp, equal to the Fluxion of the

b
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is,y%=p xs?%. The Fluent of which (by

L3 —
Cafe 2. Sei?. 2.) willbe = (§p'«" =3y/p¥*=
3v/x2)%)3xy, equal to the indcterminate Space
AMPj; and by {ubftituting 4 for », aud & foy
¥ in this Fluent; and then we fhall have 344
=3 4PxPM; thatis, the parabolick Space
1s to the Recrangle under the Semi-ordinate
+ and Abfcifs, as 3xy to xy, oras 2 to 3.

Examrepvre IIL
18. TO [quare Parabola’s of all Kinds.

If AP (x) be the Abfcifs, and P () the Rio. 1.
- “corrcfpondent Ordinate, then the Relation be-
tween the Ordinate and Abfcifs of a Parabola
of any kind will be exprefled by this general
Equation pmx™ ==»%, Whence p°2% =y; and
fo the Fluxion of the Area will be y¥=
.97 %% x. The Fluent of which (by Cafe 2.
' 1 be L 2717 AR
Seét. z.)v will be ”+qp 4 mn_{_qu, ,
becaufe p7 4% ==y. And fo any Paraboloid is
to the Reétangle under the Ordinate and Ab-

{cifs. as I%7 .
.fcxfs, as iFg 1 %), Of ¢ Fo n+q.

ExamreprLe IV,

19.7T0 [quare the Sezment of the Parabolick Fia. 7.
Space PM N Q_contained under the Or-

dinates PM, N Qg the Part PQ_of the Ab- 4

[cifsy and the Part MN of the Curve of the

Parabola. - :

7 , Here
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then will 4P be =g—x.

Y

APPENDIX.

Here let 4P =4 be invariable, and let p
be the Beginning of the variable Quantity
PO =x. Allolet 9 Nbe =71, and the Pa-
rameter =p; then 49 will be =g -} «,
draw 74 parallel and infinitely near to N 9,

Now the Nature of the Curve is /PP9

xp=NO9; that is, pa -+ px=yy and
vpa+px=y. Therefore QNxQg=yx=

xypatpx=1x"xpa—+ px"k 1s the Fluxion
of the Area, the Fluent of which may be
found (by the latter way of Cafe 2. Seét. 2.)
or more eafily thus: Let y/pa+ px =z; then
will pa 4 px =2z, and px=22%, and 3=

z .. 222
222, therefore yx is = —j’_z : the Fluent of
P

3

which is g% _____;pa—\-px)(?‘/pa—l—px:;a_*_ *
Xypatpr=3dQxNQ. o

But fince in the Point Px is =o, the Space
PMN Q will vanith; and fo making x=o
in the Fluent juft now found, and the Terms
# and px will vanith; fo that the Fluent will
be now §4ypa. Which thews what is to be
added to the Fluent, that {o the Space MPN9,
may become o in P; and confequently the
Quadrature of the fame had. In this Cafe
2ay/pa is to be taken from it: therefore the

Arcaof MPNQ willbe =34+t xy/patpx
—3iaypa =§A,QXNQ,——§JIPXPM

Orherwife.

- Draw mp infinitely near to MP, and let
‘A Q=4 be invariable. Let the Beginning of
% be in 9, and let QP be = x, PM=y;

Now
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Now from the Nature of the Curve

| AY —YPXp =P ; 3 thatis, pga—px==
:yy - Whence y/pa —px =y: and fo MPxPp

}I‘ e Fluxion of the Area willbe y ¥ = Xy/pu—px.

he Fluent of which may be found as before

. thus: Make pg—px =2z. Then will —p#

be =1z3%, and con{'cqucntly = — 222,
)

Thercfore y% == — 22 Z TheFluent of which

228 a——xx\/pa—-px —
a

will be —

X pa — pX.

Now to find what is to bc added to the Flu-
ent to give us the Quadrature of the Space
PMN9Q., making as before x =20 in thie Flu-
ent, and we have —3ayps. Whence it is
manifeft, that if 44 p¢pa be added to the Flu-

ent, th the Space PM N  will be =3}ay/pa+ )

;x——axpaf—px.

' Conoﬁ_L

20. uE Space PMNGD == AN. AIWP

T But lin the ﬁrf’c%ray A ]\.?Q 49,
XQN= §a+xxpa+px and AMP =‘,1P
X PM=3a/pa: therefore PMNQ'—- ~AQ
XQN—34PxPM. Moreover in the latter
way ANQ: 349« O N=3a/ap, and
AMP =3} AP x PM=§4—x X y/pa—px ;.
therefore @ N M P is -—?A_Qx _Q.N——'df’
%-PM here: alfo. :

" Za .. : Coroui

1. )

_Zx__.a

51
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Coror. II,

21. Ip the Curve be not defcribed, and the

Equation exprefling the Nature of it
be only given, and fo it is uncertain where
is to begin; it is evident from the Solution a-
bove, that o muft be fubftituted for x in the
Fluent; and ftriking out all the T'ermsaffe€ted
with », what is left muft be added to theFlu-
ent with the Sign changed, and the whole
will be the Quadrature fought.

ExamrrLe V.

22. TO Jquare a Curve expreffed by this Equa~
' tion &'+ axt -+ &' x* 4 a' 5* - aF=a¥y.

. o xt X3 **
Since y = a—7+ .;;-}-;4- a_+ a3 the
Fluxion of the Area will be y s =

5 4 3 2 . : \ .
:4_{_5.;—_}-:.;—{-2 -} 4x %, and the Fluent will

be 2 +f—’-+:—;—,+§€+“”-

“6at  ga?

ExameprLe VL

23. TO [quare ahy_ Curve, whofe Nature is
expreffed by this gemeral Equation y ==
XY K den. - . )

Becaufe y is =QXx+ an—f, therefore the
Fluxion of the Space fought will be y ¥ =

wiexaTa"s the Fluent of which will be eafi-

«Jy found by making - P =2z, For then

x+a
X
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% 42 =2"; and both Sides of this laft Equa-
tion throwninto Fluxions willbe ¥ =mz" ~" x.
Whence yx =mz™x, the Fluent of which
mz™ T __

. m
will be =m+l =TI x+axyxta.

Now in order to know whether this be the
true Fluent, fuppofe x =o0; then this laft Ex-
preflion will become - il - 4/ Which muft
therefore be taken from the Fluent, (by Cor. 2.
Example 3.) "fo that the true Fluent or Qua-

dratyrc ‘of the Curve will be m—’t- - e

: - _
x",‘/x 4‘-‘m—.+_—1-am a.

_ExamMprLeE VIL

53

7_3 . TO [quare Hyperbola’s between the Afym- 7 c. 8;

protes of all Kindss ory which is_the

Jame, to find the Area of the interminite Space -

HMPAS, or hkMPs. The former contained
under the Abfcifs AP, Ordinate PM, Afym-

ptote AS, and the Part MH of the Curve of

the Hyperbolas and the latter under the Ordinate
P M, the remaining Part Ps of the Afymprote,
and the remaining Part Mh of the Curve of the

Hyperbola. e SN

In thefe Curves the Relation between .7P(x)

and PM (y) is exprefled by the following E-

quation gm-4-"=ymx", - -

fn o v mht _ a
encea T X = andg-™ ¥ &
Wh m-!-'x n ym, d ne

4!

Confequently PMxPp=yk iSma oA
| . mea
"The, Fluent of which will be (,,,’f_ .
| X

My

IS

-d
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Xx

= R ey

~%. If m be greater than x, thenwe

have always the Quadrature of the Intermi-
natsc Space HMPAS: the fame being =

: ¥ m-be lefs than », then

-will ﬁ;x 5 be negative; and fo we have the

Quadrature of the Interminate Space hMPs
lying on the other Side of the Ordinate PM.
But when » ==#, neithei of thefe Spaces can
be fquared, they bcmg in this Cafe both infi-
nite. For if xy*=a% then m==2, w==1;
and fo HMPAS = Wt‘x-—— (Vx*y®) =xy. If
xy*=a’, then m =4, n=1; and{o HMP A4S

'—gxy If x*y =a’, thenm=1,n=123 and

Fic. 8.

:let tthhg

fo —xy will be the Quadrature of the Space
bMPs. If x*y =d’, then will m —=1,4=4,
and fo.—}xy, that is, j«y ==bMSs. But

when m==pm then _is=1: thereforethe
mw—n

Numenater is infinite in rcfpc& of the Deno~
minator.

ExasMrers VIIL

25. TO ﬁm e the common Hyperbola between

zzam 5 ary. which is the fame
thing, ta drea of the Space Cc MP
contained under the Ordinates Cc, PM, #bé Part
CP of the-Afymptote, and the Part cM of the

€urve of the li?yperéolﬁ

‘Let the Quantity £C be =5, and
guog of x beag,C. : ',I‘h
‘A hen
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Then the Equation exprefling the Relation

of AP (b+x) to PM (y) will be a*=4y-+-xy. '

And fo &_1_.#= y; and #y the Fluxion of the
y . a* .
Area will be el R

Now the Fluent of this (by Cafe 3. Sez.1.)

1 @ ﬁ L4 x~3 M =
will bcz-x byl +—b—3'_ — {Jr. =to
the Area Cc MP. And if you fuppote s =5
=1, then will ¥ —j&* -} 12*—1x% {J¢. be
== Area aforefaid.

Otherwife by the Meafure of a Ratio or Angle.

2

. . a- !
"The Fluxion # ey be referred to the

1 ftForm inMr.Cozes’sTables. For making z=x,
a=1, =1, d=4*, e=b, f=1; then will
§n—1

dzz _ &% .
Py el An; the l\“lucn}: {‘tandmg
] . 4 |etfR ,‘lv-l—x__ *
againft b=1, is i 0| = 4G
AP

/7Z‘= to the\Mcafure of the Ratio of AP

55

and 4C to AC for a Module, which you ‘

may find by 4rz. 9. = Area of the Space
CcMP;y and if the Afymptote A4S be not
perpendicular to /s, and fo the Ordinate PM
parallel to it, not perpendjcular to the Abfcifs
AP; the Meafure of the Ratio of 4P to
PM, with the Parallelogram #C¢ as a Mo-
dule, will be ftill the Area of the Space CcMP.
This is demonftrated fynthetically Page 12.

Part 1. Harmonia Menfurarum.
‘Exam-
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- Fluent of which is 24P 4 i’?a’R ‘R+T3 ‘
n .

APPENDIX.

Examrerre IX.

Fic. g. 26. "TC find the Area of the Space ACM P

contained under the Part AP (x) of an
infinite right Line perpendicalar to the Axis of

the Hyperbolay the Line A C (a) being the Conti-

nuation of the fame Axisy, and any Line or Ordj-
nate P M (y) parallel to A C.

Here aa 4 xx =5 and fo ¥y =y/aa Fxx.
Confequently %y =xi/2a+xx. The Fluent
of which (by Cafe 3. Sect. 1.) will be =ax

L N R 7 _
67_4oas+ 1124° 1lf2a" Ge. = Area
ACMP fought. Which gives the Quadra-
ture of the Scgment D C M of the Hyperbo-
la, by fubftracting the fame from the Rectangle
ADMP (xy); and if 2 be =1, then willthe
Seri AN N LT

cries bcx+6 40 1127 117287 e

Otherwife by the Meafure of a Ratio or Angle.

. The Fluxion %y/aa— xx comes under the
fourth Form of the Tables of Cetes. For if
2=y w25 §==0, d=1, (=14, f=1, then will

dizoﬂ+?;‘—1¢e + f2" be = /aa +xx. The

S
and making P (: V%f"i"):% Vaa 4 xx,

Ri=yfi=1, T(:/."%@):;yaa+xx, |

S (: V< =2 The faid Fluent will be-
2/ &

come
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Tome - Jaa 48 5% -i-““';'ﬁi»’i‘;i‘fi‘ —§4p

xPc+Mc’ AP FC

that is, + APxPC plus the Meafure of the

Ratio of AP 4 PC,; and ACto+ AC, a5 2
Module will be the ﬁud Area,

The Quadrature of the Hyperbolick Space

AMP may be had thus, as laid down by
Mr. Cotes in Harmonia Menfurarum.

g

= Area ACPM;s

Make the Semi-conjugate Diameter CB=5, F1a. 10

the Semi-tranfverfe C 4=4,C P=x, PM—y;
then from the Nature of the Carve we have
% :-_Ez ==y; and fo -i,/aa——aa = Fluxi-
on of the Space 4 M P ’
Now making 4 —-é, z=x, =0, u.-::z,
—aay f=1; the Fluxion of the 4th Form i in
the Tables of Mr. Cofes, viz. dztrtie—1

yeF 72" will become? # ,/T—x—aa Abd the
Fluent of it againft 0—0, is 2 dP—I— de

R;}'T And making P (= f+fz —x

Vi, R(=f) =I5T<=f*;fz)= :
Vxx—aa, §(= ‘/267) :f ; the fame willbe»

— —a
come b—” Vxx aa — ab |2 v 2 ==
2z é -

a

—a by fub(’cttunng 3 for its Equal
) Aa o

xy ab

—‘-—.—

&
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%ng—aa. And 4. 18 where the Ratig
°f#+¢xx—aa=kma,isﬂlcwnt9bcoqual
to the Ratio of 4 to x—/.?éx-*aa:x—?{-

Therefore é‘.!._“.z.‘ 4__ is the Fluent of the

Fluxion i_x Vix—aa. Which may be thus

conftruGed. , _
AffumeCF:CA(a):: PM(5):CB(b); that
is; make cr‘zﬁ‘l;}’. And affume CG : C 4 (4)
::CB(§): PM(5); thatis, make cCE=%.
Then if B H be taken equal to the Meafuure "of
theRatio between € 4() and FP (=x— :_’)

ﬁothéModulc“-;; that is, if PH be taken

o abl a

——

—: And you draw thé right Line

J .
MH; the right-lined Triangle HMP is =

ab

| l..z_ =ﬂ_eél'_ﬂ_: Atd to find the

Fie. 11.

o oty -

J _. ¥y . *
Quadrature of the external Hyperbolick Space
C AM P after thie fame manner, we may pros
¢eed thus.

Let 4C, C B be Semi-conjugate Diameters,
dc‘-’-:”, CB=b, PM=#’ cP?” thc:

e - v -

¢
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xé V/%x— aa is =y, from the Nature of the Curve,

Thxs Equatxon thrown into Fluxions, and there
bbxx _ . bbxx - bxx

yxx—aa anx-—aa

b x%% . =Fluxion ofthe Hy-

Butjy x xis=

Wxx—aa
petbolick Space C 4 MP.
. Now making d=§, z==y, =1, =1, ¢=
0n+;n—-l
-Q-'ad, f=1; the Flmuon = of the

etz
ﬁxth Form in the Tables will become

bex And the Fluent of it againft 65=1,

4¢xx—aa

'"R+T
willbe 2 dP L ARETL  Whence
T A S i

fibfituing 5 for ﬁ,/;""x—aa, and At 1) ==

Fluent of the Fluxxon The Con-

ay/%x—aa
fru&ion of which may be thus.
Affume CF:CB(&):: PM(x): AC (a) ;,thgg:_.

is, make CF=b—:§ and CG:CB (8): : AC
) Aaz (@)

59
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(6): PM (x); thar is, nnchG=i—‘. Then
if CH be taken equal to the Meafure of the
Ratio between BC () and PF (%),

P . a
(Which is equal to theRatio of « to x—{)
to the Module CG (b;’.‘ : the fid C H will

be =éf 2 r And you draw the right Line

MH, the right-lined T'riangle is equal to the
Space CAMP. Foritis = -;-_'-xy+ b_:

4 __ % ,ba a
l'-—a;_?_ +;L—_Q the Fluent of the
b

given Fluxion.
" Examrre X

27. TO [quare the Circley or, which is the
Jame thing, to find the Area of any Ses
mi-fegmens AP M thereof.

" Make #B=1, /P =x, PM=y. Then
¥1c. 12 from the Nature of the Circle /PxPB =
PM 5 thatis, x—;xa:r-gvy; and (o y—=y/x—xx.
Confequently iy =2%/x—xx == PMx Ppis the
Fluxion of the Area AMP. The Fluent of |
; , 3 ;|

which (by Cafe 3. Sect. 1.) will be %x’—{rx:

A I
—n¥% —7vx’y Jo. = Area AMP, or x*
Into § & — 5 #* —svx’ — 7y, &9e.

T Otber=
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Otherwife.

'If the Radius C M be = 4, and C P be fupé .
pofed = x, PM=y; then from the Nature
of theCircleCM = CP ’+ Pm x; that is,

. g ==xx -9y Jy == aa— x%y and y=y/aa—xx.
Therefore %y =x+/aa— xx is the Fluxion of
the Indeterminate Space PMDC, and the
. 1 1 y ——_iz x_, — hx.’
Fluent of this, viz. ax G2 707 — Tiza"
i

-"——Lnyza"’ {fc. = Area PMDC. Now if
a be = 1 = », then this Series will become
I —% — —vtv — 1y, (F¢. = equal to the
Area of the Quadrant /D C. And four times
this will be the Quadrature of the whole Cir-
cle ADBA; or if the Diameter be 1, the
faid Series will exprefs the Area of the whole
Circle.

Otherwife :

Let 4 E the Tangent of £ the Arch AMFic. 13
be =, the Radius /C=1. Let 4B be
the Tangent of the Arch /M. Draw the °
Secants CE, CB, and the Sine MP of the
Arch AM. Let pm be infinitely near P2,
and from the Centre C draw the Secant Cb
thro’ the Point »; alfo from the Point M draw
M perpendicular to pm, and from the Point
B draw Bs perpendicular to C4.
Now we propofe here to find the Area of
the indefinite Setor 4C M; the Fluxion of
which, being the little Se€tor MCwm, muft
firft be found zhus:

Firft,
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Firft, the Tangent 4B of the Aich BM

will be —-;ﬂ- Now becaufe the Angle

—XX

AC B is bifeéted by the right Line C E, there~
fore AE(x): AC(1)::EB ("“"" ) CB=

! -I-x‘. Alfo becaufe of the fimilar Tnanglcs

=
ACxB,PCM,CB (“"" ) AB(I_x)

2% 14«2
:4C(1): PM=_22, and CB (‘__x )

AC(:)..CM(:) cp_.“"‘ Whence AP

I+4x°
;5 the Fluxxon, of which will bc 4“’
+ X%

=Pp or Ms.

Again, the little Triangle Mmr right-
angled at 7, will be fimilar to the right-angled
Triangle CMP, the Angle # Mm being ==
Angle PMC, and the Angle tm M = Angle
PCM, as is cafy to prove. Thcrcforc MP

‘I+x>AC(1) Mt( ) Mmn

I—:"Fx— And fo s MC(1)xMm = _\_xx

= Area of the little Se&or M Cm, bem the
Fluxion of the Se&or AMC. The Fluent
of which will be ¥ —~%x* +52°— 3574 525
{f¢c. = Area of the Indeterminate Seéor AMC.
And when the Tangent 4E (x) of half the
Arch A4M becomes =1=Radius, then the
Scétor 4AC M will become a Quadrant; and
the Series aforefaid, cxPn:ﬂ' ing the Area of the
fame, will be 1 —374+5—54+5i—5+5

&e.

t
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€7 and if the Diametet of the Circle be=1,
the whole Area will be expreffed by that Se=
ries. ‘
: The faid Series may be found fhorter thus:
If 4B be =x, then will Bs=3%, and CB==
/1 J-#x. Now the little Triangle BS5 right-
angled at §; is fimilar to the Triangle 4BC;
thé Angle 4BC differing from the Angle 4
only an infinitely fmall Quantity, and fo they
may be taken for Equals ; therefore CB (/T %x)

:AC (1)::Bb (x): Bs = —2—. Moreo-

. 14 xx

ver, fince Bs is infinitely {mall, CB and Cs
differ from one another only by an infinitely
" fmall Quantity: thereforc C B (/1 +#x) : Bs

( 2 )::MG(I):Mm=I;xx.Whencc‘ ,

VI xx
the little Se&or MCm = — == Fluxion
2~ 2x%

of the Area of the Se€or A MC. 'The Flu-
ent of which will be § ¥ =% 4 S af— a7
=+ 7'rx%, fc. = Area of the faid Seftor: fo
that when the Se&tor 4C M is an cighth Part
of the Circle, viz. when the Tangent 4B (»)
== Radius 4C is = 13 then the aforefaid Se-
ries will become § =~ ; 475 — & + &, &7¢.
which doubled will be 1 —3 4,8, ==Area
of the Quadrant as before. :

E:ﬁAMPLE X1.

28, fquare the Elliptic Space: or, which is
the fame thing, to find the Area of any :
Indeterminate Elliptic Segment A CMP contain'd Fic. 1L
 wnder the Semi-conjugate Diameter A C, the Or-
dinate
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dinate PM, Part of the Abfeifs AP, and CM
Part of the Curve of the Ellipfis.
.Call £C,a, AB or ADyb, AP;x, PMys
then from the Nature of the Ellipfis MP =

_dc‘ aas

and {o y ..—_é.,/aa-—wx. Confequently -f; %

yaa—xx will be the Fluxion of the Space
ACPM, and the’Flucnt of this will be b x—
bx*  bx* bx —

& o I {gc. = Area 4CPM.

" Now if you put 4 for x in this Series, it
will become ¢b—¢ab—ssab—=izab, &c.
= Area of the Quadrant 4C D of the Ellipfis.
And if g be = Axis B D, then this laft Series
will exprefs the Area of the whole Ellipfis.
And if y/ab be = 1, then the Area of the Els
lipfis will be 1==# — 35 —7lr =113, {F¢. and
therefore an Ellipfis is equal to a Circle, whofe
Diameter is a mean Proportional between the
Tranfverfe and conjugate Diameters of the El-
lipfis. And fo an Ellipfis is to a Circle of the
fame Diameter with the tranfverfe Axis, as a4
to 4% or 4 to 4; viz. as the conjugate Axis is
to the tranfverfe Axis.

Orberwife.

To fird the Area of ‘any SeGor CMA of the
Ellipfis.

24. Let CB be the Semi-conjugate, and
C 4 the Semi-tranfverfe Diameter, A/ P a Se-
mi-Ordinate. Now draw mp infinitely near

3




- M P, join the Points C and M, and m by the
- right Lines CM, Cm; and from m draw the
fhort right Line m H perpendicular to M P,
‘cutting MP in [, and CM in H; as alfothe
:little Line 7 K perpendicular to CM contiqued
out.

'This done, let 4C =4, BC=1, AP=u,

PM (y); CM=u, and CP=z. Now the

firft thing.to be found muft be the Area of the
fmall Triangle C)Mm. Thus: Becaufe the
Triangles C PM, HIM are fimilar; therefore
PM(©):CP(z):: MI(5): TH==2Y. Whence
(ince Pp=Im=x=—3) Hm:?-—-é.A-
gain; becaufe of the fimilar Triangles C M P,

HKM. CM (4):PM(y):: Hm z—y——-z :
‘ - (. 6] (y )

mK= EZ.'.;.ZE Which drawn into half the
Bafe C M (1); and then the Area of the fluxio-

nary Triangle CMm will be =% 5 ;—y Z, and

. | _ \
throwing the Equation of the Curve 4a—zz
: < Aaa

. . z .
=—yy into Fluxions we have — — = .-
aay

‘Which fubftitute in 21—;‘” for y, and there

arifes

gy —

244y 2 2aay
fubftituting 42— zz for its Equal z4yy, and

=222 9B __—22T—aaE 1o eop

_ —223—aaz+27%  — X

it wilt be 722 tzr_ ek ak >
2aay 2ay T 2ay

fince x is==—z. And again fubftituting

v24x=—sxx for ay; and the Triangle CAMm will
Bb be

N
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az .

== ==Fluxion ofthe Setor 4037

2y/28xwmxx
of the Ellipfis. And if you make y/2zx —xw

[t o . .
=2gthen will & be found =222 and 4 o

Fic. 6. be=

. ¥-+un
e i : it
s and b}\' due Subltitution e
an sy an}
= o The Fluent of which is 2% ;

, . . :

+‘i“-"—“—§, €. = Se@or of the Ellipfi.
gnd after the fame manner you wil find

the Sector of the Hyperbola (K. 16.) 1o be

dn;;_“_;é+f‘.f2‘+‘.‘_§fl, ¢c. and the Sefbor of

. 3 s 7
the Circle will be = » — % + ’)é — &
and this becomes 1o~ 4 3, €5¢. by ma«
king m=1. .
This may be done fomething thorter, thus:
P16 5,  Draw theTangent 4D, and continue out
8 7 € M to cut the fame in D. Draw Cd infinite-
ly near CD, and from C deferibe the fmali
Arches Mu,De. Make CB=}, C A=a, AD
=ux, € D=y, €P=z; becaufe the Tna
G 4D, Ded are fimilar, the Angle ¢ differin
from the Angle D only by an infinitely fmnﬁ
Angle, which may be rejeéted, and the Angles
at ¢y and A right ones. Thercefore €D (y);
AC(a)::Dd (é):De:ff: And becaufe of
the fimilar Triangles € PM, € AD, £€ (a) :
eDy):: cp(z).-cM("’;?), Likewife fince

the Sectors CDe, CMu are fimilar, CD ( yp)
. A \ ¢




 ArPEN DT X.
De(?)::CM(Z;):Mn:%’;.NOW

. X YT __2TX .
£C MxMw, that is, =% x%3==22% 3= A-
2y & 23 :

rea of the Triangle C Mm, being the Fluxion
of the SeGor CAM. Again, from the Na-

ture of the Curve, and the Similarity of the,

Triangles CPM, C 4D, in the Ellipfis we
have PM .(b \/aa—-zz) :CP (z)::4D (x):

3
AC (a); andinthe Hyperb. PM (é /-za+.zz)
:C P(2)::AD(x): AC (3). And multiplying
- the Means and Extremes, -we have zx =
by/aa+4-zz inthe Ellipfis, and zx=by/—24+-2z

in the Hyperbola. Confequently zz =4t
aab. bb 4 xx
in the Ellipfis, and zz = 75— in the Hy-

perbola,  Which being fubflituted in 227, we
‘ 2a

abbx . . . abbkx
havc in the Elhpﬁs, and m

2bb 4 2x%
in the Hyperbola, = Fluxion of the Area of
the Se&or C 4 M, the Fluent of which wilt

ax axt axt ax’ . .
bc -;-- —-m + ——-Iob‘ ---I-Z’;?,fﬁ(. m thCEan-
ax _ax®*  ax® ax’ .

fis, and “z"""m"“—l'sz; -—-FZ-I)T, &de. mn the
Hyperbola = Area of the Settor C 4 M; and
making C B (b)) =1, the faid Flyent will be
tax—zsax+Haxt—v5ax’y (9¢. in the El-
lipfis, and g x—=gax’ = rrax’—s% a5, (5c.
in the Hyperbola. And in the Ellipfis, if »
be == 4, the Area of tl«: Se&tor C A4 M will be
$ab—iab+4fab~~75ab, {Fc. and when »

- Bb 2 . =3,

.
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=4, the Area of the Se€tor C B M will be al-
fotab—2tabt+sab—1sab, {Fc. the Sum
of which, viz. ab—3ab+t-tab—7%a b, (5c.
will be the Area of the Quadrant of the Ellip
fis4BC. :

CoRrRoOL.

eNce if a==4, viz. when the Ellipfis is
a Circle; the Area of the Quadrant of a
Circle, whofe Radius is 2, will be 26—34aa
+$sa—3iaa, &c. and if 4 be =1, the A-
rea of the Quadrant will be 1—§ 4+ 7—7,

. .

The Fluent of 2% _ _ the Fluxion of the
2bh=2x0°

Sector of the Hyperbola, may be found in the
Meafure of a Ratio; for it may be referr’d to
the fecond Form in the Tables of Mr. Cotes;
fince making 2 =x, d =abb, § =0, 1=2, e=

" - 2bb, f =-—12, the Fluxion in the fecond Form

dz.zﬂn-l-%n—l

T bz%;;. — and the Fluent of it

: 2 o o|RET
againtt 0=0, i¥ 24 RFET. Now R (=

=z A »
vz ) =5, f<=z*")éx,mds<=/i}r-z )
=/ bb==xx. Whence h-?; 4 RlR—:;'—T= iab

b4 - CB4-4D .
——=14CxCB|~—=——=; thatis,
Vbb—xx ICB —AD

. the Area of the Hyperbolical Se&or C 4 M is

equal to the Meafure of the Ratio of CB4-4D
to /CB —7D’, the Triangle 4CB being
the Module, . '

ExaM-
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ExamrprLEe XIL

0.0 fquare the Space AMp, called the F
3 T gure of the Tangents. ’

. 'The Nature of this Figure is, that any Ab- g, 4. 194
ftifs A4 P is equal to any Arch (4 P) of a Cir- zo.
cle, and the correfpondent Ordinate PAM at |
right Angles to it, is equal to the correfpon-
dent Tangent 4T of the Arch.

Draw the Secant C 7, and the Secant C# in~
finitely near to it; and from C with the Di-
ftance C 7 defcribe the fmall Arch 7¢c. Make
the Radius #C =a, the Arch 4 P (= Abfcifs
A P) =2, and the correfpondent Tangenr AT
(= correfpondent Ordinate p M) =y. Now
becaufe the Triangles A7C, T#c, are fmi-~
lar, the Angles at 7, 7, differing from each
other only by an infinitely {fmall Angle, and
the Angles at 4 and C right Angles; therefore
Y‘C‘(_Wza-{--yy) :4C@)::Tt(@):Tc =

ay

vaa-1-3y I
&ors C Pp, CTc, therefore CT (yaa+yy): T¢

(Vaaaiyy) ::CP(a): Pp (=x). And mul-
tiplying the Mcaps and Extremes, we get x

Again, becaufe of the fimilar Se-

‘. —-—-—_'.— M . o 9. ——————— Y
aa—l-yy-—-_‘!-—-anddmdm by yaatxx, :
Vo S gy g by Vaa,
there will be had % = —%%_ = Fluxion of
aa—yy

the Abfkifs 4p; and multiplying by y, there

will arife ¥y = a:fl’-j; 5 =Fluxion of the Space
| AMp;
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AMp; and the Fluent of it will be yy—=
L +—-— 8y¢:‘+’ €. = Area fought.

6a*
Otherwife by the Meafure of & Rasio.

hi i _____aay} be ¢
This Fluxion — 5 = ampared

with the firft Form in Mr. Cotes’s Tables.
For if 2=y, a—-z, 0=1, d=aas, e==aas, f=1}

On——l .
. _ 4&ayy
the firft Form + = will be = YyE=T]

And againft 8 (=1), the Fluent will be

Ble+f . aa+yy_.dcl_6_‘7_"
i =348 — thlch

s equal to ZC" .(‘Lg-(:‘ For putting 27 for the

..__—

Logarithm of the Ratio oy C” and = for the

Module of the Logarithms; then will § AC"

cT _—
2_. bc*-—ldc x-"—b--—dc x.— Butfrom

the Nature of the Loganthms lis cqual to the
Logarithm of the Ratio C—T 5 therefore 4G
x_z.;s* =17-C‘2|%a-—idc l-—-,thcteforc
thc Area Ap M is equal to the Meafure of the |
Ratio between the Secant CT of the Arch

AP =Ap, and the Radius 4C, having the
Square o the Radius for a Module.

Exam-
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Exampr e XIII.

1.7T0 [fquare the Space ABpM, called the
3 T E{we of the Secants. P75

Here the Abfcifs 4p is equal to the Arch Fie. 21,
AP, as in the laft Example; but the corre-
fpondent Ordinate p M is = Secant C7, and
the Ordinate 4B = Radius 4C, every thing
elfe being as in the laft Example; only let CT°
be = 5. Then from the Similarity of the

Triangles 4CT, T2¢, we have AT (vyy —aa)
5:AC(@):tc(9): Te== = 5 and becaufe

vy —aa
of the fimilar Sefors CT¢, CPp, therefore
T () : T (=2 )::CP(a):Pp(:':);
—aa
and multiplying the Means and Extremes, there
arifes 94 == —=—— == Fluzion of the Space
Jy—4a
A B Mp, and the Fluent thereof will be very
eafily found in the Meafure of a Ratio, 1t
coming under the fixth Form of Mr. Cstes’s
Tables. For making z=y,n=2,0=0,d==4a,
' &zﬂa-!-r;-u—-x

| N
24 Alfoin this Form R (=/f) =1,
y—aa+yy

( 2 N 2
q‘ == S ettt o and
ve+fz' y ~—daa 3y
§(=y 3t >._‘ A -
(~vah) === Wiems
. - C

e= —aa, f=1, we fhall have
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the Fluent (6 bcfng =o) '.';..de R:'T wil
CTH AT

. .a 4C -
Confequently the Area of the Space /BMj
will be cqual to the Meafure of the Ratio be-
tweeri the Sum of the Secant and Tangent ol

the fame Arch, and the Radius to the Square
of the Radius for a Module.

PEY e

CorocL,

ENCE the Meridional Parts in Mercator’s
Chart may be computed for any given
Latitude ZP. Itis well known ¥, that the
Meridional Parts of any given Latitude 4 2P,
‘are to the Length of the Arch 4P, as the Sum
of the Secants in them to the Sum of as many
‘Semidiameters; that is, as the. Area of the
Curve-lin’d Space 4B Mp to the Retangle

BAxpd; or as ac lg:q-:-j-ci.rto ACx AP,

or as AC C—Y;;-%ﬂ to 4P. Whence the

‘Meridional Parts are equal to 4C CZ"&AT
® drt.14. or * AC (Tléécm'

. _ Examrerre XIV.

;z.TO Jfind the Area of the Space CPQc
« *  contained under the Parts of the Conme
choids CP D,cqd of Nicomedes, the Part Cc
of the right Line AC drawn from the Pole A
gerpendicular to the common Afymptote BG, and
“ b

- % See Philofophical Tranf. N, 176, ’
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2be Part QP of any right Line drawn from the
l faid Pole A, and intercepted between the Curves.

Let Ac=4, cB=CB=b,cC=2b, AB F1¢. 22.
==¢, AG=y, BG=x. Draw Ap infinitcly
" near AP; and from 4, as a Centre, defcribe
the little Concentrick Arches ¢s, mr, pn.
Now the Nature of thefe Curves is, that BC
or Bcis=GP (pm) or GQ (mg). Becaufe
the Triangles 4G B, r Gm are fimilar, the An-
gle at G being common, and the Angles at ¢’
and B right ones (the Arch 7 being taken
for a ftraight Line) therefore 4G (y): 4B (c)

GM@F):rm =£yf. Again, fince the Se-
&ors Arm, Asq are fimilar, therefore 4m=
AG (y):rm (fyf) 2t Ag=AQ=AG—A,

(y—?b):5q =V And again, from the
Similarity of the Setors £rm, Anp; there
fore 4G (y):mr -’;"):AP (y42) :pn=

cyx -+ chx

Confequently pr+-¢5 is = —

b0 S
Andfo3pntgsxPQ = i%‘ is = Area of
the little Space s Ppg=Space @ Ppg =Flu-

xion of the Space CPQ¢. And fubftituting

- yfcc4xx for y, the Fluxion will be .’.'f.lf_.
yee+xx

‘Which comes under the fixth Form in the Ta-
bles of Mr. Cotes. For making d=2cb,2=x,
9=o0, »=2, e==¢r, f==1, the fai fixth Form
d> za"+""_' r A

- ach
Vq’T will become V?;_g-;x.Tthlu-
e+13
Ce ent
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| ent of which ftanding dgainft §=0, is .Z}J R

R4+T
s

, fz’ I =T = f \—
/_z‘_) _x¢cc+xx, and § (= ,/z,)___
¢ .. . d-veet-xs
o the faid Fluent will become zhpc_

==Fluent of the given Fluxion = Area of the

Space CPQ¢, =Bcx 4B BG_;;AG. That

is, the Area of the faid Space is equal to aRe-
¢tangle under B¢, and the Meafure of theRa-
tio between BG4 4G, and 4B to the Mo-
dule 4B. '

Fic. 23. But to find the Area of the Space CPGB
contained under the Part P C of only one of the
Conchoides of Nicomedes, BE being the Afym-
protey A the Poley and ABC at right Angles to
BE. ‘

And making R (=y/f) =1, T (==

Call AR,a, BC,b, 4G,y, AB,x. Draw
Ap infinitely near to 4P, and from Adefcribe
the fmall Arches mr, pn. Then by reafoning

asbefore, we fhall have abbx abx_

244 25% ,/-_aa+xx
Area of the little Space G Ppm = Fluxion of
the Space CPGB. The firft Part of which
Fluxion comes under the fecond Form in the
"Fables of Mr. Cotes': for making d—abb, z==x,
8=0, =2, e==244, f==2, the Fluxion of the-
dzz 0ntin—1

fecond Form, viz. —mz-,——willbccomc ‘

&; the Fluent of which is = d R
244+ 2x% ue

R,
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R¥T { 1. I =t
] 32 Tnwhich fibftitutingfor R (=y=" )

v/ —aa, for T(=z%") xy and for § (=/;_"J{§) .

a+tx
aa-t+xx

for the Fluent of the firft Part _.a_bbﬁ._ .
244 -+ 2x%

of theFlu-

v/44 + xx, and we fhall have 354

abx

Again, the latter Part

. vaatxx

xion may be compared with the fixth Form

in the Tables of Mr. Cozes by making d =4,

z=x, =0, n==2, 6=44, f=21; and the Flu-

RI-7
s

byrhakingR'=r,T=%¢aa¥xx, and S:%,

ent thereof againﬂ: 8=0, wiz. ;’?d R {

will be 22

L"'_“./.Z_“iﬁ’ . Therefore _.thc Sum

atx
17z g 4 ab
_“1’.‘;}:‘&‘ will be the Fluent of the whole

Fluxion. - Confifting likewife of two Parts,

the former gf which is the Mealure of an An-

gle, becaufe X1s =.y/"s2; and the latter of

a Ratio,. becanfe R is = /1=1.
The Conftruction of which Fluent may be p;q. 2.
thus: Draw C F perpendicular to 4C, affame :

- BH equal to the Meafure of the Ratio be-

tween BG4 4G, and 4B to 4B takenasa

Module, that is, makg BH=—a l‘+s/z;a-l-xx' B

of “thefe Fluents + 52 j

Cé z More-
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Moreover, aflume B/ equal to the Mealure
of the Angle G 4 B, to the fame Module 423,

e e Radius, Tan-

Vaa I %%
gent, and' Secant of which being as 4, ¥,

that is, —a‘

~and y/@a + xx, or AB, BGy, AG. Thisdone,

draw 47E and HD parallcl to the fame ; then
will the Trapezium BHDC be equal to the

_ whole Fluent; and confequently equal to the

Space C P G B. For fince the Triangles 4 BH,
C D are fimilar, therefore 4 B (a) : B[

(,7:—41%—”) : AC (@48 :CE =

| ats str g CEXTE
vaa 4 xx \/aa—l-xx
b a+x bb a+x
BC="=%=
X ,/aa-}-xx Vaa—}-xx =

Trapezium BIEC. Aga.m, HI (=BH —
BI)is=alﬁ-L. I‘”‘”—a EL .
—

vaa 4 xx ’
which multiplied by BC (4), and the Produ&

x4 vaa+xx “a+t-x —
spfrdviet e, “== (= Panll-

logram HDET) added to the Trapezium BIEC

Lllbce-b a-!—x -b_é atx _a_}_
Vaa—rxx 2 |\Vaa-y xx z

a—l—x ‘x+¢aa+xx bb ¢+ x
¢aa+xx Vaa i w%

+¢F'..‘%ﬁ.ﬁ’i‘ == Fluent to be conftru&-
cdy = Trapezium BHDC.
' (3
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- If the Conchoid CPD be of fuch a Na-Fic. 23.
ture, that /BxBC (4b) be=AGxXxGP 09)5
by reaforing as above, ‘we thall havcﬁéy;—{.
b ‘ YJy—aa
- z L for the Area of the little Space
2y/yy —aa -

G P pm =Fluxion of the Space GPC B; and
the Fluents of each Part of this Fluxion may
be had from thofe of the Fluxion of the fifth
Form in the Tables of Mr. Coses. For making
d=aab, 2=y, =0, =2, e=—4a4, =1, the

F L
Fluxion of the Form, wiz. — will
: ye+tfz
become ‘sz 2 the firft Part of the
vyy—aa :

Fluxion. And makihg d= ”%M,z=y,6= —1,

n==2, e==—a4, f=1, the faid Fluxion in the
. a*hby™ %y

Form will become =—======= the latter Pait
2y)y—aa

of the Fluxion; and the Fluent in the former

Cafe correfponding to §==0, is ';}.:; dR IR::,'TS
and in the latter, the Fluent againft §=—1,

s —hap+ Lar iR +Z. Confequently
writing for P (=vye¢—+f2") y/yy—aa, for R
(==v/e) y—aa, for T (=y/e+ f2") v/)y—aa, A
and for § (=4/fz") vs- ‘he former Fluent will

become 44 ‘f——-'-_—"l—:-‘-‘, and thelatter 422
o y . 43

q/yy—aa-r% “___‘/3”._._‘;_; and the Sum of thefe

Fluents -
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Flucnts?-% Vi —aatab + 7 W

is = Fluent of the Fluxion above. Which
may be confiruéted thus: -
Fie. 24. Makc AG (y):34B(Fa)::¥BC(35): BN

26 “And dG(y) GB(yYyy—as) : : BN

(a b) = 2% ‘/yy——aa, thenif to BM

you add MO = to thc Meafure of the Angle
.B AG (whofe Radlus, dius, T'angent and Secant are

as 4B (a), BG (¢yy-—a¢), and 4G () to the
Module- AB-—}- T (& %+ Z), the Re&angle

CBxBO will be equal to the Fluent

abé vy —aa ab—i—: batvyy—aa_ g oo

of the Space GPCB.

Exampre XV.

33 LE ¢ DPEBQD 2e balf the Lune of Hip-

pocrates, A being the Centre of the Arch,
DQB, and C the Centve of DPE s 4t is requi-
red to find the Area of the Space QP E B, con-
tained under BE, Part of a Line A CEB join-
fug the Centres A C; the Parts QB, PR qf the
Arches forming the Sem—Lzme, and- the Part
QP of any right Line AQP drawn from the
Centre A of the larger Arch of Formation, lying
between the [aid Arches.

Fic.25.- Let DCF be at right Angles to 4CE.
‘ Draw 4g¢p infinitely near 4G 9 P,and from
the Centre A defcribe the fmall rchcs Gr,yp5
and join the Points P and E.
‘ 2 This
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This done, let 4C=a, CG=x, AG=y.
Becaufe the Triangles /G C, rg G are fimilar;
therefore 4G () : AC (a)::Gg (%) : Gr=
2%, And fince the Triangles' #GC, 4EP,

¥

are likewife fimilar, the Angle 4 being com-
mon to both, and the Angle 4 PE in a Semi-
circle equal to the right Anglc ACG; there-
fore 4G (y): AC (@) :: AE (24) : AP =

”_“. Moreover, from the Similarity of the

Sc&ors AGry, Asp, we have 4G () :Gr
) 4P (22): p_i.“_" Which

drawn into v AP (_ , and the Produ&

24" (i1l be = Area of the little Se@or dps

.7

== little Triangle #p P. For thefe differ only
by the Triangle p Ps, which is infinitely lefs
than Aps. Again, becaufe the Se&ors 4G,

.d:p are fimilar, we have 4G (y):Gr (*
aaxy/a
11 AR (ay2): ,Qq-———-——-— Which drawn

3 .
into¥+ 4 (2 V2 ), and the Produét %f, will

be equal to the Area of the little Seftor or

Triangle 4943 which taklcn from -2—;? ’
the Area of the 'I_‘rianglc Ap P, and the Re-

mamdcr za L 2% will be = Area of the Tra-

.7
fczmm qu Which is theFluxion of the

unar Spacc EP9B.
Again,

79
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Again, becaufe yy=—ss-} xx; therefore xx=
Jy—aa: and throwing this Equation into Flu-
NI,
X  yy—aa
by putting for « its equal o/39—aa; then if
this lat Value be put for % in the Fluxion of
the fought Lunar Space, the fame will become

24% @y ____289 N ay Yy
IYy—as  yyyy—as jy—aa «f/yy—aa
Both Parts of which come under the fifth
Form in the Tables of Mr. Cotes. Forin the
firft Part, making d=24%, 2—, b= —1, =—2,
e=—aa, f—1, we have the Fluxion of the

xions, we get xx=—yj, and ¥=

. o”‘_l a3 .
Form 422 — =22 2 In like manner,
) vetfz /yy—aa :
in the fecond Part, making d=—s*, z==0,
8=0, =2, e==—aas, f=1, we have

dzz" 1 ——a& .
- =—==—2. The Fluent againft
vetR"  o/yy—aa

—_ =1 f R4-7T _ 4
0 Ils;;;.dP-l-h?edR T 7y
VI —as+aa Ltw, by fubﬁituting

v yy—aa for P (,/eFfz"), afor R (y/2),

v/ yy—aa for T (y/yy—aa), and y for § o/ f2").

And that aginft 8=0, is =2 4 R ,R +7 _
e

§

Y by fubftituting the fame

~ Values. Therefore the Sum of thefe Fluents

mre——
/: , —3&

s E———— N
£ V) —aa“aa '."i!/_
Vi y

_adrj_“wis =a’ ‘/_yy —-—44 (ﬁncc the
J J)
Meafures
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.Maeafures of the fame Angle to the Module a4

are, the one affirmative, and the other nega-
‘tive, and confequently deftroy each other.) =
Fluent of the Flaxion of the Lunar Space
EPQB, =EPQB. -

' Now thisFluent may be eafily conftruéted;

for if aright Line be drawn from the Centre

C to P, the Ifcolceles right-lined Triangle

CPE will be = Fluent ;; Vo —as =%«
(fincex == & yy—aa) = Lunar Space EPQB,
as may be thewn thus: ' o

Draw P H parallel to GC; then' the Tri-
angles AGC, APH are fimilar: therefore 4G

() : 4P (z-yi-“) :GC(x): PH= 128%,

¥y
‘And 0¥ PH a_.a;’f‘xCEais=€2’::
(yy) ()‘ Jy

Fluent to be conftruéted == Area of the Tri-
angle CPE. Hence the Area of the Semi-
Lunecis = CEx1DC=134a. And thus you
have the Quadrature of the aforefaid Space by
the Method of Fluxionsy tho’ indeed it may
be thewn much fhorter by common Geome-
tt'y. . : . o .
Examrre XVI

34- fquare the Cycloidal Space, or to find
the Area of any Segment AMG of 2.

Let 4P B be the generating Circle. Let Fic. 26.
AP be any Ordinate, PM the correfpondent
Abfcifs; let mp be infinitely near MP; let
PM touch the generating éircle in P, and
MT the Cycloid in M. Then from the Na-
ture of the Cycloid, the Subtangent P7 =
PM = Arch 4P, l;)xsw 4G perpendicular

’ to
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;toAB,mdfromtthéim:s M, m, draw MG,
. rpendicular to 4G.

mzb‘;z‘wlctd =x, AB=1. Becaufe 7P
— PM, the Angle MTP =PMT; and there~
fore the Angle TP 9 —2TMP. Bat the
Meafure of the Angle 4P9 is + the Arch
A P, which is alfo the Meafure of the Angle
g P A; therefore APQ—TMP — Mms.
Confequently the Triangles /PQ , Mm § are
fimilar, therefore 49 (%) : QP (/x—xx) : :
MS (x): mS=x “/x:xx: But s ¥X X% |

X

thrown into an infinite Series, will be Pt
: 3 5 2

x—tx % —¥x*x—7px %, &c. = the Flu-

xion of the Ordinate 9 M to the Axis 4B of

the Cycloid, and the Fluent of this, viz. '

- (] 3

25 — ¥ s x s, ¢9c. willbetheGid

Ordinate M 9. Whence 9 Mx x— the Flu-

xion of the Cycloidal Space AMQ is — |
¥ s z

3
5. . = . v .
2% % —F% x—35x x—vrx xy Jc. theFlu-
) ) 3 D)
ent of which will be 2% —% & — % x¥ —

—;}-;x}, 9z, = Area of the indefinite Cycloi-
dal Space 4 M Q;

Now if mS:gG:’i%-’f be drawn

into GM=—A49=x; then will the Fluzion
GMS G of the Arca 4 M G be equal to
x o/ x—=xx. 'Therefore fince this is the fame as
the Fluxion of the Segment of the Circle
APQ, the Space 4/ MG will be equal to the
Segment A P9 of the Circle, and {o the Area
AD BC of the whole Cycloidal Space 4/ DB
is equal to the Area of the Semicircle 4 PB.
- s CorowL.
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BE cavuse DB is equal to 1 the Circumfe-
rence of the Circle; if you call the fame
2> and AB,a; then the Reétangle /B D E—
ap = Area Semicircle /PB. Whenc¢ the
external Cycloidal Space AEDMA=73 ap.
Therefore the Area of the Semicycloid /DB
—3ap AMDPA=—3ap. Conlequently the
Area of the-Cycleid is the triple of the gene-
rating Circle. , '
Examrre XVIL
. 35."T0 fquare the Ciffoid of Diocles, or 20 Fic. 27.
;ﬁT tbezlrem)fa{y Seg{nént" APMofiz.- 7

" Let. 4D B be the generating Circle, BH
the Afymptote to the Curve (4 [) of the Cif-
foid, at right Angles to the Diameter 4 B; let
the Diameter 4 Bbe==1, the Abfcils /P=x,
the correfpondent Ordinate P2/ to the Ciffoid

=Y. ,

Now the Equation exprefling the Nature
of this Curve will be PBx PAl'= 4P ;that
is, y*=—xy* ==x*, and fo y’:.l_f._:&. Whence

| 3 X ; — . I .
I=y X :—é—_:xi‘x 1—x *; andxy
I—x 4/I—x .

— : . . <
;::x*x I—x% ° x==Fluxionofthe Area /P M.

The Fluent of which will be ?;q* + ?2__*; +

% &t Pt A :

1.3x° | I.3.9% 1.3.9.7% — T,
4.9 + 4.6.11 + 4.68.13 » e = y#in
. ' Dda to
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sy L 3%® | 1.3.4%% 3.5.7 ¥ |

x‘-l— i +4.6u +4681;
{Fc. = Spacc A PM And when x=1, then
will this Serics become 2 +7 +Ig + z‘.’ZT‘.

5 5. = Area of the mﬁmtc Space

+ 3t

JBHIJ

Otherwife :

Let AB=4,and PN—z. Now becaufe
from the Nature of the Curve ay*—xy* —x?;
this thrown into. Fluxions, and there will arife
zayy-—zxy)—y #=3%'%, and 28—2xXy=—

y 5;-—1;—- But fince from another Property

oftthurvcx*-—-zy;thacfore-— z. Now

make ¢ —x = PB—iu; then we ﬂ)all have 245
~—y%=3z%; and fo the Fluent of the one
will be equal to the Fluent of the other. But
2z x isthe Fluxion P N'np of the Segment /NP
of the Circle ; and becaufe ¥—=PB—0 M and |
3=mR=00, m MOo, will be the Fluxion
of the Area /MO B, and yx the Fluxion of
the Arca /MP. Now when the Fluent of
1y exprefles the Area of the whole Cycloidal
Space 4B HI.A4, the Fluent of x5 will be the
fame Arca; and fo the Fluent of 249 —yx—
Fluent 4y. Therefore fince in the fame Cafe
the Fluent of z » is the Area of the Semicircle
AN B; and becaufe the Fluent of sy =
3z, the whole Ciffoidal Spacc 4BHIA

will be the triple of the gencntmg Semicircle
ANB.

.

o S Exam-
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ExaMmere XWIL

36. TO [quare any Bsterminate Spase HRMUT g, ¢, 28,
comtained under the Afymptote P H, Or-

dinate MP, and Part MS oftbe Logarztb- SR

ml: Curve M1

- Call the Subtangent PT,a (becauf: from
thc Nature of thisCurve it is 3 ftanding Quan-
tity) and the Ordinate PM,y. Draw the in-
ﬁmtcly near Ordinate pmw, and from M draw

erpendicular to mg, Now becaufe of
thc (lx) ilar Triangles MTP, mMg, M P 6

TP(a) mq(y) Mq y thncc MP

XMg=—yx 7-4], is thc Fluxion of thq

Area /M PH, and the Fluent thereof will be
945 that is, the Area of the infinitely cxtendcd
Space IMPHis —=MPxPT.

. CoRroOL.

F the Ordinate %S be =z; then the Inter-
¥ minate Space /S QH =4z, and confe-
quently SMPQ =ay—az=axy—z; that
is, the Space contained under apy two Semi-
ordinates M P, § @, the Part of the Abfcifs
P9, and theCurvc MS§, is equalto7Px M P

J; and fo the Space B APM is to the
S ace BMS9, as the Difference of the Or-
dmates A B, PM to the Difference of the Or-
dinates PM, 9.

Exam-
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ExamprprLe XIX.

37. TO [quare Spiral Spaces.

Let the Semi-diameter of the Circle, viz.
AC=a, the Periphery = 4, any Arch 4B
=x, asan Abfcxﬁs, and the correfpondent Or-
dinate C M—y. Conceive the Radius C5 in-
finitely near C B, and draw the{mall Arch M E.

Now the Nature of Archimedes’s Spiral is

ACxAB-Pcn hery 4 drawn intoC M that

is, ax=by. is being -granted, the “(mal)
Arch ME:’; fince CB:Bb::CM: ME.

Therefore { C M x ME = Area of the little
Seftor MCE = to the little trilineal Space
CMm, which is the Fluxion of the Spiral

Space =y__’_:_c but from thc Nature of the
Curve ax.Jy, thcrcforc b* =yy. Conf¢-
quently fubftituting —-for yy in the Fluxio-

G-\"’ X o

nary Exprcﬂion, and thcn it wxll be S5

the Fluent of whlch will be % g thc Arm of

the Segment of the Spiral Spacc 3 and if for
x be put 4, the whole Circumference, the
whole Spn'al Space will be =}48.

Again; The Nature of all Kinds of circu-
lar Spirals will be exprefled by amx2=b2y";

therefore ﬁ';i =ym, and 2=y Confe-
~

2n

quently ~ —x =2 ,,x The Fluent of which
25~

£ will
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‘2nd-m
willbe %2 " _ . Therefore putting 5 for
4n+2mxb™ A

%, and the whole Spiral Spaces will be
4nt2m ' " S

Moreover, if the Arch 4B be to BAM as
the Abfcifs to the Ordinate in any Algebraical
-Curve, the Spiral Space may be fquared after
"the fame manner a5 above. o .

For Example: Let 4B be to BM as the
Abfcifs of a Parabola to the Ordinate; then
affuming p for the Parameter px =4* — 24y}
247 — 24 ’
S s 7 L
u‘-;-f—f ,. the Fluent of which will be

7 | ’

=

3r A '
Much after the fame manner you may find

the Area of- the Space contained under the
Arch 4B, and the Spiral /M; whofe Flu-

xion is the Trapeziom BMrmb=Bo~+-Mmximb.
But Bb=%,Mm —-—-3;-;, mb=a—y; there-

¥yy and £ = . - Whence %:.—.— .

fore BMmb ( i+Z x%;?)zé__f;y’x.

Now let the Curve be a Parabolical Spiral;
fubftitute -7-'-11;;—7'-“-" for its Equal : then will
@ LA —79 47 be the Fluxion of the

ap
Space . 4 BM, and the Fluent thereof
Space , pH

~

87
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or mn () to a fourth Proportional, which will
be = Mw# the Fluxion of the. Curve #4A47.
For the little right-angled Triangle Mm» is
fimilar to the right-angled Triangle ZMP;
and the Fluent of that Fluxion will be the
Arch fought. Some Examples will make this
evident, : ‘

. CorRoL.

ENCE if P.Q*c drawn from P perpen-

dicular to theTangent TM; FQ or OM
:PM (y):: Mn (), or nm (y) : Mm the Flu-
xion of the Curve A M.

ExamprLe L

40. TO find the Length of any Arcb AM of
the Curve of the common Parabola.

“Here Aan--—-m’; that is, ax =yy; and
both Parts thrown into Fluxions is 2 ¥ =12y3j.

Whence. aa3* =4»*y*, and r:iz_;l‘. And
adding 5* to this laft Expreflion, we fhall have
Frr=vir+ il =tyaT o =mm
the Fluxion of the Curve /M. TheFluent

ich wi 2y g 10
of which will be y.+ 3 54 *+37 o
&e. = Arch 4 M. :

Otbefwi/iy by the Meafure of & Ratio.

~ The faid Fluxion of the Curve of the Pa-
rabola% Va5 49y may be referred to the

fourth Form in the Tables of Mr. Cores. Fo:;
S :
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.o . 1 ] ;
if yott make.z=ty, #=2, §==0, d-—-.;, e=aa,

=4 Then will dzz°"+ AT be =
"¢M$4yy And thc Fluent of thls Form

(sgeint 4=0) is Tipt L 4R \&\If And
making P (=v e+fz)“"-¢aa+4yy,
(=vH=1 T(—\/e+fz >='I-s/aa+4yy,

S(= ,/-; —2 Thefaid Fluent will be 2

.\/aa+4 +a{‘/‘m F +27 Whtchmay

be thus conﬁru&cd F'rom the Vertex-4 draw

91

AB bﬂé&mg the Ordinate PM (y) in B then F1ec. 32.

will 4B (...VA'P +FPB) =L aat .
And multlplymg the Numerator and Denomi«
viaa 477 +2y by the

nator of ‘the 'Ratio

P 2 —T— 3
fame will become 24 ?/ 4y +f£’.That is,
M [ N 3.}, o
4'/““"\'4‘”‘4"27 w,/aa+4.yy _2’1
4 4 —3 A

But ; vaa -+ 4yyA-A-|»—J;lis = AB ;FB&P;and

iyis = PBy '.alfq 2 is = focal Diftance from '

4
the : Nature of the Parabola. Therefore
Eec 2 e

4
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a‘}v’a4+47y+ 20t 7] RIBI-)ZAB_%O
]
the Meafiire of the'Ratio between A B~ 4P,

and. PB to the focal Diftance 4K, as.a-Mo-
‘dule: Thisadded to 4B, 4nd the whole will

e -’V'M 7k By ‘l’ ‘-Ivi'&iﬂﬂ = Flu-

ent - 6F ‘the Fluxion’ £¢Ja 4 4yy = Lcngéh

of ‘the Arch AM of ‘the Parabola, -Hence
‘the Rule for finding the Lerigth of the ‘Curve
of _the.common Parabola is t ‘

“Let A be the Vertex, -F the Focus, 4P
the Axis, and -PM-#h Ordinate to the fame.
Dratr A B bifecting the-Ordinate PM in the
Point Bj;.to ‘which continued out, add BC
the-Meafure of the Ratio between 4B - 4P,
and P8 to the Module #F; and then .7C
awill-be ‘the Liength of -the Atch 22 M-of the
Parabola. This 1s the Conftrution glven by
Mr ‘Cotes i Harmonia Menfuraiumy p. 12.

“In thxs Ciirve th:BuBtangait TP=2A4P
=2% Whence TM= =y/4x% 2x% +ax. There-
fore 7-P (2 %) : T M (y/qpieé ). : Mn(x) Mnm

M x % == Fluxioh of the Curve.
Or ﬁnc:e ax=yy5- ‘thcreforc'x = ”, and 2%

'ﬂ »and 4xx—‘L Confcqucntlz‘/ s

:—-TM Now PM (3) : TMC&*JF”)

. : N A .
‘ y
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asbeforc; and the Fluent of x ’4-4%——4—*,

A- & 58 50 &ec. ST

Coror

IFAAC, DC be the Semi-conjugate Axes of F16..38.
4 -an Equilaterdl Hyperbola, and #C (=DC)
tbe fuppoled == a, the Latus Reftum of the
‘Parabdi\-; and the Ordinate PAd be =2 y,.and
the Abfifs QM =—w: then will 2 Pbe =tx—z.
"Confequently beeanfe PCx AP == PM 5 that
s ax—-ga=4yy,and {0 xx=—=4yy-{-4a.. There-
fore ¥ = /4y +44a. And if ¢m be drawn
-infinitely ricar gwz, then @ g=y; and fo the
Fluxion 9¢m M of the Area of the Hyperbo-
lick Space CQM A will be == ¢/aa-+4yy
= Fluxion of the Curve of the Parabola. L
Therefore the Quadratuse of the Curve of the A.- 7 11
Parabola depends upon the Quadrature of the
fail Hyperbolick Space. And fo the Rettifi--
carion of any Curve may be brought to the
‘Quadrature of a Curve, by fuppofing the Flu-
-xion of the Curve to be reétify’d ‘(found.as a-
bove) as an Ordinate, and the variable Quan-
%tity in that Fluxion as an Abf{cifs to that*Or-
«dinaté. Confequently the Bufinefs of re&tify-
‘in%g_nrves fometimes'may be fhorten’d, ‘from
‘a_Pre-knowledge of the Quadrature of that
Curve. it may be reduced <oo. L

Exam-
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Examvmepre IL

41.7T°0 reélify a Parabola of the fecond Kind g
where ax* =y*, or making a4 =1, x*
a3 .

Becaufe #*=y*; therefore 2 x% =3*j, and

45x*=9y%*. Whence *= 9-_"‘{’ —.___.91; J; ’
(by fubftituting 2 for ax*) = 25"; therefore

. V& 3 =y’ +5° (by adding * to each

® 4t 19.

Fic. 31.

Sideofthe Equation x*==$yy") =1voy'+49°
=35/ :E4, == Fluxion of the Curve, and
the Fluent thereof willbe7x 9y + 4 X y/9y+ 4.
But in order to find whether any thing is to
be added or taken from this, make y==0q, and
then the Remainder will be 4 y3 =& there-

fore the Length of the Curve will:be * &%
X9y +4x9y+4—. |

CarorL.

LE T the Parameter of the common Parabo-

labe 1, 4P=1,PQ=13y; then will 49
=32y -~ 1, and becaufe the Parameter is 1,
N @y+1) = ?J;"_‘ﬁ Confequently 9 N
=1v9y-+ 4; therefore the Fluxion -ONng |
of the Parabolick Space PM N Qis=+y
V914 Andfo the Length of the Curve
of a Parabola of the fecond Kind exprefied by
ax* =y depends on, or is the Quadrature of
the common Parabola, and may be had in fi-
nite Terms.

*

ExamMme
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42. TO reétify Parabola’s of all Kinds.

- Let the Parameter be =1 ; thenthe Nature
of infinite Numbers of Parabola’s of different
Kindswill be exprefled by this Equation y™=x.
The Fluxien ofP which will be my™—*j=3x;
and {quaring both Sides m*y*™ —* js =4*. And
if for Brevity’s fake you make 2 m—2=r,
then will m* 5§ =x*; and adding 5* to each
Side, and afterwards extralting the fquare
Root, /&’ ty'=o/m’ 'y’ y' =y /M’y + *
= Fluxion of the Arch of a Parabola of any
Kind foever. The Fluent of which, wiz,
+ m:yr It m4y3r+.1 I.zm‘y"' +r
J 2741 242741 m

8, 4v 2
L35S E | &c. will be the Length of

2.4682r%1
the Curve thereof. Now fubftituting 2 m—2
for y, and then the fame Arch will be =
mty:n_._; m4y4m—s t.;m‘y‘"‘"’

2.2m—1 2.4.4m~—3 ' 2.4.6.6m—5

Exam-
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Examrre IV.

43. TO find the Length of amy Part BC of
the Equiangular or Logarithmical Spiral.

Let the Radius /B=a, AC=b: Let BD
¢c) touch the Spiral in-B, and £D be n-
dicular to AD. Call BD,p. Alfo PE
touch the Spiral in P, and let 4 K be perpen-
dicular to it. Moreover let #p be infinitely
near 4 P; and from A defcribe the fmall Arch
Pm. Cal AP—AB=FP,y.

Now fince from the Nature of this Curve
any Radius 4 B cuts it in the fame Angle, or
makes the fame Angle 4B D with the Tan-
gent BD; therefore any Triangle, as 4PE,

“will be fimilar to the given Trnangle 4#BD.

But the {mall Triangle mp P is alfo fimilar to
the Triangle-4 PE, the Angle at a being a
right Angle = E, and the Angle at » common
to both Triangles: whence the fluxionary Tri-
angle mp P is fimilar to the Triangle A/BD;

" and fo BD(:): AB(a)::mp(5): Pp (.l):-

Fluzion of: the Part BP of the Curve; and
the Fluent “c-l' will be the Length of the
Part BP; and putting b—a for 3, we fhall
h ba—aa .

ave —— = Length of BC; that is, as BD
(c): AB(a): : AC—AB:Length BC.

Exam-
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44 To‘ find the Longth of any drch AP of
the Spiral AP C of Archimedes.

_ Let C.4M be the generating Circle. Call Fia. 34.
AC, a, the Circumference #, the Arch CM, ,
the Ordinate .4 P of the Spiral yyand let PT
touch the Spiral in P interfeting the Line
AT drawn from A the Centre of the Spiral
‘perpendicular to A P, in the Point 7. More-
over, lét Mm=%, draw 4m, and with the
Diftance 2t», from A defcribe. the littte Arch
np. Now ax==hy expreffes the Nature of this
‘Curve, -Becatife of the fimilar Sectors 4 Mm,
ApnyAM{a): Mw (3):: dp=AP () :Pn
-;.__‘.Zéi‘ . And fince the Teangles Ppu, PA T
* are fimilar alfo; therefore p P (3):p 7 (’Z;) HE
AP (3): AT the Subtangcﬂn‘t,=._%’.c . By

a

ax 24y ;) whance #="7 Which fubltituted

~ ” a by
for & in %‘,’ and we have 47 = ;";Z Again,

fince TAP is a right Angle; aT (bf__z’_‘ +
AP (79) =ﬁ‘=a‘_yya__.¥é£; and fo 7P=
L /ey and 4P (3): 7p{ %aV_—“‘+”byf) ..

::pP(¥) :Pﬁ == f;j'v.‘a‘.—{-bbyy, =Fluxionof

the Part AP of the Spiral. Which comes
under the fourth Form of Mr. Cotes’s Tables.

Ff - For
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For making 2=y, »=2, 0=o, d= ala"= r

o fibh, we bave dzz" T o =

L >y v#Fboyy. 'The Fluent of which is ZT
R4+T

P + de)T' And writing for P, R,

7,8, or y—— s/fn/ = M/iia their Va-

lues—¢a‘+bbyy, \/aH—Myy, ,tbcrc |

at 4 6b b
arifes —'x/“ e obyy + j.: l‘/ QR MW +v =

‘Tluent of the Fluxion aforefaid.

This Fluent: may be conftru&ted thus: Bi-

" fe&t AP (y) in the Point L, and draw DL pa-

rallel to the Tangent P7 cutting the Subtan-
gent in D; then will DL be =—L1/44+bby,

fince it is§ P7 = ——\/44_{_1,1;” ain, the
Modulc-af is had by making AD{gz Y

AL (%)::AL (_f.):AF=n. 'And

the Ratio Y&'+06y3+2b i —

a4
Vi + 2
y

, as you will find by di-

: y _
viding the Numerator and Denominator of

' this laft by ’z; therefore that Ratio is =

LD+ 4D

) A Con('cqfxcntly if to D L you add

LY,




APPENDIX. 99

L%, ‘which is the Meafure of the Ratié of
LD 4 AD to AL, the Line -D F being the
Module; the whole Line D 9 will be equal
to the Length 4P of the Spiral; and thus
you may get the Length of the whole Spiral-
%y making =4, the Radius of the generating

ircle.. .- . :

: E xamrpLeE VL

\ 45. 7O find the Length of any Arch CP of F1o. 35.
T the reciprocal Spiral AP C. -

. -About the Centre 4, with the Diftance
AC, defcribe the Quadrantal Arch BCMH,.
and continue out 4P to M; then the Nature \
of this Curve is, that any Radius 4C of it is
reciprocally as the Angle B 4C it makes with,
the firft Radius 4B, or as the Arch BC;
that is, 4P+ A4C:: BC:BM; and fo 4P
XBM=A4CxBC. '

Now .make /B or AC—a, the Arch' BC
=5, the Arch ' BM=x, and 4P=y; .then
will 4°be =xy. .Draw PG to touch the.
Curve iff P, and at right Angles.to 4P draw
AG.- Let' 4 be infinitely near .4 P, and con-
tinue it outjto interfeét the Arch in s, and
with the Diftance 4p from A defcribe -the .
fmall Atch.p7n. Becaufe the Seltors A 7 p,
A M are-fimilar, 4M(@):Mm (x):: AR ()

pn = j’f ‘And 'bécaufq'éf the fimilar Tri-
angles id P -é;fz Pp, Eﬁcréfdré' Pn(5):pn (%}') , '
::AP(y) :ch-.:%. And throwing the E-,
quation of the Curve a4=xy into Flaxions,

we havé x=?ﬁ'~, Wluch i)gt qu xin %, anci:

»

‘Ffa - we
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we have AG==b, that is, the Line dmwn
from the Centre A perpendicular to any Radx-
us AP of the S‘Pltﬂf to interfe& the T

to the Spiral at the Extremity of that Rﬁ
will be a ftanding Quantity, viz. == ArchBC,
which Arch will bacome a firaight Ling, per-
pendicular to the firft Radius 43, whea the
Point C is at an infinite Dxﬁancc, aad the An-
gle BAC infinitely fmall; that is, it will be
equal o 4D ihe Dnﬁancc of the ‘Afymptote
‘D E from the Centre. HonccAP OF GP

(VO Fry): P (y) Pp= "'"7 Vb ;yy =Flu-
zion of the Curve 4P
This may be referred to thc thn’d Form in

the Tables of Mr. Cores. For makmg z==y,
1=z, e=o, d—-x, e::bb f-— 1, we have

&M R =Lyl And the

Fluent of this > dP'-—";fJ:—— » by wri-
tng £01' P (= \G"‘!"’;z ) V/b +JQ';‘£°1' -R(-—V‘)

by for T (et fz) vhbtyy, and for &

‘HrﬂH-zz .

:AFlAF—*_}.’:G Y’A‘I;ﬂ-'C‘F '

(= ey wilbe =y T — D22,
And if AC b2 fuppo&d invariable = =%, then
tfhe Flueqt ¢M+gz~& fanA ," g

== Arch #PC.. Andl the Diffmnce of thele
l{luen;s,* Vi, ¢6é+zz - inr-l-}y + &
b 5"’*/”"*'”*01:-_.@44.

Length
of the Part PC of the Curve; that is, if to
. the
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the Difference CF — PG of the Tangeatsy
" yois add the Difference of the Meafures of the
K’auo bet\veq:n AF-+ PG and A P to the Mo-
dute 47, and of the Ratio between 4F--
CF and AC to the fime Module 4F, the
wholc wﬂl be the Length of the Part P C of

thc Curvc 5 or bccaufc AF iﬁ%{’_@

41?‘.——.——7; (by Srbd- Ars. 14. } there-.
foxg if L AL be the Meafiure of the Ratio be
tween 4C and C F— A F, 1 the Module 47,
and in }ike manner J7 the Meafure of theRRa-
tio bepween. 4P end PG— A F to the Mo-
dule 4 F; then the Aggre te of the Diffe-

rence .of the Tangents CF— PG, and the

ifference of the Mealures im—-—LM will be:
* Lcngth of the, Par;t PC of the Spm\l’ :

E..xAMPLE VH ‘

5] the Le b » bCP Fc,6
‘6 T thffoyb:ztbm’:ﬁ C:{wbi}g‘é . 0f o

Let A€, 2 P be Ordinates perpcndxcuiar to
the Afymptote Af, and let CF, Pf be Tan-
nts. AHo let » be mﬁmnely near- P~, and

draw 7p paratlel to 4 1.
Now call £C,z, aP,y, and the m\anab,lc
bzn.qgrcnt AF or af,b. Then becaufe of the
mnglps alf, nPp, wehaveaR () -1 "¢ .

P (TP (3) : Pr=2 YTl =
Fluxnon of the infinite Part PG of the Curve.
2 Which

—-
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Which compared with the third Form of

Mr. Cotes’s Tables, and the Fluent (as in the-

Iaft Problem) will be 25 yy—b ‘W——i’—"ﬂ’ .

In like manner t.hc Fluxion of the infinite Part
CPG will be £ /ip zz; and the Fluent,

thereof will be 1/0.0-&- z2z2—0b Ii__l’ﬁ_b;{-_z_z ’

and the Difference of thefe Fluents, wviz.

VAT o - |4dFt Pf
, P CF"'.RJ‘HTAF —_q_AP

® Art. 14,

* Art.14.

—-AF{_____A_/F;‘CCE; or % i= CP— Pf + AF
aP. | AC.. .. .
be raken equal to CF~—"AF, and 4/ equal to
Pf— AF, and L M, Im be drawn lel to
Af; then from the Nature of the Curve, LM
(== Abfcis 4n) will be the Logarithm of the
Ratio of the Qrdinate 4€ to the Ordinate:
Mn; that is, of 4C to AL: and confequent-
ly LM i the Logarichm of Qfé'c?ﬁ? Solike-

. aP oy
Pf—ar And
fuppofing the invariable Subtangent AF, or
a ; () equal-to the Module of the Logarithms,

the Line LM will be ¥ = AF ﬁ%’%ﬂ’ -

4F|_4C_ 47 |dFAPf_
F [ = —_
4 ]m’ and frm {F{ ap =

AF

véifc.lm is iixc ,‘Logarit.l.m; of |
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AF lP 2 P 3 thereire if to Cf— P, the
. Difference of the Tangents, you add Im—LM,
the Difference of the Parallels; the whole
- will be equal to the Length C P of the Curve._

E x A. MPLE VIII.

47. THE Sine PM. of any Arch PM of o
g - Circle being given, together with the Ra-
-dius: to find the Length of that Arch.

- Let AP be = x, the Radius £C =1, and Fic. 1z
the Sine or Ordinate PAM=y. Then from

- the Nature of the Curve, /PxPB =Z’-}l_4:
that is, 2x—xx=yy. . And throwing this E-~
quation into Fluxions, we have 2x—2xx —
23, and ¥ = i_%: Which fquared will be
S W .
Sy T =iy bccqufc from the E-
quation of the Curve 2x—xx=yy; therefore
. z-"x.__ }"j’f 3 S y’jz+i:"—7‘.3"’_
V% .“H.—-s/l_yz‘f‘_? =T =
v xf—y’ =v3 iy" =1—p %; whichwillbe
the Fluxion of the Arch #M. And theFlu-
ent thereof will be y 4 _’% + X3

N 2. 2.4
1.3 9 I3.4.7 -

767 9 +z,4..6. 557" &c..=Length of {hc
Arch 4 M.

Now if the firft Term be called 4, the fe-
cond B, the third C, the fourth D, &ec. and
the fecond Term be multiplied by §, the third
by §, the fourth by 5, é9¢. the Serics aforc{hiﬁ
: : | wi
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lelbtcemetlnsy—{*dy +.i_;3y &

2 7,@ + 77Dy,ecc.

Otberwz_'/f?

Draw ‘the Radius M C, compleat the infi-
‘nitely {mall ReCtangle. PMnp, make /B=1;
and as before, /P—x, PM=y; then x—x=x
—y7y, and becaufe the fmall right-angled Tri-
angle Mmn is fimilar to the Triangle PMC.

Thertfore PM (y/x—xx): MC (—) :PporMn

(x) :Mm=— "—':£= = Vx‘xx x % = Fluxi~
T2/ x =% 2x—2X%

on of thc Arch AM and the Ftucnt thereof

will bc 4 dx + v x + ;Eft

__x into 1 +fx+rx +— 5 %° - iz ke,

If the Cofine PC be made x, and theRadi-
us AC be =15 then the Fluzion Mm of the
Arch C D, being the Complancm of AM w

a (badrant, will be e OF ‘,/ﬁ—’i’-’x,ﬁx
‘ X—ix st X—-XK

finee the Nature of tie Cu:clc is' 1— ¥y —ﬁx,
thls thrown mto Flumons is ---2_7y._—-_ zxx, vxz

%% X% x* &7
= = — dy? = 2. —o?
yy xx, and y > an y yj ==

and thcncer Y '—1/[___”, 4 X =x
¢ — Thc Fluent of which will be x 41
‘Zf g 5% 7ira"y €9¢. = Length of the Arch

ScHeo-
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ScHoL1uM L

Ir. the Arch 4 M (fuppofe z) be given in the
Series found above, and you want the ver-
fed Sine or Bafe AP (x), or the Sine MP;
then you muft extra&t the Root of this Equa-
tion * z=x £ 35" o ¥ b rdrat, &c. AP
being == «, for the former; or of this, z—=x
+ 52 4 & x5 4", (Fc. where PM=x.

Scuovrruwm IL

F rRoM this Example we have the Inveftiga-

‘ ttion of the Theorem of Hugen’s for find-

ing the Length of any Arch 4M of a Circle
by’ having the Cliord A M thereof, and the
Chord 47 of half the fame given. The Theo-

rem is, 47— AM prch 4m ncariy. -

Call the Rsadius ACya, the Arch 4 M, z,
the Chord A M thereof A, and the Chord A
of half the fame B. Then will 4 (=mp=
twice the Sine of 4m =1 2) be * = z,—

2 2! gc. and B
4.6aa +4.4.l 20a% " ? f" ¢ A 8 =s2—
zs . z’ )

216642 T2 1616 12004 &e. Now mul-

tiply B by any fuppofed Number 7, and from the

Produét {ubftract 4, and that th‘; fecond Term
, nz?

of theRemainder — T -+ 4;““

makeit==0. Thenthere comesout =38 ; andfo

may vanifh,

8B—g=3z % — 32 -+, &Fc. that is,

64.120a*

8B—4 . 25 .
~———==2; the Error being only 588w

@t.’tao much. Gg ScHo-

10§

* Ars, 3.

Fie. 37.

* 4.3,
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Scuorium IHI

Fro. 2a. JF the Sagitta 4P of any Arch M.Am be
e 38 I continued out, and it be requir'd to find
the Point F in the fame, from which if the

right Lines FME and Fme be drawn, they

may include the Part K¢ of the Tanic:;. to
) the Circle in A very nearly equal to the Length
of the Arch Mm. '

Let C be the Centre, and /G=4 the Dia-
meter, and the Saggita 4P=x. . Then will
3

i be =ai A A
PM(—“M xx)bc =4 x z;{: g-; .

% L
i_ — g¢c. and AE (= Arch £ M) =a" ¥
164

+ = +3" + ot .+ &% But becaufe
- 6at 4.04’ 1124°
thie Triangles FM P, FEA arc fimilar, there=

&
fore AE—PM _-+.__+.L_@ )
644*
3

I?.a

: AP x)::dE( - 3" fx
R e +oa |

& €9¢c) AF=3a— x—;zi‘—-or-{-&"c

Now let us fuppafe /F—3z—§». Then if
AH be taken = 4§ 4P (x), and GF be taken
equal to HC, a nght Line drawn from Fthro'

M, and another thro’ m, will cut off E e near-
ly cqual to the Length of the Arch M 4m;

the Error being only z.fx 162 /xt or— &.
S¢Ho-
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"SCHOLIUM V.

/ AND if the Area of any Segment M.Am of g, . 4.
‘a Circle be wanted, nearly true, reduce
the fame to an infinite Series, iz. let the Seg-

. . S 7 .

i LTS X
, ment MAmbe =48’ 5" —r — —5 —
K fai 1443 |

K] . -

ﬁ;—,', &¢. to which 2 ZM— PMx$ AP will
364° s

be nearly equal, the Error being only ;fo—#‘/ax—l-

£9¢.. roo little,
‘ EXAMPLE IX;

48. 0 rectify the. Ellipfis, or find the Length
| T‘of any trch A Misbersof.

_ Let the Semi-tranfverfe Axis be 4/C,4, and F10. 40.
the Semi-conjugate Cc =43 and let 4P =x,
PM=y. Now the Nature of the Curve will

' APxPaxCc  ——
be exprefled thus -—%.—Z?-—e' =PM jythat

s f;—':x tax—ax==y9. And throwing both
Sides' of this Equation into Fluxions we fhall
have z'ak—;x:?:% Xy Js Or a;:--m&_—_;ijx 97,
L. a. ) .
and fo % ==$*)J, and fquaring both Sides #* =
- : : L ‘
. d"y'i’ And 3 -
7wy n ﬁch from the Na

Ggz2 ture
{
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turec of the Curve bbx 24%—xx =aayy, and

b4x wx———xx—-aabbyy, if aabbyy be put for

its Equal in the Denominator, we fhall have

o 49 = 4y
x = Ty e and addmg

2,,3,:2

~ j*toboth Sides; &* 4j* = 2 2V 4=

by
a’y*yt 442 —b'y'5 _ bt s —b Xy’ .
2 N 7y X335
X p—
and confequently /5 -+ 5* _y / e &=y

)
= Fluxion Mm of the Arch AM of the
Elllpﬁs And fuppofing b ='r, and a*—544
(=a*—1) =c; then will Mm the Fluxion of

the Arch be jy/ -T2 I+‘” 5 and the Fluent of the

ny w o n Y 4w
famcwﬂlbcy-{— +y7. TTiI. +7z
— ) y’ =1
vy + Ti222’ , 8¢, fuppofing n=1-}-.
But to ﬁnd the Length of the Arch Mc of
the Ellipfis, you may procéed thus: Here let

PCbe = x; then will Ac-.pc’;cc‘, —PAM

p— 71
that is, 48— XK K— =3);. and(baa-—xxxb&‘

=aayy. And throwmg both Parts of the E-
quation into Fluxions, we fhall have—25bxx

=24ayj, or -—bbxx._aayy, and i = 44;;}'
—bbx

~ and fquaring both Sides ¥ —.“_‘y__y Now

from the Equation of the Curve we fhall get
x"“ﬂﬂ—'n} and fo #%* = aab'—b*y*; and
fo
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fo fubﬂ;xtut;mg aab'—by* for b‘x‘ in tbe Dc- ‘
_ eyt ayyt
Taa—a by F—by
and thcn adding ¥*-to both Sides, there will be

nommator, and x* =

. a3 3y2 b ‘-53
had ' +5'= (i 5t =
: \
ay b —5 . - -
xy*) "-—j—z—‘a—b‘f,—)g-y-x " thercfory: V=I5t

=,/ o - - = Fluxion of the Alch

Mec. Which is the fame: as' the Fluxion of
the Arch 4M, when-4P was' equal to x;
and fo the Flucm: of -this ‘will be the fame Ex-
prefiion as the Fluent of the Arch 4AM.

If 4sbe =g, and:C P =¥, we fhall have -
the Length of the Arch Me = - -

® o R
X
zaax;a
4 = 2 4* LTy . T
2sa BT ,-a‘. ST
bb 54 5 xv ’

— R —— X —
244 4a‘+x64‘ 74"

b ¥ _ P
gt "‘rs*ﬂ &‘"

164

b S ———— .
for%xaa—xx—yy, and —xaa—xx‘ = y.-

b bb
Whence* =X --—--1_.}', and fo—x LA
.aa--xx az’ aa—xx
X = Cnf u __i‘_’.’._...
xx =jj. Co cqcntly1+ T

Axx--yy+m. And the Fliuuon of the
Arch

]

&y
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Arch M will be 1 + M_jxx X % Which
thrown into'an mﬁmtc Series will bc =47
éb xx . bt xx b
“ aa_:xx- ;x"xw_ x-arx—c‘
x5 B E T i

o s S S — s
x :
‘s bb x* ) wt ‘x‘
+xxx —X _,+¢4+ ;‘,&

. b4 3
_Ixx;‘ K - + +-15’ &C'

Ve

"‘-f'rxx &c i

And the Flucnt of this will be
®

+ ¥ x bo X -\- + &e

aa’” 3aa ya" 7a®’ —2" )

. 54 7

—_—F X =X )'u’+zx e o &C.
« 35 .

+ T X ZE‘X o o -;? + 3-—‘, &C.

T . |

g ﬂ’X;' . +9aa, &c.

being = to the Scrmﬁtﬂ: propofed.

EXAMPLE X.

'49 '1"() ret?ify tbeHyperbola or ndtie.[.mpf
Fis. 41 of any Arch AM tbemﬁﬁ
Let
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Let C be the Centre, 4 4(24) the tranlverfe

Axis, C¢ (&) the Semi~conjugate, A P (x) any

Abfcifs, and PM (y) the correfpondent Ordi-

mte. Now the Nature of this Curve is

%ﬁgf—,:. PM’; that is, @xzax.t.xx

==yy. And throwing both Parts of the E-
quation into Fluxions we have 24%4-2x %=
2 X i
%:- X9, or a;'c+x5:=z; xyy; and fo x =
F33 ., and fquaring both Sides 3* =

Pxatx

IIX

aty’ys . And fince (from the Na- .

a bt 2abtx--bhxx

ture of the Curve) b x 22x 4 xx =aayy, and

b*x 2ax -xx =a*b*yy; if a's*yy be put for its

Equal 240tx+4-bxx, we fhall have &* =
44}".}:, _ a:yay'x . .

Tty —rtiyy Then adding ,7. to

each Side, and ¥* +5* will be = - t-9—

— B AR Y 7

":W x." Confequen I
IV a0y

Vx + - b:+yy = Mm, thc

Fluxion of the Arch #M; being the very
fame Expreflion as that of the Ellipfis in the
lft Example, only with this Difference, that

_ in the Ellipfis the Sign of theTerm 5%y isne-
tive, and here it is affirmative. Confequent-

y the Fluent here will be the fame as the Flu-
ent for the Ellipfis; only with the Alteration
of the Signs, @sz. here 4 41 =¢, and c—1

=n, ) .

Note, '
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Notey If the Hyperbola be an Equilateral
one, then 24x-4-xx =yy exprefles the Nature
of the fame. This thrown into Fluxions will
be 2ax4-2xx=2yj, or ax+xx=yy, and s =
;ZTZ' Which fquared, and then %* =

a‘-\—yzﬁ + ; and fubftituting yy (==24x—+-xx)
s

~inthe Dcnommator i w:ll be = e —
’ ety

Confequently y/»* 47 —1— 7 =3y 2 ,:_;Z = Flu-

xion of the Arch 4M; and making #=1, the
the fame will be § /X2 2 oy oot of

Ity
‘which will be y 4+ L. — J’_’ 4 2

32 §2 7.2.2
7

= yzzz’bc
72222

SCHOLIUM

Fio. 38. IF in the Ellipfis M Am, AGbc—-tranfvcr{é
Axis, and 49 = Latus Reftum, and Q F

be affumed = ¢ 4Q 2L LA 4P, an

, inthe Hyperbola, 9 F=%49:+ f.?.f.!l%_"é_ﬁg
XA Py and the Secant F M E be drawn; then
the Tangent AE will be nearly equal to the
Arch 4.M of the Ellipfis or Hyperbola, if the
fame be not very large.

Examepre XVL

Fie. 26. ;’o O rettify the Cycloid, or find the Length
T of any Arch AM thereof.
Let
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Let AQ=x, AB=1; then 9g=M§ =

¥y and P9 =/x—sxx from the Nature of the

Circle: therefore 4P =\/x=xi—. Confequent-
ly becaufe the Triangles 4PQ, Mm S are fi-
milar 49 (%) : AP (x): : M S (3) : Mm =
¥ 3 x =Fluxion of the Arch 4 M; theFlu-
ent of which will be 24* =2 4P=Arch 4M.
So the Length 4D of ¥ the Cycloid is = tq
twice the Diameter 4B of the generating

Circle, which we know to be true from other
Principles. :

ExamrrLEe XVIL

§1."O find the Length of any Arch AM of
* the Ciffoid of Diocles 4 M 1.

113

Let AB the Diameter of the generating g, . 42

- Circle be 4, and call PB, », and the Ordinate
PM,y; then 4P =a~—x. Now from the

Nature of the Curve PM(y) is == AP xy/ %‘g

. —_— a—x —_F
that is, y =4—x V—;— =x xa—af-

And throwing this Equation into Fluxions, we
3 1 T
—1 —1

get y=xX—3%x Xa—x| —ix Xa—x

— e LK (it . .
= bl R ? d
— Y — X¥ Which fquar'd, a.n .

= qa+4ax+§xqc X“.'—xxa'c’ —
3 y J3 ‘a2
“_“;S_f‘;ﬁ;f_‘:'_ﬂ-_’fx %2, Whence j3* +x*' =

@+ 3aax R
e xx’y and fo vy’ a2 =

. .
=iax" ‘xxya43x.

ax ,a+3x
2% x

Now
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Now this muft be mmpar’d with Mr. Cozes’s
4th Form dzz°"+%" ¢e+fz And

makmgz—x, d=1a,8=—1, =1, e=a,

f=1 we gt P AEE) =8 ryp)
=/3 7/ ) = A a5 )

5\/%. And fo the Fluent :’l—zdP—!--f dR

]R :; Tbccomcs the Fluent of the given Flu-

+ 3%
at zx+41/3|'x/3+s/ =

xion -¢ or —

-

x

- -{-—;x |/ax+«/,m+zax
PV +3y3a s
But this Flucnt muft bc alter’d before it can
exprefs the Arch J_M, beea,uﬁ;*begmsae—&
-and-not-at--4
In order to this, make x—3z, and the faid

a+«/zaa(

Fluent becomes ==—24 - 3/$44 ~iaz )

from which if the other Fluent be mkcn, we
thall get a‘/a—{—; --24-}-

25 ﬂ+x/!*aa
3V VaxtyTaa+ax ;.m—\-ax
theSubftractionoftheRatio V. dx—\;/ Viiafx ; Za+ om

— 3
. Va+t%aa . ..
the Ratio¥. _""—47; is the Divifion of the latter

» (remembring thag

by'the formc;) exprefling the Length of the
Arch gyt T e
‘ Now
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. Now for the Conftruction of the Fluent.
Draw AC (y%aa) cutting the Afymprote in C
fo, that C4 B be } of a right Angle; and let
BD (yax) be a mean Proportional between
AB(a) and PB (x); anddraw C D (y/§1a+ax).
Alfo draw A E bife&ing PM, which will be

3 M

=44 f%ﬁ‘ . Then the Arch A2 of the Cif-

AB+ AC

BDXDC
a+viaa

Y ax 4y Taatax’

foidwillbe =2 A2 4B+ 3BC

'-’-“M/a_:' zx—ﬂza-«l—-;y’%aa’

Hh 2 SECT.
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SECTION V.
Of the Vfe of Fluxions in the Cuba-

tion of Solids, and in the Quadra-
ture of their Surfaces.

PRrosBs.

y2. TO cube or find the Solidity of any Solid
genmerared by the Rotationof a plain Figure
AMN about the Axis AQ.

Draw the Ordinate p infinitely near PAf;
then the Parallelogram PM7rp may be taken
for the Trapezium PMmp; and confequently

the Cylinder defcribed by the faid little Paral-

lelograg PMrp, while the Figure 4N 9 re-
volves about the Axis 49 , may be taken for
the Increment or Fluxion of the Portion of
the Solid, generated by the Rotation of the

"+ Portion AMP of the plain Figure; and the

Fluent of that Fluxion will be equal to the
Solidity of the faid Portion, conceived as made
up of an infinite Number of Cylinders of in-
finitely fmall equal Altitudes.

Now let 4 P=x, P M=y, and the Ratio of
the Radius of a Circle to the Circumference,

be exprefled by ;1; Then will the Circumfe-
rence of the Circle defcribed by the Radi;;
P
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PM bc_____p?y’ and the Area of the faid Circle
will be % y*.  Which multiplied by Pp (%) is

f;r xy* = Solidity of the Cylindér aforefaid, or
_ Fluxion of the Portion of the Solid. And if
for 5* in this Expreflion you fubftitute its Va-
Iwe gained from the Equation of the Curve . -
A M N, you will have a fluxionary Expreflion
" affeGed with only one unknown Quantity x3
. and the Fluent thereof will exprefs the Soli-
dity required. :

Examrpre L .
y;.TO cube a right Cone.

A right Corte may be defcribed by the Ro-Fre. 43.
* tation of a right-angled Triangle 4:BC about

the Side or Axis #B. Now let #/B—4, BC

s, AP—x, PM=y. Then becaufe the Tri- -
angles 4 PM, 4 BC are fimilar, AP (x): PM

(9):: AB (a):BC (r); therefore ’%’ =y; and
fquaring both Sides %zf-: = y*.  Therefore

2% (= Fluxion * of the Solid).= 2% * 4rr.5z.
car R

= :’;,x(by fubﬁitutirig';- for y) == the Fluxi-

on of the Solidity of the Part of the Cone
generated by the %‘rianglc APM. TheFlu-

ent of which will be =§_C_;,’=solidi:y ofthe

Part of the Cone; and if you fubftitute 4 for-
. 4t
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%, the Solidity of the whole Conq will be
%:raprx;a_';prx 45 that is, the Bafe
is to be multiplied into § of the Altitude:

Examere IL
§4. ’I‘O cube 4 Sphere, or any Segment theresf.

Fie. 44. A Sphere is generated by the Rotation of a
Semicirele 4B a about the Axis or Diameter
ACa. Let the Radwus 4C=ry AP=x, PM
=y; then from the Nature of the Circle ge-

. . R P jxl
nerating it, yy==2rx—~xx. Whence _i’_; =

22 _’_‘:ﬁ.’f Fluxion of the chuicm: of the

2r
Sphere generated by the Rotation of the Se-
mi-fegment of the Circle /M P; and the

Fluent thereof will bM = Solidity

of the Segment 4 M m. And if the whole
Diameter 27 be put for &, the SO]ldlty of the

2e .y yWhole Sphere will be = Z’ﬁ."_g;._.. = 209" —

fpr’ =35pr’=2rpx}r; that s, the Re&angle

under the Diameter 27, and Circumfererice »

is to, be multiplied by (37) a third Part of the

Radius, or fixth Part of the Diameter. And

if the Diameter 27 be = 1, then the Solidity
- of the Sphere will be # p.

Coror. L
ENCE a Sphere is equal to a Quadrangu-
H lar Pgamld whofe (}Safc is the Rectangle

iameter of the Sphere 27, and the
cnc

under the
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Periphery defcribed by the fame, and Altitude
equa ;@t_hc Semidiameter of the Sphere.

Coror IL.

AN‘D becaufe the Solidity of a Cylinder cir-

cumfcribing the Sphere is pr*; thereforeit
is to the Sphere as pr* to § pr?, oras 3pr? to
2pr?, oras 3 to 2. ‘

ExamrLE HI.

)‘-')".IF EDBEF be a right Cylinder, and the Part
' DBMAYF be cut off from the fame by a
Plane DF A paffing thro’ G the Centre of the
lower Bafe, and F the Extremity of the Diame-

" ter K D of the upper Bafe; it is required to cube

the f[aid Part DBMAF : which is called the
- Ungula or Hoof. o

Let 4D be at right Angles to BE=27,
draw CF, any where in 4D take the Point
P, draw PM parallel to €B, and P N paral-
lel to CF; join the Points M, N, and call the
Altitude FB, 4. Then any Triangle PMN
(formed thus) right-angled at A, will be fimi-
lar to the right-angled Triangle CBF. This
being allow’d, call CP,x; then will PA/* =
rw—xxy, and CB (r):BF (@):: PM (yVrr—=xx):
MN =% /rr—uxx; and the Area of the Tri-
angle PM N willbe 3 PMx M N=3, xrr—ux.
W hich multiplied by Pp (%) will be ””‘”“”’"‘
= the Fluxion of #PMN the Part of the

arx __ax’

nggla 5 and the Fluent will be = &=

Fio. 45,

Soli- .
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Solidity of the faid Part /PM N, and when
=« becomes =7, then will this laft Expreffi-
on be $27r°, =Solidity of T the Ungula, and fo
the Solidity of* the whole will be $47*.

ExameprL e IV.

§6 .TO. cube a Solid gencrated.by the Rotation of
the Part Fm M of the Lunule FAD of
Hypocrates about the Radius E D as an Asxis.

Draw the Tangent 44. Call the Radius
CE,1; then the Radius C A4 will be y/2. Alfo
let E P =¥, the Ordinate PM—y,and Pm=—x.

Now C 4 —C P =PM" from the Nature of
the Circle; that is, 2—1—2x—xx (=1—2x

—xx)=yy. AndED —EP =Pm > that
is, 1—xx=22z. Whencethe Arca of the Cir-

cle defcribed by P will be P:_’:%f;’f_{’f sand

the Area of the Circle defcribed by P will

bc?;?-f’i’f s and the Difference of thefe Areas

will bc]i:f = Anulus defcribed by Mm. And
this drawn into the Fluxion # will be 2% % =

"
to the Fluxion of the Part of the Solid defcri-
bed by the Part F M of the Lunule ; and the

Fluent thereof will bcpf; = Solidity of the
faid Part. -

E xAM-
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Examore V. |

7. 0 cube a Paradolical Conoid genem.tet’ by
the Rotation of a Parabolick Spac: of
any Kind about its Axis.

" Let the Parameter be == 1; let 4D be .=Fxc. 1.
8y BDi=r, AP5=x, PM=y. Then the
Naturc of all Parabola’s wvll be exprefled by

P =x thnccy—.\“", and fo yy = »";

theneforc 2. ’ﬁx—p ::x == Fluxion of the Solid

gcncraced b thc Rotation of the Portion APM
of the Parabola. And the Fluent .thereof will

mp - m
m ,andﬁabﬂ:mumgy % fot

m.l- ”’P? x
E ual, there will co eout
* its Equal, there will com ey
= Flucnt of the faid Solid.
- And if 4 the Altitude of the whole Conoid
be put for x,-and 27 the Diameter of theBafe
for 2.3 then the Solidity of the whole Conoid
will be =—’f’,.’l-=-f- e X apr=*prx i
st omxr  4tem 2km
~ Hence if the generating Parabola be the

commoame, w willbe = 2; and fo j:]_”is"

= 2 ==, Whence the Bafe is t,obcdrawn
z.+z :

into % the Altitude; and conﬁ:qucntly the ge-
nerated Conoid wil be ra Cyhndcr of the
fame Bafoand Altinude. - .

| S . <'E'ki\'w

as
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® Art. 52,

_ and Diameter —v, the Solidity of -that C{l

APPENDIZ.

ExamprLe VL

§8. TO cube a Spheroid gemerated by the Ro-
tation of @ Semi-elliptick Space about its
tranfverfe or conjugate Axes.

If you make 4 P=x, PM=y, and Aa=a,
and the Parameter be = 4; then will PA/ be
— 4P xp—ALX %

' Aa
will exprefs the Nature of the Elli ﬁs. Thcrc-.
forg # D'y _thx _phet . _ phxx  pbxs
2r 2r 214 N 2ra

will be the Fluxion of the Solid gncratcd by
the Rotation of the Part of theE hpﬁs.df’M 5
and the Fluent of the faid Fluxion will
P55 __P0%* . the faid Solid. -
4+  Gar .

And if the whole Axis 4 be fubftituted for

%, the whole S[;hcroid will bezj—:- - % =

3 that is, y*=bx—

I

6pba*—4pba* _ pha’

24r 121
Hence if the conjugate Axis Ccbe =2 r.
Then will 47* be =44; and fo the Solidity of
the whole Spheroid will become 3 par; that
is, the Elliptick Spheroid is equat to a Cone
of the fame Height with 4 the tranfverfe Axis
of the Ellipfis, and Diameter of the-Bafe Ecgu:l
to four times the conjugate Axis of the }p—
fis, viz. 4r. And’becaufe the Altitude of a
Cyliader circumfgribing the Spheroid being 4,

der isvapr; therefore a Spheroid, as well as
a Sphere, is 3 of the circumfcribing Cylinzlcr.
Qtber-
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Otherwife: ~

© This Example may be effeGted fomething
fhorter thus: Let r=1, in the general Expre{-

fion * Lf;x, then will the fame bccome’i};——,’;, * drt. 532,
Make Cc=1, AC=a, and PC=4x, and the
Nature of the Ellipfis will be.1 — %‘; =9y

and fﬁbﬁituting 1 —e-;i:f for yy in the i'aid gene-

ral Expreffion; and s will be = px_pxx

2 2 2aa
== Fluxion of the Part of the Spheroid gene-
rated by the Rotatian of the Part M PcC of
the Ellipfis, and the Fluent thereof will be
2% P =P xx— 2 =Soldity of thefaid
2 Gaa 2 aa
Part of the Spheroid. And fubflituting 4 for

%, we fhall have 2xg—2 =2 x3%4—% =
2 3 2 3

;ax‘;; but 27: = Circle defcribed by the Ro-

tation of Cc; therefore the Solidity of the

Spheroidis = § of a Cylinder of the fame Bafe
and Altitude.

Exampre VIL

§9. TO cube an Hyperbolical Conoid gemerated F 1. 4t
by the Rotation of a Semi-Hyperbola a-
bout the tranfverfe Axis.

Let 4 P=yx, PM=}y, the Parameter == 3,
and the tranfverfe Axils =a. Then the Naturcf
: iz o

—
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of the Curve will be 4P xb +{-faib ; that

Y Wy —pbak
i, y.—-éx-]— = Therefore 5;.3._2-;;- +
P/%% i = Fluxion of the Conoid generated

2ra .
by the Rotation of the Past AMP of the
Hyperbola about the Axis 44; the Fluent of

which will beP% +2 = Solidity of the

. faid Conoid. And when the Altitude of the

Conoid is equal to 4; that is, whenx is =g,
the Solidity of the Conoid will become
pr“::;‘wba :‘:x?h-:: tepba*. - Andif 27
be = conjugate Axis, then will 27 = /a5,
and 47°=ab; which Value being fubftituted
in the laft Expreflion, and the Conoid will be
fpar. .

If the Hyperbola be an Equilateral one, then
the Nature of it will be expreffed thus, y*—ax

. : 2o
Jxx; whenccjzx—::fﬂyﬂ; and the

Fluent thergof will be ig‘ +j§. And fofince

here 2r—a, and /=a, the Solidity will be §{pe*
Hence the Solidity of the circumferibin

Cylinder will be +p4r; which therefore wiﬁ
be to the Solidity of the Conoid as + par to
{par, oras 3 to 10; and in the Congid gene-
rated by the Equilateral Hyperbola, the cir-
cumfcribing Cylinder is §p4*. Whence the
fame will be ta the Conoid as $p4* to§ pa®, or

as 3 to 10, D . :
By making P C—xyand Ce—1=r,and £C—3,
as beforein the Ellipfisy then the Nature of the
: Hyper-




APPENDIX.
Hyperbola will be yy—-——-l thnccp r

....P“ X _J’" and the Fluent thercof will be

ZM

-L--L”. And fince the Bcgnmmg of x is

6aa

not at /1, you muft make x—4; and then this
Fluent will become -—PE_P_ Which being
taken from'the fid FIucnt, and we Thall have
ﬁ’; - 7= &%= Solidity.of the Solid genera-
ted by the Past 4 M P of the Hyperbola.

" Examere VIL

12§

6o. TO cube a Solid generated by the Rotation F1a. 47.
)

of the interminate byperbolical Space

C ABED about one of tbe Afymptotes CD.
Let 4B—=a, 4C=}, C P=x, PM=y;and
let Pp—=s; then let the Circumference of the
Circle defcribed by theRadius 4 C be =p, and
the Circumference defcribed by theRadius P C

wmbep .Which drawn into 22/ (j) will give us

’ £y thc Supesficiesof a Cylinder defcribed by

thc Parallelogram C PMR. This again drawn
into Pp (x) will give us the Solidity of the

little Cylinder Ppg M, viz. f"‘”‘ = Fluxion

of the Solid; but the Nature of the Hyper-
bola with rcgard to the Afymptotes is xy=ab.
Whtncc'ym ~ andpxyx a::x*"plx,
the Fluent of whlch is ybx == Solidity of the
imterminate Space C/BE D; and 1f' a beput

for x, the wholc Solid will be pba.
Exawm-
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'EXA.MPLE IX.

61. TO cube & Comoid generated by the Rotation

of the byperbolick Space AMBDC abous

CD the balf of the comjugate Axis of the Hy-
perbola AMB. —_ _

Call C 4,4, CD, 4, CP,x, PM,y, BD,r.

Now f;—":.will be the Periphery defcribed by

the Point M, and-’if—".y = .the whole Circle,
having PM for 4 Radius; which multiplied
by %, and?%f will be the Fluxion of the So-
lid. Butyy *—=‘-‘-d—”£n—-—-w,,from the Nature of

the Curve; and fubflituting this Value in

aapxs 1 aa090% for the Flu-
26br

xion of the Conoid, the Fluent of which is

%’, we have

| =£‘£ﬁf+‘-’-ﬂﬂs and {ubftituting 5537 _ for

Gbbr * ar xx+-bb

aay there arifes —2¥Y) bopyy

Orxx—4-Gbbr ' 2rxx—+t 266r
Solidity of the Conoid formed by the Space
AMPC; and when x becomes =4, and y to

r, then the whole Conoid will be = b%':.

.

CoroL.

A Cylinder generated by the Rotation of the

. Parallelogram 4 C §'B about the Axis €S

is3pba; and fo it is to the faid hypcrbolicf;
' Soli
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Solid as # pba to pba, thatis, as3to 1, Or I
ExamgrLe X.

62. cube a Solid generated by the Rotation

CB of a Parabola about a Semi-vrdinate

Let AB—r, BC=b, AP=x, PM—y; then
if the Parameter be 1, this Equation will ex-
prefs the Nature of the Parabola y*=x» But
It is manifelt *, that the Fluxion of the Solid
is the Circle defcribed with the Radius M D
drawn into Dd=y.  Let the Ratio of the
Radius to the Circumference be as 7 to p; then
MD=BD=AB—AP=r—x. Andthe
Circumference of the Circle defcribed by MD

= p—%’f-, and the Area of the faid Circle
will bep—:—p x +%. Whence the Flu-
xion of the Solid will be 275 —px j +222-
Now if in this Expreffion for » and x* you

fubftitute y* and 4, their Equals (from the E-
quation of the Curve) we fhall have P;Z —P—i;!

+22—'y;’-' equal to the Fluxion of the indefinite

Part of the Solid generated by the Rotation
of the Portion MCD about the Axis BCj

the Fluent of which will be &py — 2;%_:. +

22" = fuid Part of the Solid.
But if for y* you put x in the general Ex-
preflion *, then the faid Solid will be & py—

po]
e : . 3or

129

Frc. 49. .

* Art. 52.

* Are. 5;
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2 2 mpuiey— 2 450 Aod if fix

3or = 107 107
y you put 4, and for ¥ you put ¢, the whole
Solid willbe px $br—3br 4 vsbr=30—z0-+6x
ﬁ% =pbr =3"p(x.x"';6 3- that is; the Bafe or
Circle defcribed by the Radius 4B is to be
drawn into 1% of the Altitude BC. |

Becaufe a Cylinder of the fame Bafe and Al-
titude is 3 p4r; therefore it will be to this pa-
rabolical Solid 28 § p&rto  phrx#é; thatis,
a5 1 10 7%, Or a5 1§ ¢0 8. ,

: Exampre XL
Fic. 28. 63. TO cube a Solid generated from the Rota-
= tion of the Logarithmetical Curve abost
the Afymptote AH. . :

Here the Subtangci_xt being aiways’ = a, y¥
is=aj; and fo ,%-:.;—"'.' Whenccf-'z?x:{‘z"ﬂ
= Fluxion of Part of the Solid generated by
the Rotation aforefaid ; and the Fluent thereof
will be f{.:_:_.' And putting 7 = 4 B fory, then

will the whole Solid be {%f =1apr.
‘Hence becaufe a Cylinder, whofe Altitude
is = 4, and Radius of the Bafe =1, is £ apr:
therefore it is to the'Solid as 4 4 1o $.4, or s
2tor.
ExAMPLE X11.
64. O cube a Solid generated by the Rotation

~ of the Ciffoid abont the Line AB as an
Axis. ) '
Let

Fic. 27.
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Let' AB==1, AP=x, PM=y; then the
- Naturé of- the Curve will be y* = l_f_a_.; 3 and

s 25 - i . )
{b%; = 7:;‘%:__7, 'that: is, (meitking wr=dB -
"=i) =22 The Fiuent of which will be
U=gpwt bt ﬁ_x":f-'}'p'x‘.? "-}px’,‘f&c. = Por-
. tion of the Solid defcribed by £4PM.- And
_putting .4 B=1, forx, we thall getip 4 #p4
3p4-3p, &c. or pxz i+ ¢+7, @ Bu
this'Series is‘infinite, as miy be eafily demon-
ftrated from the Hyperbola; therefore the faid
~Bolid is-infinite-alfa” . . :

Otbérwife by the Meafure of 4 Ratio. -

© If theArea 4 PM of ithe Cifloid of Diocles Fic. 50
gevolves whout the Bafe AB as an Axisy it is re-
quir'd to cube the Solid gen‘eruﬁd thereby.

- FromtheNatureof the Curve, calling £P.%,

and PM, y, we have xV(;”__’l =y.. Whence
2l ‘—‘:'2-’4 X = i;‘lt;xién of tixhc S’oiid re-

2r R ,
quir'd. i Which compared with the firt Form
in Mr. Cores’s Tables, by making d=£,0=4,

U Ly . X3 paxx
a=1, e=a, f=—1; and we op — 2% 22T
b} b} f » % g 67' 4.7.

5 )i ,
pasx _ P2 II2%; The Fluent of the given
T2y 2l

po_pien_pasx ool @
6r 4 2r 27|
Since the Logarithm of the Ratiogtosa—#
with an affirmative Sign, is the fame as’the
Kk Loga-

F]l.lXiOﬁ; . or —
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Let 4P(), 4B(a), 4R( “’)

APPENDIX.

Logarithm of the Ratios—x to 4 with a nega-

tive Sign.
Now this Fluent may be thus conﬁm&ed :

XX,

AT ( —;) be continual Proportmnals. Then

to the Module 7'§ (“4';“’”) affume P X

equal to the Meafure of the Ratio between

" AB (a)and PB (a—x); that is, make P X =

ar—a's L—-l‘ 5 and from X towards B, lay off

X

. XZequal to SR+ -|-.3;.Q'=“"_’“' +

XX

A and tbc Sohd will be equalto

2

a Cylinder, whofe -Bafc is PM, the Value of

“which is - P" 3 and Altitude PZ, theVa-

: l—. 2, e 77, ——
Iue ofwhlchls—“ 2. Ga—dx __4—x
XX 2% ;

LI ) x8 —
i i s —— ; therefore Lx X y=
’ x  Ja—x 2r - ge—x —
a’—a’x_aa—-ax_a——x +a‘—a’x' L
xx 2x 3 * =
% paxx a
—2 pﬂax+pa| =5 the Flu-
6r 4 2r  2rk—
ent to be conftruted. .

ScHoLIUM. : .

P 10. so.6y. TH e Valueof the infinite Solid generated

about the Afymptotc B0 H may be had thus:

by the Rotation of the Ciffoid M7
Let
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* Let 4N Bbe thegenerating Semicircle Circle,
A Pyx, ABya; then all the Ordinates PM do
defcribe cylindrical Surfaces. Whence r:p::
PB x PM (xy/ax—xx): :?Vaa——:’:x = Sur-
- face defcribed by PM; which multiplied by
%, and 4:— x x y/ax—xx is the Fluzion of the So-
lid generated as above. '
ow to get the Fluent of that Fluxion, let
us conceive the Generation Semicircle to re-
volve about an Axis parallel to the Afymptote

B O H, and paffing thro’the Point ; then all
* the Ordinates PN will alfo defcribe cylindri-

- cal Surfaces; and o2 y/zre—rx will be the

' Fluxion of the Solid generated by this Mo~

tion, which is equal to the Fluxion of the for~
mer Solid to be cubed. Whence the infinite
Ciffoidal Solid formed by the Revolution afore-
faid, is equal to this latter Solid gcneratcd bly
the Revolution of the generating Semicircle
about a right Line paraﬁcl to the Afymptote,
and pafling thro’ the Point 4,

’Pgor._bH.
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66. TO meafure the Superficies of a Solid gene~p ; ¢, .

rated by the Rotation of a Figure

AMN Q sbout its Axis AQ.
Let the Ratio of the Circumference to the Dia«
meter of any Circlebe ;;, let AP=zx,PM—y; then
will Pp=My=x,gm=j ; and fo Mm=y/x*45".

the Circumference defcribed by the Radius
Kk Pl
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pmM=2 Which multiply’d by, or drawn

r
into Mm, will be =?¢x‘+5"——Fluxionof
Pait of the Superficies of the Solid generated
by the Rotation of the Part /MP of the
Figure AM N 9; and finding the Value of »*
from the Equation of the Curve thrown into
Fluxions, and fubftituting the fame in the ge-
neral Expreffion ; the Fluent thereof being

afterwards found, will be the Superficics
fought.

ScHoLIUM
671 gfﬂ-?& any Fluxion of a Superfi-
cies generated by the Rotation of a plain Fi-
gure about the Line » as an'Axis ; and if % be

the Ratio of the Radiucsr to the Circumference
of :a Circle, and y reprefents any perpendiculay
Ordinate to the Abfcifs defcribing a Circle du-
ring the Generation of the Superficies; and if

2 22 be fuppofed the Fluent of that Fluzion,

viz equal to a Circle whofe Radius is z3 then
will the Fluent of 2yy/xx 4 jy be = zz, the
Square of the Radius of the faid Circle. Con~
fequently if inftead of finding the Fluent of

‘the Fluxionz; V%% 73 ofany Superficies ge-

nerated, as above, you find the Fluent of

29v/%% + 355 this Fluent will be equal to the
Square of the Radius of a Circle equal to the

Flaent of the Fluxion? /7535, ortoaGir-

cle
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cle equal to the Superficies, whereof this laft
Expreflion is the Fluxion.

ExamMpre I
68. TO find the Superficies of a right Cone.

Becaufe a right Cone is generated by the F1o. 43.
Rotation of the right-angled Triangle 4/BC
about the Axis 4B, the Value of ¥* muft firft
be gotten from the Equation of the Triangle
thus: Let 4B=a4, BC=r, AP—x, PM=y.
Now fince 4P (x): PM(y):: AB(a): BC(r):
therefore r#=a4y. Which thrown into Flu-
xions will be rv=ay. Whence ¥ = ﬁg, and

. a . . a'y .
a’=—r-3?; and fubftituting —~ for * in the

general Expreflion zrz v#*+3* we fhall get
2y -—a:l_*a_ﬂ T =l). . AT
TVE Y =5y/a' lry’—»;r&v»/a +s

= Fluxion of Part of the Superficies of the
Cone generated by the Triangle APM. The

Fluent of which will be %; Va5 r = fad

Part of the Superficies; and fubftituting y for
7, the Superficies of the whole Cone will be
=ipyat4r* ={pxAC; thatis, equal tothe

tangle under § the Circumference of the
Bafe into the Side £C of the Cone.

”

Examrre I

69. find | the Swperficies of a Sphere, or of F1a. 43.
any Segment of it. ”
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If the Diameter of the geherating Circle be
=1, then the Fluxion of the Arch Mm will

be = ———==. Which drawn into the Cir-
2/ XXX

cumference defcribed by the Radius PA/, will
give pi the Fluxion of Part of the Superficies

.of the Sphere generated by the Semi-fe

AMP; and the Fluent px of it will the
Superficies of the Segment of the Sphere, ha-
ving p for the Periphery of the circular Bafe,
and » for the Height; and if you put the Dia-
meter 1 for ¥, the Superficies of the whole
Sphere will be equal to p, or (making 1 =3) =

ap.

Whence any Segment of the Superficies of
a Sphere is to the whole Superficies of the
Sphere as px to p or ¥ to 1; that is, as the Al-
titude of the Segment to the Diameter of the
Sphere. ' |

"Examerz IL
70.’1"' O find the Superficies of a Parabolical
Conoid.

The Equation exprefling the Nature of the

Parabola is /Pxa=PM ‘(yy), or ax=yy.
Which thrown into Fluxions, and 4% ==2yy;

whence x* = 4%!—. Confequently ’-}y:q:?

=2 vy e Ly = Pl
xion of the Superficies of the Part of the Co-
noid generated by the Portion /PM of the
Parabola. Which comes under the firft Cale
of ‘the third Form in the little Table of fimple
Curves that may be fquared, Art.8. or und;r

. the
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the third Form in‘the Tables of Mr. Com For
if in the little Table you make = 2, 2=y,

=2, e-—aa, f=4, we fhall have thc Fluxion
dzz ¢ 7z =& v4y +a* 5 and theFlu-

Car
ent §-§.R’ of it, by making R (= \/2—4175) =

Y3 t+a wxllbecomc-Lx4.y +aa =

Fluent of the Fluxion of thc Superficies of the
‘Conoid. In like manner, in Mr. Cotes’s 3d Form,’

thc Fluent an{werable to =1, viz ?-_e_;l_—__;f_zdp

making P (=vet/2) =v4y +4's and
' fubftituting the famc Values for d,u,¢, f, as be-

+ 77P¢4;+3='

_1.4_y‘+a =.to, that found by the little

1247
Table of Quadratures.
“This Fluent m 3' ‘be conftru&ed thus: If #
be made =y, and you draw PC=2y, and
-make PB=a, and join BC; then will BC be

...¢4yy+aa Call this », and the Fluent to be

conftruted will be ”_-La; o Let z be the Dia-

meter of the Circle equal to this Fluent ; the

Area of this will be "‘%—: Therefore 2 3
1 a_y

muﬂ:bc—-%— thatls,i"'__— ndfog"

=z

fore; will become -

Fie. s14

thncc z= ?y—' * Fluent of * 4re. 67.

?-Nxx +7J’- No
ow
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APPENDIX.
Now make P H=BC, and PE —-}BC

join B, E. From H draw HF parallel to BE

Make G P=PF, bife& GH in D ; from which,
as a Centre,’ deferibe the Semncxrcic GK H
cutting PM continued out in the Point K
and then the right Line.PK will be the Dna-
meter of a Circle equal to the Supcrﬁcxcs of
the COﬂOld N/JA‘L— (l.él’l\{ ¢ (4/ Va J’( A
wc,& u/ll/’( /M w/ d=a. ' .
ExamrrLe IV.

70 ﬁnd the Superficies of a Spheroxd gene-
rated by the Rotation of any Part AM
of an Elhpj‘ s about the Patt DC of -the Semi-

..o Frand’ /VW'//
Calt the. Scml-conyugate Axis JC, d, and

“the Semi-conjugate BC,4; the Abfcifs PA/,x,

and the correfpondent Semi-ordinate MP; y.

b —————
Now —x z.ax-—x,xzyj, and: 2a%—2.x 5 =

2 . .
; Xy, OF ax—xx—-b——xyy. Whence x=

blyy d alyii". .
o an Ph b—b,—; " Confequently the
Fluxxon of the Arch AM (=v'= +5°) will

— 4-—3—-4 —/'vy__ ¢b4+ccwy
b

(when

.AC (a) i3 grcatcr than BC(b), and you put ¢¢

for 4 *—*f1) or =-¢—@J when 4C (a)is
4

lefs than BC (), and ¢c be fubfhmtcd for o

—a’.
Again, DMis = 3 Jbb——yy, from tcha-

ture of the Curve, Whence tthcrnphcry of
2
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the Circledefcribed by D M will be22/75 .

Which drawn into the Fluxion of the
Arch before found, and there will arife

- pay oy x bb—yy PdJ'
rbﬁ‘/ “bh—yy - s/b"+a'yy, when

dstgrcatcrthanBC,and—- bb ybt—cecyys

when AC is lefs than BC; -each being the
Fluxion of the Superficies of a Spheroi » ge-
nerated by the Rotation of the Part AM of
the- ElhpZS about the Part C D of the Axis;
and may be referred to the fourth Form i m thc

‘Tables of Mr. Cotes. For making d= b 79

- 2=y, n=1, §==0, e==b*, f=1c, the Fluxion
z z x/ + f z" Wlll bccomc

bb*/b“' ccyy. And the Fluent —dP+ o

"RI’T by making P (=y' "+fz) =

FVFEGE. R(=vf) =6 of y—et,
T( /8""/‘:’3)_ ‘/5 4 ccyy, S (—V‘r)

137

=%, will b 2 pab’
o will become 22 7y +2
b*4- S
y_l?_'_"‘__‘_/z;___a_ffﬂ. It being / 4 l ‘.6.]}’ and

the Meafure of a Ratio, when £C (4) is great-

er than BC (4); and /b‘—c;yy, and the Mea-
f;rg :)f an Angle, when AC (a) is lefs than
(

Ll ‘Now

-
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Now to conftru& the Fluent in the firft
Cafe, we may proceed thus: Let- F be ane of
the Foci. Make CF (y/a6—bb = yfoc=0c,
from the Nature of the Ellipfis) : €8 ®)::

CB(%):CE ==b£—b-, and draw the right Line

DE. Atomske CE(%):DE (} “m?

:GB(y): KL =f—;~/b’ + ¢c¥y. .'To which
if you add L M, made equal to the Meafure of
the Ratio between D E G— V& Feyy) +De

() and CE (ff) to the Module CE (.?),

: : b 7R
that is, if you affame LM = —[=— = £CYy

then will C4 (a) be to KM=KL + LM
c 8yt 64 tcayy
(#;’;ﬂ,‘:ﬂcyy + ;—l‘-—‘%———- ) as a
Circle defcribed with €4 (s), asa Radius,
(which Circle is = *%a—;). is to the Superficies-

of the Spheroid generated by the Rotation of

the Part AMof the EHipfis = ;—;’% v Fecyy

VP, i e e

to be conftru&ed. ~

Now let the Radius of a Circle, equal to
the Superficies of a Spheroid, be z. Then"
we fhall have this Proportion, C A4 (s): KM::

) . . Paa. o .
Circle defcribed by C 4, viz. Fral Supctﬁao:
0.

|
|
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of the Spheroid fuppofed équal to aCircle j‘?;z"
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whofe Radius is z. And multiplying the Ex- -

trémes and Means, there arifésﬁ-?;z- = KM

x%‘; and fo zz=K Mxa; that is, a mean

Proportional between X A and A€ (4) will be
the Radios of a Circle equal to the Superficies
of the Spheroid . generated by the Rotation of
the Part 4 M of the Ellipfis.

When DC (y) becomes equal to. BC (4),
thei will DE become BE; and fo if you

bl | —
make CE (= :BE(;- VI Fe ) BCGH)
KL= /bb+cc=A4C=a, and LM be =
Meafure of the Ratio between 4C (s) + BC
&), and CE (f’;”) to the Module CE (éé),

we fhall have C 4 to KM, as a Circle having
C A for a Radius is to # the Superficies of the
whole Spheroid.

The Conftruétion of the Fluént in the lat- Fras 532

ter Cafe is thus: In the Ordinaté D M affume
the Point E in fuch manner, that the Line CE

being drawn be equal to 575, or a third Pro-
portional to CF (¢) and CB(#); and make CE
(%5’) :DE (< VF—eap)::DC(5): KL=
Zy;b‘/m' Then if to KL you.a%:d LM
equal to the Medfure of the Angle DCE to
the Module GE (22); C4(a)wilibero K,

- ‘Llz2 as
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as a Circle, whofe Diameter is C 4 (2), is to
‘the Superficies of the Spbcroid%cncratod

the Rotation of the Part 4M of the Ellipfis
about the Part DC of the Axis; and fo a
mean Proportional between KM and C 4, will
be the Radius of a Circle equal to the faid
Superficies.. » :

‘ hen CD (y) becomes equal to CB (?),
draw BG perpendicular to- €B. In which
affume the Point ¢ fuch, that Ce being drawmn;,

be = EC b.té) Then if you make C E or

Ce (?)Be(é— ,/Tb-:c)::dC(b) KL =

"W/ bb=—cc=a. And to the fame you add L M
equal to the Meafure of the Angle ¢eCB to

to the Module ¢C ( ?),.Awe fhall have CA to

KM as aCircle having C A for aRadius is to &
the Superficies of the whole Spheroid.

Exampre V.

Fg.44:71. 7O find the Superficies of a Hyperbolical

Conoid generated by the Rotation of any’

Part AM of an Hyperbola about the tranfuerfe
Axis AP. : '

" Let C be theCentre, Cc an Af mptote, 4C
=—b)one of the Semi-axes, and 4 c=as the
other. Let CP be =y, and PM=x. Now
g—: x yy—bb=1xx, from the Nature of the Curve,

and 24ayy = 2bbxx; and fo x = 44} Con

o Bbx”
fequently & x =Z2%%  And thé Fluxion of

b*ux

the
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the Arch d]li‘ (‘—yj'+xx) will be
Syt —¥_ 9 ccn—
‘/'_7:7&'_- «/” bb’ by putting
cc fot 4 +b’ Again, PMis = -5/};:.75

from the Nature of the Curve; and therefore
the Periphery defcribed by PAM will be

pa._-.

-3/ yy—aa. 'This drawn into the Fluxion of

the Arch before found, and there will arife '

pay ccyy—=btx yy—-bb }ay

55Y " b =1V T5y—F, being
the Fluxion.of ‘the Superficies of an hyperbo-
lical Conoid generated by the Rotanon of the
Part A M ofg the Hyperbola about the Axis
AP. Which comes undcr the fame Form in-
the Tables of Mr. Cotes, as the Fluxion of the
Superficies of the Spheroid in the laft Exam-

ple. And making d— ._:;b, 2=y, 0=0, r=2,

b:—h, f..—.-..;:c, P=;7‘/;;yyi—-b4, R=c,

PN » .
=1 Vuyy——b‘, §= -, 70 we thall have the
Flucm: of that Fluxion thus exprefled ;

28y e PPNyt o/ cepy—br
: zrbb‘/ coyy—bt 2rc| 3 But be-

caufe-y-begins-at the- Genfr&G;-and«ﬂe&-&t A-
+he~—Vcﬁex, we muft make 5 =y. Then the

firft Part 2 5 v/ 2%y—F* of the Fluent will be

= o/ ¢c—bb =a; which therefore-muft be ta-
ken from the faid firft Part. _Moreover, the

Loganthmncal Part 22 ﬁ‘—-‘-/b—-zu by ma-

king

. .
e

147
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king'b =y, will Becqmt%b bt ke Whicli
mutt be taken from bf—b é-’i-‘/b%!-:—b‘, tohave

the true Logarithmical Part. Now becaufe
the Logarithm of the Ratio of 54 to a5} b¢
having an affirmative Sign, is the fame as the
Logarithm of the Ratio of a0t 4c to 44

- withanegative Sign (by Def. 1. Seét. 2. Schol. 2.)

therefore the Sum of ?[‘L"‘l‘%ﬁtﬁ and of

by b . o .
TiZTe will be equal-to the Difference
fought. But the Ratio of gp-+4/ceyy—b* to
b5, and the Ratio of 44 to 244 4¢, do com-

%aund the Ratio of ¢y+ "/t‘t‘yj—':b‘ to ab -} k.
hence the Sum now mention’d will be

bleyt / ciry —b‘. Therefore the true Fluent
c| ab+be

to be conftructed viiﬂ_be f’% v(c(yy—b‘—g |

2r

paB eyt o cepy—b thi
—~ el abfa And this may bc done
thus: '

Let F be the Focus of the Hyperhola.

Make CF ( v/ 4a~+bb =, (from the Nature of

bb

the Hyperbola):C.4 (%) : : C 4 (b) CE=<.

c
Draw EG perpendicular to C.4 meeting the
Afymptote in G. In the Angle C E G, infcribe
the right Line C H=2C P (), which conti-
Rue out to meet PM alfo continued out in the
Point /.. Then affume & L equal to PI— A¢

= %Vccyj;b'~a, {inge from the fimilar T'ri-
4 . "~ angles
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angles CE H, CPI, we !mvc C§ (%b-) :EH

[ ———\. . Y —
(c—,/c‘cyy'-j-b‘> i qP (9):PL= Ve,
Again, affume LM equal to the Meafure
ofg the Ratio between CH () + EH

~ P——— b
(Gvip—F) and CG@+EG (%) o the
Module CE (bc—b- . Then the Superficies ge-
acrated by the Rotation of the Arch £ a-
bout the Axis 4P, will be to a Circle deferis

bed with the Semidiameter £¢ (4), viz. %ﬁ,
as KM e Ae.

Exampre VL

77.,’1"0 find the Superficies of a byperbolical

Conoid generated by the Rotation of any
Part AM of an Hyperbola about the conjugate
4xis CPB. o ‘

Let C be the Centre, C A=a the Semi-
tranfwerfe- Axis, CB =6 the Semi-conjugate,
F the Focus, PM =¥, any Ordinate to C.4.
and € P=y, the correfpondent Abfcifs.

Now ‘b?ﬂxxx-vaa =yy, ftom the Nature

of the Curve. Whenee %b—jxxéai-‘-zyj,tbazis,

Fic. 53.

bb, .. . . . «__aa)y o
— % xi==yy, and Mxxéaayy, and ¥= ‘b_bx-’and,
.. __atyyyy .. aayy¥aabb ,
ix= g rome] md@&mtxng —”kb—_ for xx

we thall get x5 = 4689935 ;.—.-.-“’ 2y _,
kY iy =
Whence
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e 5 e Pyt
Whenee e iy=4, ¢%. But

# is = 3y#5% 75, which multiplied by2, and

r’
2 VA5 ¥ 7 will be the Periphery deferibed by
the Point M; and if the Fluxion of the
Arch be drawn into this, we fhall get

) [ hxyy+-bix b y 7 |
235 [ Pxyy+bix +fy—1’“’¢m'yy+""

AN bb <+ yy —rbb

And fubttituting ¢ for 4* 4~ 4%, the fame will |

bccomc-%‘g veeyyF4. Which is the Fluxion
-of the Superficies generated by the Rotation
of the Arch 4 M about the, Semi-conjugate
Diameter C P. N

Now this Fluxion being the fame as that in
the firft Cafe of Example 4. aforegoing, the
Fluent thereof muft be the fame as the Fluent

DAY e abry-+/c b4
of that, viz. %way + +Pz:' [:ﬂy

Which may be thus conftruéted.
Make CF (y/aaxbb==c): CB(})::CB (3

:CE-——-i-b, and draw the right Line PE
(Zv7¥5) Then make c £ ('}75) :PE

G vaTF)::PC () KL = Ve

* And affime L M equal to the Meafure of the
. i I S —————

Ratio bctw@ PE (;- veeyy444) 4 PC(y);

that is, hetween yhyecyy+4 »and CE

¢

o ¢

|
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(“) to the Module C £ (”) And the

cies gemerated by the Rotation of the
,An:h A M of the Hyperbok about the Semi-
conjugate Axis C B, will be to a Circle defcri-
bed wih the Semidiameter C 4 (4), (which

‘Circle is 7’; “) as the Sum of the Lines KL
‘and L M to the faid Semidiameter C 4.

EXAMPLﬁ VIi.

.7 FO find the Superficies gemerated by the
73 T Motion of the Arch CgM of an equila-
teral Hyperbola about the Afymptore AB P

Let A be the Centre, and let /B be equal Fic. 56.
to BC, drawn parallel to theother Afymptote;
afflume AP, and draw PM parallel to the o-
ther Afymptote Now call 48 or BC, 4,
APyx, and PM,y. Then from the Natuse

of the Curve, saa==xy. Whence = 35', and
ff—— y. Which thrown into Fluxiens, and

Confequenrly 5= "5. Agin

—aax
xx

y=
= ff thrown inte Fluxions, and -;; = x,

and- 7}'1=xx Whence yxx+3y = |

V'ﬁ‘_;"i_"+‘“_"2= j.'vw F5* = Mm the Flu-

vion of the Arch CM.. Which drawn into
y P& mmi— — p . —y

«’%, and the Produé&t ;-y-,/a* +y =<3y N7 m
Mm will
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‘will be the Fluxion of the Superficies gerie-

rated by the Rotation of the Arch CM as
aforefaid. ‘This Fluxion can be compared to

" that of the third Form of Mr. Cotes’s Tables,

and the Fluent will be had by making 4 =
1;) s 2=, 8==0, 1 =4, e==0*,f=y*, P=\/a* ¥ y*.
R=a4,T=ya* 1 y* and § =yy: for then
the fime will be ; £ v F 7 —>L2 s

ff.'t‘.;;_‘ﬂ: . But this Fluent muft be cor-
refed, becaufe the Abfcifs AP (x) increafes,
while the correfpondent Ordinate PA (y) de-
creafes; therefore the Signs muft be changed;

' e 1p e 1
that is, it will bc-;';- va*+y* + -2-'.1;); aa

T
, satva t57 Moreover, -finee-the-faid-Ab~
Jy -

—EMMW I the
“faid Fluent muit undergo another Correéztion,

as to Magnitude. And this is done thus:
Make y=a, and then the firft Part of the

Fluent will become § pra44/2, And this muft
1

be added to — ;2 VT, andthe Sumwill

be 1222 ,/z—-l§_§7,/a_++}4,' the true firft Part
of the Fluent. Again, the Logarithmick
b
Part ii:’- aa ratvat +5 ‘muft be alter'd;
which may be done by making a=y; for
Va1 .
Which be-

L 1
then it will become - PP .
&7 I.
‘ ing
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aat oty
¥y

ing fubftra&ed from X2 2 4
r

2

and then we fhall havcé ; aa

, : 2ES
which is the true Logarithmical Part.. And
confequently the true Fluent will be

4  1p | Vet
L«z-—-f’-,«a*+r+;{aab* W

2r
v2+41
which may be thus conftructed.

Draw 4 M and AC, and from the Point C
draw CG parallel to .4 M, meeting the Afym-
ptote 4 P continued out in G. Now becaufe
of the fimilar Triangles APM, ABF, 4P

aa — )y
4% \.PM(y):: AB(a): BF =< Whence
(2):Pm(::48@):BF=2

£¢a‘ +y*=4F. Again, becaufe G C is pa-
rallel to 4 M, the Triangles 4 PM, GBC are
fimilar; therefore PM (y): 4 P (’-’f) :;CB(a)

:BG=‘£. Whence CG = fy va* + 5t
Then if you make A H=AC (ay2)— AF
(i- va*+y*) + the Meafure of the Ratio be-
NYreC (% min
tween BG (yy) +GC (” t/a“ F7 . and
AC (a/z) + 4B (a) (which Ratio is ==
aa | Ja* Ty '
2y 7y ) to the Module 4B (4); and
v2+1 ' ‘
the Superficies generated by the Rota-
- Mm 2 tion

4a , yat+yt
yy+ 9y 2

147
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for BLR,TS, ot g3, vy viaaF 3, and

APPENDIY.

tion of the Arch CM about the Afymptote
AP, will be to a Circle whofe Semidiameter
is AB(a), vie. =22, as A H (ay/7 —
@, avat+y*
";VG’:Fy‘LI-a 7y ¥y ) to BC (a);
‘ ey

ay2
and therefore the Value of 4/ H drawn into
«’5 will be equat to the faid Superficies.

-
ExamprLe VIL

74. TO find the Superficies gemerated by the
Rotation of the infinite Arch PZ of the
Logarithmical Curve about its Afymptote AX.

~ Let 4P be an Oidinate at right Angles to
the Afymptote, which call y; let TP touch
the Curve in P, and let the invariable Subtan-
gent A7be = 4. Draw pm panallel to 47
and infinitely near the Point P.

Then becaufe the Triangles #T'P, mp P are

fimilar, 4P (3): TP (Yaa—+yy)::mP(3):p P
=?y’— vaa 4 7y = Fluxion of the Arch PZ.

'This_multiplied by 2y, and the Produ
2yy/aa -y will be the Fluxion of a Square,
whofe Side is equal to the Diameter of a Cir-
cle equal to the Superficiés fought by Scho-
Viumy Ar:.67. which Square let = 4Oq.
Now this Fluxion may be referr’d to the
fourth Form of Mr. Cates’s, by writing 3, 2, o,
254441, for z,n,0,dye,f. And again, writing

2
y?
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%" we fhall have thie Fluent of the Fluxion
2.&«;;:‘2 +}’] Cqual toy‘/““'l‘y}-l-aa l7+$/:ﬂ »H’J’.

In order to-conftruét this Fluent, we may
. obferve that the right Line £0 is a mean Pro-

portional between 4 and Z_"‘/a a5y +
|a—-l—./aa 4+ Y e
a‘ -~ 5 and the Quantity 7 /22 T 5y

is equal to the right Line EPat right Angles
to the Curve in P, and bounded by the A-
fymptote in E. For becaufe of the fimilar

"X 'riangles TP4, APE, T4 (a):TP (yas+yy)
:: AP (y):PE ='%,/aa ~+5y. And the other
Quantity p ‘w is the Meafure of the

. @&
Ratio between AP+ TP, and A7 to the
Module A7. Or (becaufe of the fimilar T'ri-

149

angles 4 PF, 4 PE) the Meafure of the Ra- -

tio between /E -4 E P, and AP to the fame
Module 47. ‘
Hence the Fluent is thus co‘)ﬂ:ru&cd. Draw

PE ( f— vaa—+yy) i)crpendicular to the Cu,r.w'c

in P terminating at the Afymptote at E. Con-
tinue out the Ordinate 4P to' L, fo that AL
be =AE+EP (£ +L JaaTm)and draw
LK the fame way as the Tendency of the
Curve, viz. towards Z; which make = EP

(% vaa 4 yy); and let the fime cutthe Curve

in M. Latly, between K¢ (L yaaiomt

a
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alyj—-}/—za——{_ﬂ)and 41, find a mean Propor-

tioml 40, (LM from the Nature of the
Curve being the Logarithmick Part;) which
will be the Semidiameter of a Circle equal to
the Superficies generated by the Rotation of

" the infinite Arch P Z.

F1roe. 42.

Exampr e IX.

75. IO find the Superficies generated by the Ro-

tation of the infinite Arch MZ or AZ
of the Ciffoid of Diocles about its Afymptote
AG '

Draw the Ordinate M P at right Angles to
the Afymptote, and mp infinitely near to it.
Then 4 B being =a, and AN =2x, M N be-
ing at right Angles to 4B, the Fluxion Mm
of the Arch MZ will be —2/42—"3% _+

2X8—x ¢¢—x’
which multiplied by 2x /P =£ 3=, and
the Fluxion of the Superficies generated b
the abovefaid Rotation of the Arch M Z wnﬁ
be had, viz. 222 /A0 3¥
2r X
Now this may be brought under the ele-

- venth Form of Mr.Cotes’s. For making z=x,

=1, 1=1, d=_7:'-;:, €44, f=—3, g=a,and
b= —1, the Fluxion in the eleventh Form
d éze"—,l Wed e+ fe will bccomcf;if yae—3%,

g+ h2' a—x
' 1 eb—fg R4+T
and the Fluent"deQ+77)-dR T

by making P (v 372 == 4o 3% (v 5+52)
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=va—n R/ )=v3 T/ FL2) =

a—3x eh—fg \_ , —a4 . &
VSV ) =V

—a—x
vy P4 . pa
will bccomc——zr*,/q-a—sx Ry s—3i—7%%
x S=|V/38=3¥+-v/44—3% peing the Fluent
V4 .

" of the given Fluxion%’f ¢4-§;—-?3 wherein
the negative Signs of the two Parts may be
-alter’d.

Now this Fluent may be conftrutted thus:
Bife&t M N in F, and draw 4 FE meeting the
Afymptote in E. Make D B a mean Propor-
tional between /B and NB. Alfo let the An-
-gle C 4B =1 of aright Angle, and continue
out the Afymptote towards B meeting 4C in

the Point C. Then BC =%for /BC 4B

=2BC. Whence BC {78 =4BC yand
fo 48 =B, Confequently BC =ﬁ£=
: V3
a

2. Again, AF=% /3% And be-
v 2V a—x
caufe of the fimilar Triangles /NF, 4BE,
. ¥ AATIXYN.. —_) .
AN@%): AF (; ‘/_“:_-3-) ::NB (a—%x):
FE =14/4a—3% x yya—%. And DC =
W EE3% Now the Superficies generated
by the Rotation of the infinite Arch MZ, will
. be to aCircle ( = —a-ﬁ) whofe Semidiameter is
27 -

3 AB

151
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AB (a), 35 2 EF (3/ 44—3x X o/a—x) - the
Meafure of theRatio between BD (4/ sa—ax)

. 4aa—3a%N 2
4 Dc(¢ ; ), andac(“) o
the Module BC (?/i;') .

Now making » =0 in th¢ aforcfaid Fluent,
and it will become j.;—“r X 2a-+4

2r

exprefling the Quantity of theinfinite Arch 4Z.
Being to a Circle whofe Semidiameter is £B
(@), as 2 4B - the Meafure of the Ratio be-

tween B A (2) -+ AC (-3%) and BC (‘/1; )
to the Module BC. And the Difference of thefe

Fluents, omitting z—;, viz. 2 AB(28) — EF
(/35 —3% % y/a—=) -+ Meafure of the Ratio
BA@+ 4C (:7;4_;) toBD (‘/aa-.—ax) -+

DC(V?”;?"), the Module being BC

' ( 5—;), will give us the Quantity of the finite

Arch 4M. For it will be to a Circle having
B A for a Semidiameter, as that Difference is
to the fame Semidiameter B 4.

- When the Curve revolves about the Bafe
A B, Mr. Cotes in Harmonia Menfurarum gives
the Quantity of the Superficies generated.
But the Operation is long and troublefome, on
account of the Fluxion’s not direétly coming
under any of his Forms. |

| L [*ﬁ-“i‘—'ﬁf Which is the Fluent
V'3 @ :

SECT.
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SECTION VL

Of the Vfe of Fluxions in finding the
Centres of Gravity of Figures.

PRrRoB.

76.’1”0 find the Cemsre of Gravity of a plain
Figure. ,

Let 4B be the Axis, and M N an Ordinate F1c. s8.
to it; and let m# be another infinitely near
M N, and fuppofe C to be the Centre of Gra-

vity.

;Jow if the infinitely fmall Parts, as Mma N
of the Figure be conceived asfo many Weights
hung on the Axis 4B, at the feveral Points
£, P, Py &e. and the Point of Sufpenfion be
in A theVertex of the Figure; the Diftance
of the Centre of Gravity C from A the Point
af Sufpenfion, will be equal to the Quotient
of the Divifion of the Sum of the Momentums
of all the faid infinitely {fmall Parts or Weights -
MmnN by the Sum of all thofe little Parts
or Weights; that is, by the Area of the whole
Figure.” This is plain from common Books
of Mechanicks. A .

. Therefore calling 4P, x, MP,y, Pp, k, the
infinitely {mall Part or Weight Mz »N will
be =2yx, and the Sum of them =Fluent of
2yx. And the Momentum of one of thole in-

' Nn finitely
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finitely fmall Parts or Weights will be 2yx
multiplied by AP (x) =2yxx. The Fluent
of which divided by the Fluent of 2y will
be = 4C, the Diftance. of the Centre of Gra-
vity from 4, the Vertex of the Figure.

ExamMmpre L

77.¢ l 'O find the Centre of Gravity of a Tri-
angle ADE.

Draw the right Line 4B bife&ing the Bafe
DE in B. Then becaufe the Triangle 4 BD
= ABE, each of them may be refolved into
an infinite Number of little Parts or Weights
Mmp P, PNnp, each equal to one another on
either Side the Line .4 B taken as an Axis;
and confequently the Centre of Gravity C muft
be fomewhere in the faid Line .4B.

Now call 4Bya, DE,by AP,x, M N, y;
and draw AF perpendicular to D E, “which
call ¢. Then fince the Triangles / M N, ADE

.are fimilary 4B (4): DE(b):: AP (x): MN=

L% Alfo becaufe the Triangles 4P9, ABF

are fimilar; therefore 4B (a): AF(c):: AP (x)
. — . xN..
:4Q="7. Andas 4P (): 4Q(%)::

Pp(x):9g =£§; Whence the Momentum
yxx will be = ‘%’ff 3 the Fluent of which is

=‘3’;.i’ Which being divided by £, the A-
rea of the Triangle 4D E, and the Quotient

_will be } x = Diftance of the Centre of Gra-

vity
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" vity of the Part # M N of the Triangle Z/DE
from the Vertex ; and fubftituting 4 for », the
Diftance of the Centre of Gravity of the
whole Triangle 4.D E from the Vertex A4 will
be =§ 4B (a).

Examere IL

78. TO determine the Centre of Gravity C in,
the common Parabola. .

Calling 4 P, », M]K, s agg AB,a, anéi ighc Fie. s8.

Parameter p; then will px be =yy; and {o y '
=4/ px. Whenceyx=x,/px; ,an.d fo the

Momentum yx % =x% / px =xxp7x7. The

: L S
Fluent of which is 2p*»”; but the Fluent of
. ’_P

b

. y§ is = 2 pi «* =Area of the Portion AMN -
of the Parabola; therefore dividing )3:. p%A -

by p;"x.%, .and the Qyoticﬁt willbe =3 » =

]
AC. And fubftituting 4 for », the Diftance -
of the Centre of Gravity C from the Vertex
A willbe =} 4B.

ExamrerLe I

'79, T() determine the Centre of Gravity C in
all Parabola’s of any bigher Kind. ‘

- Here p° 4™ =y" exprefles the Nature of all

Curves of this'Kind. Whence y =" », and

a m .
confequently y & =p" »* %, and the Momentum
. Nna Xy %
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" n mdr

xyx=pwx * % TheFluent of which is =
n md-ar

#ﬁf % * . Which divided by the Flu-
| n mdn

ent of yx =”-’—_'i_—”p7x * 4 and the Quoti-
ent will be = ﬁ—:-x == the Diftance of the

m—2r
Centre of Gravity of the Portion A/ 4 N from
the Vertex ; and fubftituting 4 for ¥, there

m I
comes out --i-'-a.-::AC.
m—2r

ExamprLe IV.

80. T find the Centre of Gravity of the Space {

ADE contained under two equal Para-
bolw’s AD, AE, touching one another in their
Pertex Ay and the firaight Line DE parallel 1»
the common Axis of the Parabola’s.

Make 4P =x, PM=y, and let the Para-

‘meter be = 1: then will P (+*) be (PMx1)

==y; therefore the Momentum xy% = »*x.
The Fluent of which is i”‘ 5 but the Fluent

S ST . Txe -
of yxis—% Whence §?§=ix= AC, the
- . ; .

Diftance of the Centre of Gravity from A.

If the Parabola’s A ME, 4 MD be of any
Kind whatfoever, this Equation will exprefs
the Relation of AP to PM, viz. ¥™=yn.

Therefore 53 ==x= #, and the Momentum xy

. not i
TR : . R )
®&x ® %, The Fluent of which s sem—

. m—+-2m

) but
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B Whence
. “+n

the Quotient of the Divifion of the former of
thefe Expreffions by the latter, viz. mtn

btit the Fluent of yx is =

. . : mtn
will be == 4C.
, ExamrprLe V. .
81. determine the Centre of ‘Gravity of any

& Arch of 4.Circle.

Let BE theChord of the given Arch BDE Fiec. 61.
be parallel to the Diameter FG; which bein
confider’d as an Axis, to which the fma%‘
Weights B M are fifpended ; and fo the Ab-
mentums of them as B M X PB. And fince the

) Nombers and Momentums of the faid little
"Weights on each Side the Radius 4D bife@-
ing the Arch B.D E are equal, the Centre of
Gravity willbe in 4D, .
Now let 4B==4, AP=HB=x, and
Pp=Bm=x. Thean PB(y/as—=xx): AR

(a)::Bm (3): BM= ——iz —,ad BMx BP

V“._
——nttten © ax . .
=Jm~mx*m=ax:deBM;

and the Sum of the Momentams, or Fluent of
this Fluxdon, isax == ABx BH. Which di~ °

vided by the Arch B.D and 4%%3.{’ is =the

' Diftance of the €entre of Gravity C from the
Centre A of the Circle. And fubftituting the
Quadrant FD for 8.D, and the Radius ¥ H or

dB for BH; then'will—‘gg- be the Diftance
‘ of
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of the Centre of Gravity € of the Semicircle
FDG from the Centre 4.

Examprne VI

82..'1"0 determine the Centre of Gravity of &
Sesor of a Circle ABE. '

The Centre of Gravity will be in the Ra-
dius 4D, which bife&s the Arch BE. De-
fcribe the Arch M PM with any Diftance 4P,
and another Arch mpm infinitely near it; then
the Momentum of the Arch MPM drawn in- -
to Mm or Pp, will be the Momentum of the
annular Segment m M PMm, or the Fluxion
of the Momentum of the Setor.

Now let 4B be =4, 4F=b, and BD

. =c¢3 then the Momentum of the Arch BDE

(24ab) is to the Momeptum of the Arch M PM,
as the Triangle 4 B E to the Triangle A MM,
oras A8 to AM ; fince theTriangles 4BE,
AM M are fimilar. -Whence the Momentum of

the Arch MPM= ‘f‘ﬁ”’ ‘=£i£, and the Mo-

mentum of the annular Segment mMPMm =

: .’;iff The Fluent (or Sum) of which 7:%'-’

divided by the Sum of the Weights, or the
Area ¢ of the Seftor, and the Quotient %i%:
is the Diftance of the Centre of Gmvity of
the Se&tor of the Circle MPM.,

Examepre VI

83.7J70 find the Centre of Gravity of any Sege
5 memt MAm of an Hyperbola. 'tg
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Making JC,“, CB,b, AP,”, and PM,y, F/lc‘ 63’

we have from the Nature of the Curve

‘z—: x 2ax+%x =yy. 'Therefore the Fluxion of
the Momentums will be %éx*:'c v2a+%, and

the Fluxion of the Weights 7;—5-::? X J2a+x.

Each of which may be compared with that of
" the fourth Form in the Tables of Mr. Cofes;
‘and fo making §=2, s=1, {Jr. we fhall
_have the Sum of the Momentums —=-

 =—3aa+ax42.x% X y42ath 3/x+,/za+x.
‘ : . 2a

3 :
And again, putting § =1, . the Sum of the.

ichights willbe =aF#x y+zab|‘£x——r;\£:ai’;

.and fo dividing the former Fluent by the lat-
ter, we have '

_—-344+ax+zxxxy+za’b|ﬁi'_‘/."_“'{:f

WZY
mxy+zabl‘/”+‘/”+”

v2a
== Diftance of the Centre of Gravity from
the Vertex D. :
Now to conftru&t this Expreflion, make

CB():CA@)::PM (5):CF= “ZZ And a-
gain, PM (y): CB (b)::C4(a): CG =%é'
Then take CH equal to the Meafure of the
Ratio between C 4(a) and FP (a-tx— ‘fbl)

‘Which Ratio is = duplicate Ratio of /24
2 to
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to /X — /281 #. thnthxssdonc,afyou‘
make as ;PH(;¢+3v——..-.‘;:::7y)
:2CF 39) CF( ’) CzZ=

- gax - 2%

—
3443x {+x—-—-

This fourth Propomonal will be == Diftance
of the Centre of Grav:x z from the Cemre
'C. For if C 4 (a) be taken from it, we fhall

have aax + 20x —_—a=
384 gu—2340 3ab| a #
J Ja-l—x-—

.--;‘if+ax+uxx 54 24% {M
mxy_’_w]y’x-}- ,/za+x

v
the Expreffion firft found.

ScHoLIUM.

84. THE Diftance of the Centre of Gravity
‘ of the Segment of an Ellipfis or Cir-
cle from the Vertex will he exprefled d thus:
Vx4 \/za—-—x
—————————

A —————
~—3a4—ax—-25% Xy — 24"b

Vv2a
— /x4 /28—
a—xXy— zab"—-—-—-—-—‘ ol *

v2a
it being the fame as'that for. the Centre of
Gravi-
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Gravity, of - the Hyperbola only with the Alte-
ration”~of fome Si gns, and the Meafure of the

Ratio theré bein hcrc ‘Qhan ed into that of
bccau{gﬂ (v-y’— ) ==y/—TI is ne-

gatxvc

Exaur iz VL

8s. TO nd:beCentre of Gravity qf.t:ﬁe ex- Fre. 64.
ternal byperbolick Space AMmaA.

Let the Semi-conjugate Diameter BC ==,
the ‘Semi-tranfverfe #C =g, the Ahfcis CP
=y, and the Semi-ordinate PA/ =x.

Then from she Nature of the Curve,

Z s/i‘x“(lﬂ =195 a0d for=5I0TTY. -
Whence 2 y N ST .xs the Fluxign of the

“Weights, and > 7 yWM—t—ﬂ;hatqfthCWM”'

tums. And from the Comparifon of, this Fluxion
«with the 3dForm of ¥, Cazes sTal)lcs,;B being
=1, n—z, {Fe.the follomng Fluent will be had,

ViZ. £Y/ l»bb’\"ﬂ; and making y=vo, the fame
will become 2421 whlch.mnltbc taken from
thatFlucnt,andtthemamdcr _‘55,‘_” qu‘

will bethe Fluent of the Fluxion22 57 N 5-
Alfo the Fluent of G377 F19yby compas
ring jt.with-the fourth-Form, §being. =0,

v=2, e willbe L /75Ty + s T
: By awhich dmdm the-Fluent uﬁ now found,
y K“ g the Fluent indy




. CT

- the fame way, viz. from C towards PM, but
~C§ the contrary way. Then take CNV equal -

G5

APPENDIXL,
ZXFT 5yt st

GV apt Lty
em—
bb F—25
= ‘;x +y1'2_.Wﬂlbc=
3y?/bb+yy +,3bb F—ﬂzﬁﬂy

Diftance of the Centre of Gravity Z from the

and the Qldtiént

- Centre C.-

Now to conftruét the Expreffion: Make
4C(8): PM( 5o t9y =4):: BC(8): C R=
vP5177. And again, M5y Fm): 4C

(@)::BC(5):CS= . And moreover,

b

vob+yy 1,*
A

PM (;m; +): dC(a)..CvS (\/bb:,l-_yy)

-And let CR, CT;, tend both

Wty
to the Meafure of the Ratio between C B %)
and ER (V66+yy—y) to the Module C§
4 ',) Which will be thus expreffed,

w1 s
. 'This being d make
vobtayla/ Boyy—y 08 clony

36° b
PN 3y 4 =~ -—-...:) :29R
376 v b”"‘ﬂ,s/bbﬂy

*

‘ YU i ——
(2w +}’.7'__5;sz) DGR (ytb+9y):to

a fourth

~
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- & faurth Proportional; Wwhich will be = ' ",
 axBy H—2p
gy -y L
ftance fough‘t.‘
- Notey The Conftrution .of thefe two Ex-

amples are the fame as Mr. Cofes has given in
Harmonia-Menfyrarums, p. 25, 26. Part L. .

‘‘‘‘‘

¥

. /e

= CZ the Di-

pgamepre VIL

. 86. J°O find the Cemsre of Gravity of a right

- % Cose and Pyramid. o

The Centre of Gravity will be fomewhere F1e. 43:

in the Axis 4 B. ‘ ‘
' Now if 4P be = xyand BC=4, and 4B

=3, we thall have P/ =%, And the Ra-

tio of the Radius to the Periphery being that
of 7 to pythe Fluxion of the Weight will be

paaxy . ‘ - . paax’, .
5 and the Momgentim of it —~ b/;"x' Con
fc‘l“fnt}?f fhe, Sum of the M;mm:mzs 3&%}’9 ’
. - . aax?
divided by the Sum of tfhe Weights EW’
will giveus 3 x= 4G, the Diftance of. thg
Centre of: Gravity of the Part 4 M Pm of the
Cone; and fo i,m is the Diftance of the
Centre of Gravity of the whole Coné from
theVertex 4. - o '
- Qoz ~.Much




164 ArPxeNprt.
- Much after thé:famé wiy you wilkfind the
Diftance of the Centre of Grawty of a lzora-
mid from the Vertex to be § of the A:ﬁs
the Vétiex. -

Ex ‘A M PLZ IX
8 ﬁ‘ndtﬁ?CmiquGrd?azt ofap;s -
Fro. 4 7T0mmt‘ofd&pbere : ,9 %
Lét AC=r, AP=1x; then the I"hman of
the Weights will be _pxx—p = v4nd that of

the Momentums px x-—P T and the Sum of

the Momentums—-% 3 which- h‘.hg divi-
dcd by B .___6_, the Bum of tHe 'Weights,

and thie onueht &*‘Tsi‘fwﬂmerhe Diftance

of the Céntie of Gravxt)? f::in;) .j of the St: -
tehit_of -2 Sphéré. genctan Ytlﬁsenn-f
m‘ént AMP of a Sge-tﬁmmeicabbuz(l’ *

CCoRB R .

88.szcz the Cedtre of Gravity of § :he |
Sphere wxll be § r: for hcre % be-
¢omcs =7
Exa M PLE X

8 9 TO find ihe Cem‘rb of er;ty of @ Yara-
Yolick Conoid formed by'ﬂmﬁe%dm of
@ Bambo]a about n‘,{ 4xu‘ ¢

Hcre P #% isthe Fluxion of thc Wclghts,

and P" thc Fluxiop of :hc Moiedttiisns, y be-
ing
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tnjg the - Scm-lm: Rectum. The Sum:of the -
Weights is ? and the Sum of the Moo

tumsE— therefore this divided by 2 ,andthe

Quotient will be #». Which isthe Dﬁancn

of the Centre of Gravity from thchrtcx 4
of the common Parabola. -

Exnur:,n XL .

~ %0. TO ﬁnd the Cenire of Gm'vlty qf a Solid

i by 3be Revolution of the parabe=
lick Space A M BD about the Line BT parallel
to the Apxis.

" Let DBor ATbe =r, AP&n, PM-y,Fxo 63
zhenmnﬁ—pﬁwbe == Circle dofcri-

bed by M Q;- asd conloquently p° & -—-L.f
wﬂl ke the Fluxion of the Weights, and
px x-—T that of the Momensami. The

Fliient of the formér Exprcﬁion, or $um of
| theWeighrs, is: jx 4--1;; and the Sum of

the Morbmfums ‘. ? o —-Px: Which divided
| by thc Sum of the Weighss, and thc Qlotlv

&tm be 2£ 'oxx ‘#X_IJ-V’ u‘

qorii—igx ALY
ir;g the Diftance of the Centre of Gravity
of the Part of the Solid gcncratcd by 4 Pﬁ;
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and ‘when » becomes =a, and fo y=r, the
fuidDiﬂancc'willbc=g_,a-. o

A ‘E.IXA.MPLE XII.'

o1. 77O find the Centre of Gravity of an byper-
' bolick Conoid AB G generated by the Ro-
sation of the byperbolick Space ABG about the
tranfverfe AxisaCAP. ’

Now calling £C, 2%, 4B, 4, and the Or-
dinate BG,r, the Fluxion of the Weightswill |
bc%”, and the Fluxion of the
Momentims. 4 being the Centre of Mation,
will be ?%‘%:ﬁ; the Fluent of which
1s prat bprxt _3prx‘—-lr85frxﬁ

8aat16ab + 36a-t6ab , _7i_4la¢;-{—484b
G s iy prE hprasx |
Wl.nch» being divided by W =
Wx’.""lzmxx' . h W . 4

rrrrew i Sum of the Weights, and

the chi@;,r{% will be the Diftance

of the Centre of Gravity from the Point Ain
the Axis 4P of the Conoid forin’d by the Re-
volutionof the Part 4 MP 9€ ;hc Hyperbqlai
and w!;qn * =0 ;ﬁgab,wm.bc theDiftance

of the égntrq of Gravity of the whole Solid
from the Vertex .4.- Wherice. 3485 1464134

i g -+ 845
R 4.4:F :.xzb': el

‘ S

 Exams
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Exampre XL

.92. 7' O find the Centre of Gravity of dén.by-
.= perbolick Conoid form’d by the Revolution
of the byperbolick Spoce AMBDGC about CD
the half of the conjugate Axis.

16

7

The fame being fuppofed as in Ar2. 61. the F1c. ny

Fluxion of the Weights is 2222 =k 20707,
.and that of the Momentums with regard. to

N ;
A4C,is e dad ;;gabbp %%, the Fluent of which
. 8apx* 4 aabbpxx _ pxtyyt-2bbpxty’ by put.
Ty e w7y A L
ting .;%{’b_z for as. Now this divided by the
Sum of the Weights, and the Quotient
%, will be the Diftance of the Cen-

tre of Gravity of the Conoid generated by the
Spacc 4/CPM from the Line or Axis 4C;

and when x becomes = 4, we fhall have 1265

- for the Diftance of the faid Centre. .
Therefore the Centre of Gravity of the
whole Conoid is fo fituate in the Axis 4C,
that the Part from the Centre C to the Centre
of Gravity is to 4C as 9 to 16.

Exam-
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APPEKRDIK,
Exauxkeze XIV.
yyjh ahGMWGNmeﬂvju&

oid :goworared by rhe Rosation of %
&Ekpm&SpmAMca dbous she AHwis A-a.

Fie. 4o Make 4C=a, Cc=r, AP=x, PM=}y.

,?'*’ -’"“ ..’ﬂ’i:ﬁ’.’_’“ divided by .the

-Centre of Gravity of the partial Solid, gene-

Now when P€ is x, the Pluxion -of the {
Weagb& w:llbe 220%.. but from the dlature |

-of the Ellipfis, (A.P being == &) yy: 2ax—wx
srr:au. Whence yy.= 22X, and fo
.fubfﬁmtiﬂgihisYzhmjn%’;.“.., there  acifs
‘!ﬁﬂfg’_’ﬁ, and -multiplying by s the

Fluxion of the Momentuws will be
22.’55”_ 7% *. the Fluent of which, wig.

8=
Sum of the Weights w and the
2444

Quotient -1":% will be the Diflapeeofithe

:rated By the Space APM from the Point 4 |
-and when » becomes =.4, the faid Diffance

will bc-{ a3 that i is, the Centre of Gravity of
the Semi-fpheroid will be diftant from 4 by
ga. ,

3 B SECT.
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SECTION VIL
Of the VSt of Piuxions in finding the
Centres of Perculfion of Figures.
| | DeErFrINiTION.
p4. F{uE Centre of Percuffion, or Ofcilla

tion of a Figure in Motion, is that
Point ia which all the Forces of the fame are

169

confiderd as united together in one; fo that if -

the faid Figure meets any Obftacle contrary to
the Motioh thereof, it ftrikes the Obftacle
with a greater Force than any other Point of
the Figure. ‘

In order to this, it isneceffary that the Parts
of the Figure do conftantly alter their Difpo-
fition to move; that they feparate their Quan-

tity of Motion, not as in the Centre of Gra-

vity in the Ratio of the Spaces run thro’; but
in a Ratio compounded of their Velocities,
and the Diftances of that Centre reciprocally
proportional to the faid Velocities; or, which

is the fame thing, into equal Quantities of

Motion on each Side that Point. Therefore
the Centre of Percuffien is the fame with re-
gard to Velocities, as the Centre of Gravity is
with refpect to Weights: and as in finding the
Centre of Gravity, we divide the Sum of the
Mbmensams by the Sum of the Weight; fo to
find the Centre of Percuffion, we muft multi-

P P ply
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Fro. 59.

]xc 6s.

APPENDIX.

ply the Sum of the Momentums by ftraight
Lines equal or proportiopal to the Spaces mo-
ved thro’, and divide the-Produét by the Sum
of the Momentums. Whence the. ... . ..
General Rule for finding the Centre of Per-
cuffion of a Figure that revolves about a given
Point or Axis, is to mulkiply all the fmall Parts

3

of which the Figure confifts, (that is, the A-
géa or Sclidity of it} leoked upon 3s fo many
Weights, by the Squares of their Diftances
from the Point of Sufpenfion, and divide the
Produé&t by the Produét of the fame Weights
into the Diftances from the Axis of Motion,
and the Quotient will be the Diftance of
the Centre of Percuffion from the Péint or
Axis of Motion. o

" Henceif /P be =x, MN==2y, Pp=1x,
the Momentum of the whole f(mall Weight
MNnm willbe =2yx%. Confequently the
Diftance of the Centre of Percuffion from the
Point A is = to the Fluent of 2yx* x divided
by the. Fluent of 2yx#. Confequently, if
from the Equation of ‘the Figure you get the
Value of 3, and put it in thofe Fluxions, and
then find the Fluents of them, you will get
the Diftance of the Centre of Percuffion from
the Point 4. This will be evident from thé
following Examples. o o

Examrpre L

95 .70 find the Centre of Percuffion of & right

Line AB, moving about ome End A
thereof. N T

Now if the faid Line be conceived to bedi-
vided into aninfiniteNumber of equal fmall Party
LT P .. co 5 . . : \ 4 P.B
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Pp (x) (4B beitg.a, and A P,x), it is mani-
feft that in equal times they will defcribe equal
Arches of concentrick Circles, that will be to
each other as the Diftances from the Point 4:
But the Velocities wherewith the faid- Arches
are moved through, are proportional to the
faid Arches; and fo the Velocities are as the
faid Diftances. A '

Now x& will be the Fluxion of the Mp-
‘mentumsy which multiplied by » reprefenting
the Velocities,- and there will arife x* x for the

R ) ]
Fluxion of Forces; the Fluent of which =
‘ b;:ing divided by the Sum of the Momentums
’;:-'-, and the Quotient 2 w-will be the Diftance

of the Centre of Percuffion of the Part 4P
of the Line from the Point A4; and the Centre

of Percuffion of the whole Line will be'-z-z,by

making ¥ =a.

.EXAMP.LE II. . .

96.'TQ find the Centre of Percuffion of @ Reét-

‘ angle R1SH moving about one of the
Sides R 1.

If RI=SH be == 4, AP =x; then will F1c. 66,
Pp=x be the Fluxion of the Area, and one
of the fmall Weights will be ==a#, and the
Momentum of it will be ax%. Whence the
Fluent of 4x* % divided by the Fluent of #xx

(ori—zv%-: , andthe Quotient 2 » will be the
‘Diftance of the Centre of Percuffion of the
- Pp2 Part
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Fic. 66.

- APPEXNDI XK.

Part RC D F of the Panaliclogfam from the
Side R 7; and if for # be put the. Altivude #S |
==} of the whale Reftangle, the Diftance of
the Centre of Percuflion from the8ide R Fwill
be =§b. L

'EXA:M_PLE' 11 2
97.7FQ find the Gewire of Percuffon of as F
% (oficles Trianghe SAH moving ghoyt the
Line R 1 paffing thro’ the Vertex A, and paralle]
tg the Bafe S H. ' s

Let the Altitude £E be = a, AP =2

EH=410, PL==y. Then 4P (#): PL(p::
A5 BH Wi ey e

y =%, Now the Flueat of »s*# <= Fluont

of 5% =5%, 1nd the Fluent of yx % =Flu-
24 8a

ent of ?_’f’_{’{s_—_'-éﬁ, Whence the Fluent of
.24 6 .
. bxs.
y#* &, divided by that of y 25, or %3-;!1=g:5

=1x.

y ‘ :
- . Now if for » you, fubftisute the whole Al-

titude 4 K =a, the Diftance of the Centre of
Percuflion of the whole Triangle 45 & fram

the Vegtex 4 will become ;:'4 P%JE-

ExAMe
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[ .
' Examensx IV.
l v

i 98. TO find the Centre of Percuffion of an I-
Jofcekes Triangle S A X mowing about the
Bafi SH. |

Lsx all things be # in the it Example, F1a. 66.

then wilt PE be =4 "&.-b. Whenee the Flu-

| o0t of 33* & = Fluant of == a3 (= Flu-

] . . . $ . . .
ent of %ahxwhi’x:{-%ﬁ' :lﬁﬁiqia's-

’ -;4&’ 4+ %‘.’;; and the Flueat of % ==Fluentof

' biE e L, Ay
527’,'(“-”= (Fluent of ibx#—*-;;) =

.

,16,,'”%, Whenee the Quotient of the '

hiept of y»’ % divided by that of ywix

/7 1 ;2 1 )
be —-6_4- )

2427 by —224bx® 1 2bx4
—— YT -TTrY
. AT
. —— M
8= 6465 —40%* .

-

. \ W ) D D
=6¢’b&’e-efdaﬁx’+6h* 364’ —~Bax 4 34
 12abx’—8abx’ - ba—4qx .
== Piftance of the Centre of Percuffion of
the Segmept § Z 7K from the Bafe S /7.
Now if for ¥ you fubflitute 4, we fhall
have the Diftaacs of the Copirg of Pcmﬂioa}
‘ ®
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of the whole Triangle § 4 H =
(@iﬂ):ia:&idﬂ‘. N

6a—q4 o .

Exampre V.
99.7J0 find the Cenire of Percuffion of a para-
bolick Spacey moving about a Line paf-
[ing thro’ the Pertex parallel to the Bafe.

Now calliﬁg the Abfcifs », and the whole -
Height 4, and the Fluqun of the Momentums

will be x*é, and that of the Forces 4 ; the
' z
Fluent of which will be ;x Which divi-

ded by 2+* the Sum of the Momentawis; the

Quotient will be ;-' % =Diftance of the Cen-

tre of Percuffion of the Part of the Parabok
whofe Height is » from.the Vertex ; and when
% becomes equal to 4, the Diftance of the
Centre of Percuffion of the-whole Parabola

will be £,
7 A .
ScHoLtiuUM. -

100. IF the Centre of Percuffion of a Parabo-

* la of any Kind be fought, you will
2mt1 4= Diftance of the Centreof Per-
3m+-1

cuffion from the Vertex; where » is the Ex-
Foncnt of the Power of the Ordinate of the
arabola.  So that if m be = 2, the Diftance

willbe L, a8 in the common Parsbola. 1€
‘ : mbe

have
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m be =3, as in the cubick Parabola, the Dis '
ftance will be -I%a, &e.

EVXAMPLE'IVI.

101.7T"O find the Centre of Percuffion of 4 pa- Fie. §8.
. K yabolick Space moving about its Bafe DD. o

* Multiply the Fluxion of the Weights P
by za—x and we get ax":'c—x'},'“ x» = the
Fluxion of the Momentums; which being a-
gain multiplied by 4-—=#, and the Fluxion of
T . . 41, iz,

theForces will be aax” % —24x* " &4x %
the Fluent of which, viz. 244 .x%"?" P

h 4 1 ) y 4
2,54 =7°““x34"-!-844~’~"" + 30471

7 oy -
. being divided by the Sum of the Momgntums
‘ 1 342 ‘ '
__10ax" —6%

, and the Quotient will

iy
be 3"“';42“:4_1 J¥¥  the Diftance of the

a—21% i
Centre of Percuffion of the Space DMND
frqm the Bafe D D; and putting  for 4, the
Diftance of the Centre of Percuffion of the
whole Parabola from the Bafe DD will be

-‘-‘-’a-—-—-f-"-AB. :
z - 7 - - N ~

‘F'.XAMPLI_!AVH.V' v
y02.TQ find the C(ntre of Percuffion of a Cy- F1e. 67
2 & linder AB moving abous the End A _
heref. R
bk Now
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i . Ndw i is evidedt that the Velocities of all
the {mall equal Parts of this Solid will be to
cach other, on accoutit of the equil times, in
the fame Ratio as the Spaces 77 thro’ that is,
as the Arches defcribed in their Motion, or as
the Radii or Diftances from the Point of Suf-
fion. Now let tht Axis /8 of the Cy~
mttbe =™ g, any Pawrt o P —zx, the Peri-
phery of the Bafe == p, and the Radius of it
#=¢; thei the Fluxion of the Momemums will

bezzzf, and the Fluxion dftheFottés‘Z—?';

" the Fluent of whichis==-. Which being
div!:icd by the Sum of the Mementums =
2% and the qudent.?.x will be the Di-

"y :

ftance of the Céntre of Percuilion of the Pate
of the Cylinder, whofe Altitude is AP from
thePoint 4; and % 2 will be the Diftance of

the Centre of Perzumoh of the whole Cylin-
dcr from the faid Point . -

- Examy?re VIHL

163.7170 $ind the Centre of Persiffion of aCy
’I linder moving about the Punt R in tbe
Aiis continued ous. '

Fic. 6. Make RB=4a, RA=5, AP=x; then
bR}?:b-{-x, and 4B =32 —05. Whence

o ﬂ-j:-?ﬁf is the Fluxion of the Momentums

~ But the Velocitis of the little .equal
Weights of the Solid are to one another a8’
the ‘Arches defcribed from the Point Rzy ,
3 thale |
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thofe Weights; fo the Forces are to each 6ther
as the ri ht Lines thar 1} up a Trapezram de<
by the Cylitder. W hence multiply-
mg thc Fluxion of the Momentums by b} x;
bbprx+szfm+pm’x

and we get == Fluxion

of the Forccs, the Flucnt whercof Is ==
Bopr y Y02 €. "Which divided by the

Sum of the Mommtam = 5’” +pr 2 d

the Quotient “”‘Lfb%:‘rz_’”‘ will be the Di-

ftance of the Centre of Percuffion of the Part
whofe Altitude is 4P from the Point R 3 and
‘%ﬁ”ﬁ will be the Diftsnce of the
‘Centre of Percuffioh of the whote Cylinder
. from the Point R, fince then x becomps ==
a—b.

", Hence it is cafytoﬁndenwhat Part of 2
Cylindrical Stick 2 Man ought to ftrike in or-
dcr to jam the tcﬁ' Blow poﬂ' bley fuppe:
fing AR reprefents the Man's Arm, ‘and 4B
thc St:ck

EXAMPLE IX.

104. 7’ find the Centre of Percuffion of a Cone
moving aboat its Pertex A.
The Fluxion of the Momentums will ‘be Fie. 43

P’x’f and the Fluxion of the Forces Pf:‘ x;

the Flyet prx. ':, of wlmh being  divi-
ded by the Sum of the Mommtums =

,b% and the Quotient 2 1 x will be the
‘ Qg _ Diftance
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Diftance of the Centre of Percuffion of

_ the Part of the Cone, whofe Altitude is #P

F16. 44

from the Vertex 4, and 4 4 will be the Di-

ftance of the Centre og Percuffion of the
whole Cone from the Vertex 4. -

Note, This Centre of Percuflionisthe fame as
the Centre of Gravity.of the Complement of
a cubick Parabola; becaufe thé Forces are as
nght Lines which fill up that Complement.

Examrpre X

107,970 Jfind the Centre of Percuffionof a Sphere
moving about a Point A in the End of &
Diamsrer AD.

Let the Radius be = 7, the Peri icry =),
and AP =x; then the Fluxion of the M-

- mentums will be px>s = __p ak x and the Fluxion

px*

of the Forces px £ = —~3 and theFluent of

this will be =f§ —_ %‘r 3 which being divi-

ded by the Sum of the Momentums = P—:-z -

28’-‘-4, and the Quotient 137¥"12¥¥ il be the

4or—I§K
Diftance of the Centre of Percuflion of the
Scgment of the Sphere, whofe Height is #,

from the Point 4; and ‘;‘;r will be theDiftance
of the Centre of Percuffion of the whole Sphere

Hrom that Point,

ExAMs

e
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~ Examrpre XL
106.7"0 find the Centre of Percuffion of a Pg-
rabolick Conoid moving about the Pertex.

The Fluxion of the Momentums will be
. e
?.:-:f, and the Fluxion of the Forces f%i‘.'l‘he

Fluent of which is =27 which being divi-

ded by%";’., and 3 » will be the Diftance of

4
the Centre of Percuflion of she Part of the
Conoid, whofe Altitude is x from the Vertex,

and 3 4 will be the Diftance of the Centre of

4
Percuflion of the whole Conoid from the Ver-
tex. :

4 EXAMPL-E‘ XII.

107. fud the Centre of Percuffion of a Sphes
roid moving abaut ene End of the tranf-.
verfe Axis.

179

The fame things being fuppofed as in Ar#.

93.. the Fluxion of the Mumentums will be
28pr%> x—prx’x
24a

2aprxdx—prxte . .
ces —E_Taf!'—" 5 the Fluent of which, viz.

and the Fluxion of the For-

<
% - f-%.;, being divided by the Sum of the

. pred prat -

Movsentums =—— —%—., and the Quotieng
‘:\."“ “-mi.v ;a m’ Q )
Qq2 -
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30a%—12%% will be the Diftance of the Centre
40a-+15x : ' :

of Percuffion of the Part of the Spheroid,
“‘whofe Altitude is x from the Point of Motios,

and % a will be the Diftance requir’d.

<

"SECT,

fs
\
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SECT. VI

Of the Refolution of fome mifcellancous
| Problems by Flusxions.

. Pros L

108. find a Line, wherein the Subtangent
is equal to the Semi-ordinate,

In all Cafes it is plain that -ZJ-:-‘r 1is an Expref-
fion of the Subtangent; and fo from the Con-
dition of the Problemlf =y, and ya=yy;

that is, ¥ =y, and the Fluent of each Side
will be x=y. Whence the Line fought is
the Hylpothcnuﬁ: of a right-angled Equicrural
Triangle; a Line bifefting the right Angle
being looked upon as the Axis. Butif « be
the Arch of a Circle, thenwill the Line fought
be a Cycloid.

Pros I

109. J O find a Curue, whofc Sxbtangent is

equal %o twice the Sguare of the Sewsi-
ordinate divided by a conflamt Quantity: fap-
pofea

The

81
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be cqual to the Afymptotical Hyperbolical Space

,APPENDIX.
Thc Subtangcnt is = {ly thncc %‘
muﬁ: be = 7'“ Confcqucntly ayx==1yy,

that is; ax= z 955 and finding the Fluents of
cach Side, we have ax=yy; therefore the
Curve fought is the Apolloman Parabola.

P r o B. III

110. T°0 find a Curve, whofc Subtangent is a

third Proportionalto fome fanding Duan-
tityale en’d by the Abfcifs, and the Semi-ordi-
nate.

Here g —x:p::y: }-5 ‘and multiplying the

Means and Extremes we get @.Z%i‘iﬁ:;y,

and ayx—yxx=y"y3 that is, ax—xX=yjy; and
ﬁnding the Fluents of each Side, we have
ax—sxx=1yy, or 2ax—xx=yy; therefore
the Curve fought isa Cn'clc whofc Radius. is

.—a,

Pros IV
III. TO find a Curve, whofe Subtangmt isan
m'varmble Line.

Herc ¥ muft be =4, andfo 5= %% =

Jy
ay"'j:. thncc the Fluent; of x, viz. ¥ muft
be =Fluent of 45— y, and multiplyingay™ "y

by 4, we fhall have 4’y ", which'is \ cFls-

xion of an Hyperbola between the Afymptotes.
And fo.if y be taken for an Abfcifs, the corre-
fpondentSemi-ordinate x =Fluent of sy *j will

u-
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divided by the invariable Quantity. 4, being
the Side of the Power of the Hyperbola.

Pros V. A
112, ANamber Being given: to find the ‘Loga~
- LA yithm of it. o

Let the Ordinate of the Logarithmical Fa. 68,

Curve 4 B be =1 = Subtangent; then PM
will reprefent a Number greater than 1, and
N a Number lefs than 1; 4P the Loga-
rithm of the Number greater than 1, and
A9 the Logarithm of the Number lefs than 1.
ow let the Difference between 4B and
PM be =y; then will PM be = 1 + 5.
Whence 4P, the Logarithm of a Number
- greater than 1, will be the Fluent of #y:—-
5=y 7529125 +54, &c.  Which Fluent is
=y—1iy+Lypp—%y4 &c. = Logarithm of
a Number greater, than 1. o
' Again, if the Difference between 42 and
%N be y; then will 9 N==1-~y. And fo
A 9, or the Logarithm of a Number lefs
~‘than 1, will be = Fluent of I-_l=jf — 9y

—yt jv~_73_5'+y4 5, &c. the Fluent of which
will be =—y—1y*—3y*—7y4 &c. being
the Logarithm of a Number lefs than 1.

-"SCHOLIUM

113. Ip the Side 4B or BC of the Power of F 1. 69

_an Hyperbola be =1, and BP =y;
then will /P =1+, and the Afymptotical
Hyperbolical Space will be =y —3y* 41y

—
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w3y, &c. Andif B8 be =y, then will
A9 be =1y, and the Fluxion ;?_% will

be that of the Hypefbolick Afymptotical
Space. Whence the Space will be = ~ 3
—pt =1yt —1yt, &e. '

Whence Logarithms may be reprefented al-
fo by the Hyperbola: for if the Side 4B of
the Power of the Hyperbola be =1, the Ab-
{cifs AP is a Number greater than 1, and the
Afymptotical Space BC M P is the Logarithm
of a Number greater than 1; in like manner
the Abfcifs )I%is 2 Number lefs than 1, and
the Afymptotical Hyperbolical Space CB
is the Logarithm of a Number lefs than 1.
Again, if y=1, thenwill 1 +y=2; and fo
the Hyperbolical Logarithm of 2 will be +—+
++—%, €§c. But thefe Series converge
flowly; which may be remedied by fubgtitu-

. - .
tmgmfory. . o

Note, Thefe Hperbotical Logarithms are |
the fame as’ Napier’s; and fo are different from .
Briggs's, which we commonly ufed; but they |
may be reduced to Briggs’s: being to his, as
the Hyperbolical Logarithm of 10, iz, -
2.302§87092094, &c. to Briggs’s Logarithm
of 10, that'is, 1.000000000000, {Fc.

" ScHorL1rum IL

114. Ip z be an odd- Number, whofe Loga-

rithm is fought3 the Numbers-z — x

and z -1 will be even; and fo their Loga-
rithms and the Difference of their Logarithms .

will be given, which let be y. Likewifc the

Logarithm of a Number being a geometrical

1 : Mean
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Mean between the Numbers z—1 and 241,
wig. half the Sum of the LogaritthS. The
P 1 1 7 181

: Series XIE+2433 +360§" + 1512027 +
— 23 §c. will be the Logarithm of the
24200% ~

" Ratio, which the geometrical Mean between
. the Numbers z—1 and z 41 has to an arith-
. metica] Mean, viz. the Number z,

P\R e VI

11y§. IF a Body freely defeends by its own Gra- F 1c. 70.

vity from the Point A along two inclined
Plains AB, AC, to the Points B and C; jt is

85

required o find the Proportion of the Times of

Dsfeviption.

Let 4D E be a vertical Line, and BD,CE
horizontal ones. Call 4D, 4, 4E,b, D B, x,
and EC,z. Now it is evident, that the Time
of a Body’s defcribing an infinitely fmall Part
of any Line, as 4B or 4C may be taken
for the Fluxion of the Time of jts defcri-
bing the whole Lines 4B and AC. Thisbeing
premifed, 4 B=y/aa+xx, and AC=bb+2z.

The Fluxion of the former will be ———e—

vaatxx

and thay of the Jatter —2 e
has of the atter T

ain, theVelocity of the Body defcribing

the infinitely fmall Part of 4B exprefled by

xx . ~
mw B b, and that of 4C exprefled by
2z

y’ﬁwb-l—zz = C;f) Wi,u bc cq.ﬁal to d]c refpcéb'wc

Rr Velo-
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Velocities that the Body falling perpendicular+
ly from 4 will have in the Points D and E;
the Velocities of the Defcription of the very
fmall Parts B, C ¢ béing looked upon as equa-

ble: which are progoruonal to y AD (ya),
and y/AE (y6). Therefore the “Times of de-

fcnbmg Bb and Cc are as :/:-{—ax

(the Times of the Defcnptlons of

Vbz+b Z2
any %paces being as-the Spaces direétly, and
the Velocities inverfly.) Confequently the
Time of defcribing 4B to the Time of de-
feribing #C, will be as the Fluent of the for-
mer Fluxion to that of the latter. But thefe
Fluents are eafily had from the fifth Form of
M. Cotes’s Tables, by making 8 =1, n=2, &c.

—l—xx

that of the formcr Fluxion being /1

( and that of the other /’H"zz So that the
Time of the Defcription of /IB to that of the

Dcfcrxptlon of 4C will be as‘/{fBD( s/aa+::.":)

t°¢013 )

Pros= VIL

116. PO fird the Nature of the Curve BC
- being fuchy that a Body freely falling
by its own Gravity perpendicularly from the Point
A 20 B, and thence continuing to move on along
;lfe ﬁu’d Curve, foall defiend equal Spaces in equal

mes.
"Let BD be the Axis; then let /B=a,
the Abfcifs B P=1x, and the Ordinate PAI{I—-)'
ow

Fic. 71.
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Now the Fluxion of the Ordinate x is =0
in the Point B the Beginning of the Curve,
becaufe it is convex next to the Axis, and the
Axis is a Tangent to it in B; therefore Mm
(vx*=43*) is = x at the Point B; therefore
the Time of the Bodies defcribing the Arch

Bbisas i’;; fince the Times are as the Spaces

diré&fy, and Velocities inverfly: and the Ve-
Iocities acquir'd in ‘B and M being thofe ac-
quir'd by the Fall from £ to the Points B and
M, ghich Velocities are in the fubdupli-
cate Ratio of 4 B to AP), and the Time of
the Defcription of the {fmall Arch Mm is as
fiy’. JBut fince from the Condition of
. 8TX N

the Problem, duljin% the Defcription of the
Curve, the Body falls equal Spaces in equal

Times; therefore ;—;; muft be = f ; I:; and'

H i 3 . M a“: +..y‘ —‘-A:.
fquaring both Sides, there arx{"cs_ i
Whence 4x* 43j* =ax® +xx*; that is,ay*
=ux4";. and extracting the Root of both
Sides, we get y/axy =4/xxx. Laftly, finding

. the Fluents, and 4y =4§x%, oray’ == 4.

Which is the Equation of the Curve; ad fo -

_it is a Semicubical Parabola.
Otherwife

Let AP =x, PM =y, the Velocity atthe
End of the Fall from 4 to M==sv, and z =

Time of the Fall to M. Now from the Prine

ciples of Mechanicks ].‘.f,i" is a % the Time
' "Rrz _ of

187
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of Defcription of the fimall Arch Mm, that is,

Vi) isas k. thnf:e if 4 be a proper

v

ftanding Quaritity, we thall have a,/x* 45* =
vz Batwisas /%, orasax; and fo we
fhay take v ==y/ax. Alfo zisas x—a ; fincefrom
the Condition of the Problem, theTime is 2
the Altitudes from whence the Body falls.
‘W hence x—a thay be taken for z, ahd xforz;
fo that fubftituting ¥ ror z, and /2% for w in
the Equari~n z-v’;'v’-ti *==a.2, and there coms
out ayx + ;> =xyux. Whence s*x*+a*y*=

‘axx*, and ¢y =#/x—a. Then finding the

Fluent of each Side, (which may be eafily
done from the little Table of Gurves that may
be fquared page 34., or from the third T'able of

Foims of My. Cowtes) and a'yp will be =
20% 28" e, ! 25— e
———-’-—-—; yax—a'y OT ) = = 3 vax—sa.

Now making n=x —a; and we have %—”,/a»,

“ora? y’v=a4—'z£, ot 2ay* =xn's thorefore the

, 4
Curve fought is a fecond cubical Patabola, 4B

. being'==4a, and BP=n.

Fie. 72.

P R O B. VI

117.J O find the Law of Refrattion, admit-
ting this Principle, ¥iz. that Nature in
all its Operations takes the fborteft ways.

Becavife Light catinot thove i differetit Ve-
diums with the fame Veelocity ; let the Ratio

of the Velocity of the Light duriug its Mo~ -

tion from 4 to B, where it begins to be re-
' 7 fralted,
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fralted, to its Velocity, while it is refratted in
its Motion from B to C, be exprefled by i”,; 5

then the Times of the Deferiptions of the

Lines AB, BC will be as nx 4B tonxBC.
Let fall the Perpendiculars 49, CP, and
fhake AQ=a, CP=b, PO =¢, PB=1x;
then will B9 =¢—x, and confequently BC
ek \/bb %%y and. A B==y/aa 4o — 2cxtxx.
Whence the T'ime in which 48 + B C is mo-
ved chro’yis==my/bo =}-nx - ny/aa~tec—2cx-txx,
which mult be a Miximusm ; and o the Fluxion

thereof, viz. ;s + e

iy ] —————e—

T VébH-xx  Jas - ct—2cxd-xx
- mx BRC~=X

=o0. Whence

‘ VohFxxn V@ cc—2intiex’
that is, w; IZ’B }'A'——j" :{BB‘Q Make BC =43,

then will mxPB=#xB9, and confequent- '

Yymn::BD:PB.

Whence if B 4 or B C be taken for theRa-
liws, B.9 will be the Sine of the Angle 4,
«id P.B the Sine of the Angle C; that ¥, finoe
4@ and PC wre faralicl 1o D E, PBisthe
jine of the Angle C.B.E, and 8.9 the Sine of
4B D, viz. PB is the Sine of the refratted
Angle, B9 theSine of the Angle of Inci-
dence. ence the Sine of the Angle of
indidence is w the Sine of the wefrafted Angle
i a contant Ravio, . that of the Velocity

of Light before Rafrattion w the Velocity du-

 tinp is Refiattion. - '
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Pros IX

I 18.T0 find the Angle BCD, in which a Bo-

dy from A obliquely firiking a Plain in
C may be reflecied to a given Point B, fo as te
pafs from the given Point A to the given Point §.8
the fhorteft way. -

From A, B let fall the Perpendiculars 4 E,
BD. Let AE=a, BD=by ED —¢, and
EC=x; then CD =¢—x, and 4C =
Vaa+xx; alfo C:B=y/bb-+cc— 20x + xx;
and fo AC+ C B muft be Minimum, that is,
vaa +xx <+ /bbd-cc—2cx4xx. Whence the
Fluxion of it muft be made equal to o;

XxX—CX

therefore ———— = 0;

¢ vaa+xx + NVAE S ——zcx-{-—fc‘ ’
aqd fo xy/b*+c*—20x+-%* 4 w—cxy/a* 4 5*
=o0. Whence /6’ +¢* —20x - xx =c—=x
xs/az *4-x*; that isy, ECXxCB=CDxAC;
and fo EC:AC::CD:CB. Confequently
(by Prop. 7. lib. 6. Eacl.) the Triangles AEC,
BDC are equiangular: Whence the Angl .
ACE muft be = Angle BCD. ‘

~

.. ‘PR os. "X.

119. JF a thin Fiuid confifis of equal Particles

freely difpofed at equal Diffances from
each other; it is required 1o find that Fruftum of
a Coney which of all others of the fame Bafe
Aa, and Altitude B C, moving in that Fluid ac-
cording to the Direftion of ';‘ie‘ Axisy- with the
%[er Bafe Dd foremoft, that fball bave thy leaf

Refifiance.
: It
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It is the fame thing to confider the Fruflum
‘at reft, and the Particles to move againtt it
‘with the fame Velocity.
Draw D E parallel to BC. -Let the given
Altitude BC =254, the Radius of the given

Bale =4, and 4/ E=«. Now it is well known

that the Effe&t of any Particle of the Fluid
ftriking the Surface 4D of the Frufum ob-
liquely in the Dire&ion D E to move it ac-
cording to the fame Diretion, is to the Effe&t
of the fame Particle ftriking direétly againft
the Annulus generated by the Line /£ (while
A B revolves about) to move it in the Di-
reCtion D E, as the Square of the Sine

of the Angle of Incidence FEV or ADE

to the Square of the Radius. And fince bere
the Angle of Incidence is invariable, the Ef-
fect of all the Particles ftriking the Superficies
of the Fruffum generated by 4D, will be to
the Effe& of all the Particles that can ftrike
the Annulus aforefaid 46 in that Proportion,
that is, the Refiftance of the Superficies of
the Fruflum generated by 4D, is to the Re-

fiftance of the #nmulus generated by AE, as

the Square of the Sine of the Angle of Inci-

dence 1s to the Square of the Radius.
Whence if BC (4) be made the Radius,

the Sine of the Angle of Incidence will be

ﬁb——'f:_—x,‘, for 4D (y/0*+x*): AE (x):: BC ()
bx

. Now if the aforefaid Annulus be

Vbl+xl
made the Refiftance of itfelf, then will the
Circle defcribed by BE be the Refiftance of
_itfelf alfo; but fince Circles are to each other
&{ the Squdres of their Radii, therefore the
cefiltance of the unulus is to the Refiftance
2 of

191
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" let reprefent the refpe&ive Refiftances of the

. the Superficies of the Frufum llgenet'atot:d by

APPENDIX.
of the Circle, as ZB'— FZ* (2ax—") is to
BE (4*—24%x+x*).  Which Quantities now

Anngulus and Circle.

Then BC (¢%): ; r —, fquare Sine : : 5"

— BE" (2an—i?): 27“.’53;‘.;1 = Refiftance of

AD. To which adding the Refiftance of the
lefler Bafe Dd (being a*—24x 4 #*) and the
Refiftance of the whole Fruffum will be

axd—xt - s
3-,——“ o +a z.ax+.f =
a’b'f-za::t';ké:x"l'ﬂ’x’ The Huxion Of
e
which muft be a Aimimsm; therefore
2ab*xx 240> %" x~—28b%%

: . W +
! A . b s b
;x—b 3 andfox::.izdé % 2:;—. But
becaufe ‘the Triangles 4E D, 4BV ssc fimi-
lar, therefore A E (x) = -bL'VZS e N Y,

28" L4

b)::AB(s):BY = 2 which
OB @BV = ey
i8 = +y44" 44" +35% fince
I A —TbXiyaa 4 b A 1b is =&°y a8
appears by bare Infpetion: the Sum of any

- two Quantities drawn into their Difference be-

ing equal to the Difference of their Squares.
From hence arifes the followimg Conftrui- .
on, Bife& BC (?)in G, and draw 4G :inBC |
contiu-
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continued out, make G 7 = AG (3 /44’ +4°)

-I and 7 will be the Vertex of the Cone.

Pros XI

120. 'I‘O find the Duration of & Pendulum of-
cillating in the Curve of the Cycloid. /

193

| Let the Diamecter of the gcnerating Circle, F1e. 75.

or the Altitude of the whole Cycloid be =4;
and let A B, the Altitude of the Point 9 from
whence the Pendulum begins to fall, and de-
{cribe the Arch 9B, be =4. Alfo let HP
=2z; and fo PB=24—2z. Now let the
Time of the Pendulum’s defcribing 9B be ==,
and on H B defcribe the Semicircle ZN B, and
draw PM, pm infinitely near one another, and
perpendicular to HB; then will PN be =
v/26z2—2z, Pp=Ng=Rm==z, and the Velo-
city in P, and fo in N and Q =yz.
Confequently fince the Particle of the Curve
Mm is é]cfcribcd by an uniform Motion, the
Time of the Defcription of the fame, viz. #

is =%:;. But from the Nature of the Cy-

cloid Mm:mR::BS:BP, and 4B:BS::BS .

: B P, from the Nature of the Circle. Whence
BS:BP::/AB:/PB, and fo Mm:mR::
e

mRx/AB
V4B : y/PEB; therefore Mm = T
. 2 bz/a
and ¥ = —.====z‘/‘ = —z—.:—._z—_.
: x. V2b2—22 25/ 2bz—22 BF"‘
"—"‘b'f—-z = Nwu; therefore ¥ == 2\/_4an.
202—22 25

Now when the Fluent of %, viz. » does ex-
Sf prefs

/
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prefs the Time of the Defcent BD of the
whole Arch of the Cycloid, the Fluent of
N# will be = the Periphery HNB; there-
fore as 2 5 the Diameter of the Circle to i the

- Circuraference thereof, fo is 2 /s to the

Time of the Pendulums defcribing the Arch
B9. Confequently becaufe 2y/4 =:'-;‘-; de-

" notes the Time of the pcchndicular Defcent

Fic. 76.

thro’ 4B, we have the following Theorem,
wiz. The Time of an whole Ofcillation thro’
-any Arch of the Cycloid, is to the Time of
the perpendicular Defcent thro’. the Diameter
'A B of the generating Circle, as the Periphe-
‘ry of a Circle to the Diameter. ‘

" CoroLL
'HBNCE the Times of defcribing all Arches
of a Cycloid are equal.
 Pros XIL

121. (" HE Courfe and Difference of Latitude
o of two Places being given: to find the
Difference of Longitude.

Let P be the Pole; the Circle 4/BF, the
Equator; PCB, PD A Meridians; 4CG the

" Rhumb Line paffing thro’two given Places 4

and C. Draw Pdc} infinitely near PC B, and
with the Diftance P C defcribe the Arch CD.
Now make the Radius P.4=¢; the Difference
‘of Latitude of the two Places, viz. 4D or
BC=y; the Difference of Longitude fought
-AB=yx; the Tangent of the given Courfe (or
conftant Angle that the Rhumb Line makes
' with
2

|

!
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with any Meridian) viz. of the Angle Ced=5m
alfo make the Sine of the Latitude of the
Place € =, and the Cofine ==z. All thefe
are vatiable Quantities cxcept 4P (4), and
theTapgent of the given Courfe =.

- Now fince the Arches Bb, Cd arc fimilar;
therefore PB(a) : Cofine of Lat. of C (2)::

B Cd=ZZ. Again, from the Naure of

theClrclc,PB —_ Squarc of -Sine Lat. of ‘C,

viz. a'—r' is = 2*, and d¢())is=y7 + z°,
as eafily appears. thnce throwing the E-
quation 4 ——-r =2z’ inta Fluxions, 'md we

‘ gctz = ""—-; And fo puttmg ri

for 2 m the Equatloxr y ——\/f -l-z . and
'thcrc an{'cs y==.. Ifcd (y) be made the Ra-

dius, then will Cd bc the Tangcm: of the Ans
gle Gcd of the Courfe =3 therefore £B(a)

tmiicd(y):Cd= _’5, ‘and  drawing the
Means ard Extrcmcs into each other, there a-
rifes mjy=zx; and fo x = -;. " 'Whence fub-

ihtutmg 27 for 5, and we have & = ”_;f." =

a’”" 3 a,nd ﬁpdmg the Flucnts, there an{'es

Bd@—mx-+ +”+,” =
- Difference of Longxtudc off he Placcs Aand C.
The Fluent of ‘"’" may be had likewife

after Mr Cotes's way in thc Mcafurc of a Ra-
8f2 ’ tioz

19§
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APPENDIX.

tio; for it may be referr’d to the fecond Form
of his Tables; whence making 8§ =0, s==2,

d=am, e=a’,f=v==-*-1,. R (=¢:";.ﬁ) = a,
r ()= m s

8o+ in—1
- will

dzz
7 i R3-T

amr .2 :
bccomf: Pt and the Fluent = dR I-T

atr Fr, .

‘/a’_—rx' F"z_ bcn]g thc Ex-r
preffion for the Difference of Longitude B A4.

That is, in W,ords, the Difference of Lon-
gitude is equal to the Meafure of the Ratio of
the Radius added to the Sine of the Latitude
of -the Place C, and the Sine Complement of
the fame, the Tangent of the Courfe being
the Moduley amd if £ be fome other Place
in the fame Rhumb Line, the Sine of whofe
Latitude is given; . then by the fame Rule we
can get the Difference of Longitude 4 A, and
fo the Differende of Longitude BAH of the

the Fluxion of the Form

will be 7

CoRroL.
F the Rhumb Line. 4C be = 4, and ¢d
(7) be made the Radius; then will Cc be
the Secant .of the Courfe. - Whence PB (a) :
Cc::cd(5):Cec(n); andfo 2u==Crxjy, and
taking the Fluents 44 ==C¢xj, thercfore u=

X . X . N
2—’-1; that is, as the Radius is to the Secant

& . .
of the Courfe, fo is the Difference of Latitude
ADto the Lcngth 4C ().

-

" PROB.




APPENDIX ;-.1:9\‘7

Pnon XIH

122, TO cube the* Solids gmerated by the Rota~ F1a. 77-

tion of the Conchoidal Spam CPGB,
and BG Qo about the Line ABC drawn from
the Pole A at tight Angles 1o tbedﬂmptm BG.

- Praw Ap infiodtely niear th* from A de-
fcribc the fmal! Arches 95 Pn, with the
Diftance BC or B, &Om A dcf ribke the Arch
EF, and from F, Q,Pdraw FH, 9 K, PI pet-
pcndxcuiarto A% Call ¢ B (===AE===AF=!=
BC+=QG=GB) ay AB; by E Hyxy, 4H, 2,
and HF,y. Now figm the §i imilarity of the
“Triangles ABG, AHF, we have AH(z): AF

(@)::4B@): 4G ="§. Whence #Q =22
-"'“z and for thc fame Rsafon_dP..-... + a.
Agsin, AF(@):FH(p 4R ﬁm) .@_K

=B, solikewic PI=B 4y Now

ﬂac Fluxion of the Arch EF, vxz Ff will bl:
‘;z‘ and fince :he Seétors JPf, A.Q: are fi-

“mnilaf, therefore AF7a): Ff (" "‘) : 49
(f.é-ﬂ—a) ,Q;:h‘bz ‘a2, In like manner
'z P <
'Pn=a‘€-+'z Ce e e
tg:m, “the Fluxxon of the Solid gencratcd
)

ace A¢ durmg the Motion above-

menuon , will bq 34 ,Q,s dmwn mlnlo
the
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the Periphery defcribed by the Point 9. So

alfo will the Fluxion of the Solid generated
by the Space ACP be = ; AP x P into the

* Periphery defcribed by the Point P, and the

Fluxion of the Cone generated by the right-
angled Triangle' #BG during the aforefaid
Motion will be 3 4G xGr into the Periphery
defcribed by the Point G; therefore the Flu-
xion of the Solid generated from 4c9 will be
LRy YT L I (ﬁ being
3z 3. v =z zy: i \r ;
the Ratio of the Radius to the Periphery. of a
vedle) = B o B2 a0z abE  a'z
r(‘,erIc)—.;. ks 323 ».zz’ + z - _"and
the Fluxion of the Solid generated from -ACP
. by a P by, by, _ p abi
will be 3z+~;- X rx —‘z+yx-zf+y_;x?.

R T AT
+a:, Z4 2 b +2 3 and the Difference of

 thefe two laft' mentioned: Fluxions will be =

2 x 222 425 5 = Fluxion of the Sum of

.the two Solids generated by the Spacesc.QGB,

BGPC: andfolx?

.bc'.’li X %.. — ;q’ 2, = (fubftituting s—=x for z)

a8t 1_ax

Pya b _@d—a’xp, 33 3.
v /0—& 3 r‘v e K G wme X

and makiﬁg # =0, ‘this Fluent becomes
7;’ Xab*—a} to be fubftralted: o' that the true
Fluent

b 23 - ;
xion‘of,% the Sdm; the Fluent of which will
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- 3 j Max a x
Fluent is = 3 3 —abr e
a—X i
© ab’x- ——-—-ﬁ:'f
r Q=X :

~ Much after the fame way as the Fluxion of
;T the Sum of the Solids was found, we may

’gc't the Fluxion of i the Difference: for from

the fimilar Triangles A HF, ABG, there ari-
fes dH(z)-z(F(a)“AB(b)-AG:“_b and

AH(z): HF(y): AB (%):BG = =5 J; and fince
_ the Se&tors 4 F f, dPr are alfo ﬁmxlar, there-
fore 4F@):Ff (%2 ):: 4G ( “”) Gr—“;‘z;
and confequently thc Fluxion of the Conc de-
fcribed by the right-angled Triangle 4BG

wﬂlbc xib_xh abz =2 ab’zﬁ,o
z 9z r 32

which takl t cFqunon (before found) of the

Solid dcfancd by the Space 4;2,, and the

Rcmamdcrf x“ KA z—‘iiz.—\- 22 is the Flu-.

xion of thc Sohd gencratcd by the Space

cQGB. Audif? x%L; 2 be taken from the -

Fluzion of the Sohd chcnbcd by the Spacc
ACP, the Remamdcrp ap z+a AT

is the Fluxion of the othcr Solid BGPC
from

199
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From which fubfiragting the Fluxion of the
Solid ¢ @ G B, and the Rmndcrl’.x ’-"”"
the Difference of the faid Sohds fo that
P xf_b_z s the Fluxion of = the Difference of

thc Sohds Which may bc compar’d with
that of the firft Form in the Tables of Mr.
Cotes, (having firft fubftituted s—s for 2 2 and
— % for %, the Fluxion becoming Zx 12 h)
i Y a——x
For making z=1x, 0=1, n=1, =4}, e=a,
A . a‘z'z""mI .
f=-—1, the Fluzion will be =

28 8% and the Fluent F—L becomes

Y a4—x

,—-—-7’.145:” ”wpacb[;——-; fince the

Logarithm of the Ratio of 4 to —x with aa
affirmative Sign, is.equal to the Logarithm of
the Ratio of 4—= to 4 with a negative Si
The Fluents or Quantities of ¥ the Sum and
£ the Dxtfe;ence of thltl:Snl&ds being thus found
we proceed next to their Con 10 iR~ |
wath that of the half Sum. o bcgc;

T has een faid, it is cefy to find the Flu-

xion of ‘the Seltor of the Sphere defcribed by
the circular SeCtor A/ E F, and {o the Fluent
or Quantity of that Seor; the Fluxion be-

mg._.’i-x;xyx;-—ﬂxf;f,mdtbcm
ent-—?x"z-? a'—8'% by fubftituting |

3
G for z3 and ma,kmg x=o, the faid Flu-
ent wilt bccomcp X ?,to be fubftradted from

the
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the other. Whence the true Fluent is
g x_-—a-’-”orf; x&¥ = Solidity of the Settor
* of thg Sphere defcribed as aforefaid.
This bcmg grantcd makc AE (as) : 3AB

xAG 4 AE (3% -—--+aa) : Sector Sphe.
f .3- : Solidity of % the Sum of the Solids

—3xab’x+ax s * being the fame Ex-

prcﬂion as that before found.

Laﬁly, To ' conftru& thc Expreflion
2 aab ——, we know that --aa is the Area

of aCnrclc, havmg BC (a) for aRadlus which
drawn into - wﬂl be the Solidity of 3 the

Difference. But becaufe of the f{imilar Tri-
angles AHF, 4BG, the Ratio of a=AFto
a—x =4 H, is equal to the Ratio of 4G to
AB; therefore the Value of 1 the Difference
of the Solids to be cubed is equal to a Cylin-
der, the Diameter of whofe Bafe is cC (24);
and Altitude the Meafure of the duplicate Ra-
tio of 4G to A B, the Module bcmg AB@0).

for Laab ——-—1s =L aap ; becaufe the
2r 4—;; r it
Logarithm of any Ratio doubled is that of
the duplicate Ratio.

Tt Pros.

201
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Fie. 78. 123. TO find the Nature of -a Cur'vé AMC

being {uchy that if a Feffel be defcribed
by the Revolution of the [ame about the Axis
K B perpendicular to the Horizops and thep filled
with Water, which afterwards runs out of @

[mall vound Hole in the Bottom A, the Surface

of the Water foall defiend equql Spaces in. equa}
Times; admitting the Felocity of the Water yun-
ning outy to be as the [quare Root of the Alti-
tude of its Surface gbove the Hole. -

Let 4B=a, 4 P =x be any indeterminate

 Altitude of the Water, and let PM=y. Al-

fo let the Surface of the Hole be =4, the
Velocity = v, and the Time of Pefcent of
the Surface = 7. Whijch from the Condition
of the Problem is as a—x, bu:t’;- isas v; that
isy as y/x or as y/a%, from the Condition of the
Problem; thcrcfbre;i : y/ax : : Surf. Hole 4:

Surf. Water *. But fince # may be taken =
a—x, therefore #=x; and fo 1:yax::5*:y".
Whence & y/ax =), and ab*x=y*. Confe-
quently the Curve .4C M is a biquadratick Pa-
rabola. - '

Prosz XV.

Fic. 79. 124. IF AC be a horizontal Line upon the

Point C of which flands an wpright
Parallelepipedon CD 3 one of “the plain Sur-
faces of which is perpendicular to AC; it is
required to find the Angle C AB, in the
Point A of which oye End A of a Ior:ﬁ

T Soli
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Solid AB being fety [0 as with its other End B
it may bear againf? the Ifar‘ézllelc)v‘ipedon CD; the
Jame fball prefs perpendicularly agamft- CD with
a greater Force than if it was fet at ady other
oint befides A. : :

~ Let F be the Centre of Gravity of A4 B.
From Fdraw FE perpendicular to 4C, and
froni' E,E 7 pcrpméﬁt’:ular to AB. Alfo from
" B, B H perpendicular to AB,and = AE; and
from H, HG perpendicular to BD. Mzke
AB=a; AF=b, and CB=x. A
Now the Preflure of the Solid 4B in the
Point B, and Direftion. B againit C.D will
be as- #/E, and fo may be reprefented. by .it;

therefore fince B H==4E, the dire& Preffure’

againft CD in the Point B will be = HG.
"This is thewn in the Principies of Mechanicks.
Whence CBxHG is the Effe& of the per-
pendicular Preflure of the Solid .4 B againft
C D 'in the Point B, which muft be a_AMaxi-
muh. Againy AB(a): AC (ya'—x*):: AF

e —

®): AE =5/ And fince the Tric

angles AE I, AC B are fimilat, therefore 4B

(4): BC(x):: ){E:Cé,‘\/a’—‘-x.‘,) : E[=HG =
Z—Z;‘;Za’?-;x' . Whence C Bx HG= é—; ¥ o}
. - s =-6b %
vTheFlux'ith' " gurrae ofwhich muft be
. 244X ;—.—,/af—’x’ .

=5 therefore 24*=3*, and fo x‘—'_—',/:f‘__”:

Whence 28 4B to /2 2B, fb is thié Radhu

to the Sine of the Angle C 4B =1y4°.44'
. ' Tt 2 "Proas.
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P ros XVL

127, TO find the Nature of a Curve ACEDB,

& along which if a Body freely falls by its
own Weight from the given Poimt A to the given
Point B; the Time of the Defient [ball be lefs
than the Time of the Defient of a Body from A
to B along any other Curve paffing thro the
given Points A and B. , .

Let C and D be two given Points in the
Curve infinitely near each other. Alfo let the

‘intermediate Point E of the Curve be taken

fuch, that drawing D 7 and E A perpendicu-
lar, and 4K, C L, EM parallel to the Hori-

‘zon, the fmall Line E L may be =D M.

Now fince #C E D B is fuppofed to be the
Curve along which the Body falls from 4 to
B in the leaft Time poflible; it will fall from
Cto D, any Part of the faid Curve, in the
leaft Time poflible. For if it does not, fuppofe
it to fall along CG D in a lefs Time than along
CE D; then the Curve 4CG D B will be de-
fcribed in a lefs Time than the Curve /CEDB.
Which is abfurd. :

Becaufe the Points C and D are given in
Pofition, therefore the Lines HE, ID, EL
=D M, are all given or invariable; and-C X,
CE; EM, ED are variable. Make EL =
DM=m, HE =b, ID=p; alfo CL=u,

£ M==z; then the Time of the Defcription

of the fmall Line CE (being as C E direétly,
and the Vélocity inverfly) Wiﬂ bc as %
(s/m';k”z), the Velocity during the Deferis

S . ption
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ftion of infinitely fmall right Lines being
ooked upon as equable; fo likewife the Time
of the Body’s defcribing the thort Line £.D is

ED ¢ m+=

s o ﬂT-) Confequently the Sum
of thefe Times muft be a AMinimum, viz,
" —b{—u' T/ ;‘-z ; and fo the Fluxion of

us 23

the fame, which is ————m—+}+———u—w
o Bym i pym e

muft be = o, but C N=#- z is invariable; .

whence %+ z =0, and {o # =—2; therefore
% z
Bymtut  piym 4zt
Now if /Hbe =x, and HE =y; then
will EM =%, and MD=}j; and fo ED=
v# 5. Confequently the Fluxion of the

Curve is always as = that is, in the dire&

Ratio of the Fluxion of the Abfcifs .4 (x), |

and the reciprocal {ubduplicate Ratio of the
correfpondent Ordinate HE (). '
Now a Curve that .has this Property

20§

~ will he found to be a Cycloid, . paffing *

through the given Points 4 and B, withthe
Vertex downwards, as may be eafily thewn
~ thus: Suppofe 4 and B to be {o pofited, that
AC D be a Semi-cycloid, &¢.

Defcribe the generating Semicircle X PB.
- Continue out EM to, P and Q. Draw the.

Tangent C E T to the Gurve in E, and from B
draw the Chord BP.' Let BK=a; then
will K@ be =y, and B\Q =a—y. Now it
is a noted Property of { the Cycloid for the
Tangent £7 to be paralle] to the Chord BP

of

"\ »
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APPEXNDIX |
of the correfpondent Afch of the gbucﬁfzii}
Circle. Whence the Triangles BP9, and EC l
are fimilir; theréfore PQ (V/ay—y'): BP

4 —35")::CL(x :CE=’-(—‘/_¢;¥Z"—_= ‘
(_Vl A },) . x),‘  vVay—y !
XA a—y  XX@ ..

—— =——2—=_ Which Expl'cmbn \

Voxya—y VY ' |
is as -5;, becaufe y/# is given or invariable;

J
therefore the Cycloid 4G E D B is the Curve
of the fwifteft Defcent.

P r o B: XVH.

|

126.7J°0 find the Nature of a Curve BM'be-
> ing fuchy that the Solid defcribed by the
Revolution of it about the Axis AP, moing in a
Fluid ([uch as that in Art.119.) in the Diredi-
0 of the Axis [ball be lefs refified than any othet
Superficies defcribed ? what Curve foever termi-
nating in the given Points D' and M about the
Same Axis AP, and moving in the fame manner.

Let the right Lines M N, NO be fuppofed
o be two -infinitely fmall Parts' of the
Curve fought. Now the Surfaces défcribed
by thefe' will meet with a lefs Refiftarice thar
the -two Superficies’ deftribed by 'any two
Parts drawn from the Points O and M to any"
Point befides N. This is very plain: for if
the fame’be denied, the Confequence will bef
that Vis not in the Cutye fought.

_This being granted’; from the Points M,
N, 0, draw M P, NS, O H perpendicular to
the Axis; and from’ﬁdmw MF parallel to'
the fame; alfo thro’ ¥ draw andther imli’t;famlln;

e R
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Parallel GANT cutting OHinG. Now the
Refiftance of the little Superficies defcribed by
M, is to the Refiftance of the little Anwu-
Ius defcribed by F N, as the Square of the Sine
of the Angle of Incidence to the Square of the
Radius; that is, gbecaufc the Angle FMN js
== Angle of Incidence TNM) making MN

the Radius, as FV to MN. AndiftheRe-
fittance of the Annulus, defcribed by FN, be

reprefented l;y itfelf; or rather by §:F' -+

2QFxFN+ FN minm‘:l’z_;fv" (being the Dif-
ference of __Q,Tvtand QF ) which Remainder
is29FxFN+ FN ’s this Difference bejng
always as that unulus. But becaufe FN is
infinitely lefs than @ F, therefore 7V is infi-
pitely lefs than 2 @ FXFN; and fo it may be
rejeCted: And the Refiftance of the Awnulus

aforefaid will be 2 9 FxFN; or 9 FxFN;
or PMx FN. Whence at length making

MN: 3/7’ :PMxFN:NF;XP‘M. And
, MN’

this will expres the Refiftance of the Super-
ficies deferibed by MN; fo will CXX 2N

ON
be that defcribed by O N.

Again, let the Points O, A4, and the right
Line G7 be given in Pofition; then weare to
enquire into the Situation of A/ N, NO, being
fuch that the Refiftance of the Superficies de-
fcribed by them, be lefs than the Superficies
defcribed by any other Lines O#, » M. In or-
der to this, let PM=a, FN =4, GO =y,

NQ==e. Thefe are all given, and invariable;

and

207
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and let the variable Quantities M N be =,

and NO ==z.
Then will the Refiftance of the Superficies !

defcribed by MN be = %—lf, ashasbeen fhewn

above. In like manner & willbetheRefiftance
of the Superficies defcribed by O N. Whence

3 et .. . abixx
%ﬁ' -I-% mut be a Minimums that is, ——
322 Dx , ec*z abx
“Z2 or T4 2 2=0. Whence — =2
P x z x
ec’z

— —

Now in order to get an affirmative Value of
— %, affe@ted with z; affume the Point # in-

. finitely near NV, and draw the right Lines On, |

M, to which draw the Perpendiculars N§,
NR. Then fince N, and confequently N§
is infinitely lefs than N M; therefore M N=
MR, and fo the Angle MMNR= Angle MRN
== right Angle. Whence the Angle R Nz is
= Angle F N M; for cither of them added to
the Angle M N» makes a right Angle. Like-
wife fince the Triangles N'§%,2GO are equi- |
angular, they having each a right Angle OGn,
N 8ny and tie Angle O NG common; there-

~ fore the Angle § N7 is = Angle SO G = An-

?c NOG; fince the Angle NO S is infinitely
mall. Therefore making N# the Radius, we

have Rn (—x): Sn (<) :: Sine Ang. FNM:
Sire Ang. GON. . Suppofing M N the Radi-
us, (that is, making M F=m, and NG =n,
and affuming N L=MN, and drawing LK
parallel to OG) as MF(m): NG(n); thercfore

L X 7%?;_ which being put in the Equati-

on
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- . mag _et%

on abovc’, and we get Mz =-;.Wh¢ﬂ€¢
: = - nxt b4

abPm __ecn :

Now draw 4B (a) perpendicular to the
Axis AP, and the right Lines BC, BE pa-
rallel to the two infinitely fmall Subtenfes /N,

NO; then will 4 7B x AC (44*x 7 ): BC'
(%f_’ ::BC ? : MP (@)3-and multiplx-

. ’ ’ 3
ing the Means and Extremes, we have b_:f’-
N ’ . X

. abm _a . D 2,
=4, 9’,';7"‘;‘ In ch manner, 4 4B

— ' 3
xAE: BE:BE:N9Q =%2
. A
Therefore the Nature of the Curve D M is
fuch, that if 4B be taken in the Line #K
perpendicular to the Axis = 4; and drawing
B C parallel to aTangent to the Curve in any

Point M, we have always 4 4B X AC : BC "
: BC: MP the Ordinate. i

Now this Curve may be deferibed by the
Logarithmick Curve thus: Affume 4B =4
in 4K; and in 4 P continued out towards /4,
take 4 E=y/}aa; and thro’ the Point E de-
fcribe the Logarithmick Curve FEN to the
Afymptote 4K, whofe Subtangent is =% 4.
Then afluming-4C (fuppofe =) at pleafure,
and drawing C NV parallel to 4 X, take 4 K=

as , .. 53 __5S st
z""‘lf'\‘m,ﬂﬂdd” 4ﬂ+-l%l-’ 4%4
%+ C N, viz. — when AC is greater than
AE, and -+ when it is lefs; and draw the
u o0 "~ right

=
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right Lines XM, PM el to 4P, AK; |
then will their Point of interfe&ion M be in
the Curve D M fought.

For making /P=x, PM=y, and 4AC
==s; the Property the Curve muft have, gives -

4

4
,,KMPM(,)=Lt;._:§£e.,mm

fequently j = + 22—2% Then fince BC

4’
‘is parallel to the Tangent in 4. Thercfores ==
Sy S

5 4 35585 he Pluent of which is
s 2 4 & ~

AP(x) ="2 336%” minus the Fluent of g
phus ot minus fome invariable Qupntity. This
Quantity we will take to-be -4, Which we

{ubftrulted, that fo C &V, which from the Na-
ture of the Logarithmick Curve FE N is the

Fluent of tg bcc;oming =0, 4 P(~) may be

=oalfo. Whence,
When 4 C=A E, the Ordinate PAf, which

is then a Minimum, becomes 4D =4$4E,and

theTangent in D will be parallel t0 B E." Byt
if 4Cbe taken lefs than 4, thePart DO
of the Curve will be defcrib’d convex towards
D M, diverging more ‘and more from AP,
A K. Theretore the Solid of the leaft Refiftance
m?' be convex or concave, or partly convex
and partly concave, and the Point D is a Point

~of ' Retrogre fion.

Nore,” The Logarithmick Curve may be

 delcrib’d eafily after this manner. For you

need only take C V= to the Meafure of ‘the
Ratio between 4 E and 4G, the Module be-

ing 3 4B (a).

Pros,
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127.7T°0 find the Angle ABC, which the

7 Pilane of the 5‘:51 of a Windmill in Fi-
gare of a yight-angled Payallelogram, whofe given
Breadsh is CB, makes with the Axis A'B being
[fuch, that a given Wind blowing in the Diretti-
on of the Axis, foall drive it round with a greater
Force than if it bad any other Inclination to the
Azxis. :

21k

Draw € D perpendicular to the Axis. Let Fia. 84

CB=a4; and D A==y

If BC reprefents the Number of Particles

of the Air ftriking the Sail when it is perpen-
dicular to the Axis 4B then will D C be the
Number of Particles ftriking, when' the Sail
_is inclined te thq Axis in the Angle DBC.
Now it eafily follows from the Principles

of Mechanicks, that the Force of the Sail in
the Dire&tion DC will be as BDxDCxDG

=BDxDC; that is, the Sail will be
drove round by the given Wind with

. . ——

a Force.that is always as BD x DC)
which confequently muft be & Maximum. But
BD x“ﬁ-C' is =x X aa—xx=a*x—x.Whence
4’ x— 3" x==0, and 4 = 3x*; thercfore }4*
=x*, and fo /7@ =w». Whence ?s CB to
537, {o is the Radius to the Sine of ¢

gle C; the Complement of which is the An-
gle 4BC fought. Confequently the Angle

he An-

.G is 35°. 16". and the Angle 4BC, 54°. 44’

Uuz ScHo-
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SCHoOoLIUM. |

T‘ms Problem, on account of its eafy So-
lution, fhould have been antecedent to
fome of the others, efpecially the two laft
Problems; but before I thought of it, all the
others were printed off: yet rather than leave
it out, I have added the fame here. Monfieur '
Mariot, in his Hydroftaticks, has endeavourd
at a Solution of it; but his Conclufion is
wrong. Monfieur Paremt has done it, as we
find in the Hiftory of the Royal Academy of Sci- |
ences at Paris; but we have not his Procefs,
Eciéhcr in the-Hiftory or Memoirs, as I can .
nd.

FINTIS



ERRATA inthe ArpeNDIx.

AGE 3. line 14. ﬁ’)r dmmi}:qm- r. Deno-
X minstors. P.g li.forbr.x. P.o7.lix
and 14. for Surdr. Serig;. P.1o.1.3. forﬁs
r. P°. Ibid.ly.for 4 (=P2ay. 1. A(=
P"') =a%. P.23.1.21. for will be xy, r.willbe
xy. P.24.l27.forar.an. P.48.1 11.for
—axt+wb _ 2axfxb

a "a

. P.g7. L11y12.for

= /84-—a4, and ~¥y/aa—aa,r. ~y/xx—sayand

'%i‘v/xx-—-da. P.s8.1 ‘x.‘fdr Art. ir.r. Art.
14. Ibid. 1 2.del.=. Ibid. I 10. for PHr.
CH. P.g9.l 1y. for Art. 11..1. Art. 14.
P. 60.1. 18. for /x—xx 1. x/x—xx. P. 84.
line 7. for Z read z. Page 93. line 17. for
Quadrature _tead  Reltification. P. 104
L 21. for yx*4* 45 r. vy3*+3*. P.108.1.7.
for 'y’ r. /2’49~ P 114. 1. 11. dele
becaufe X begins at By, and mot at A. P. 11y.
L 7. for 4P r. AM. P.'118. L 11. for
pxx-;px ¥ Zﬁxx;p-’f x Ibidem, L. 14. 1.
3% 2% Ibid.1. 17. for 227 =807
or

6 -
I_zf%::ﬂ:. P. 119. 1. 2. for Semidiameter .
,-;- of the Semidiameter. P.116. L.7. for '-’;' r.
22, 1bid.1.13. for 2% e 2% Tbid. 1. 1y. for
r 2r  ar
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CERRATA

‘.ﬁ‘fiir.% P.126. L 19.1. .bﬂ. P.127.1. 14.-

forBDr PD P. 135' L2z, ibraml/b

. mp Ibid. 1. 23. for.ls-a’r \/3."_.

P. 136. 18 add, when leffon'd by} of & lee,
wbhofe Radius is =a. 1Ibid. L. 14. 1. tranfverfe.

Ibid. l.15. for PMr. P4. P.139.1 a5. for

DCEr. DEC. P.140.Art. ZI Fig. fj.cwant-
ing in the Margin. P.141.1.20,21. dele, buz
becaufe y begins at the Ceditre C, and mot at A
sthe Vertex. P. 14y. Art.73. for Fig. 5. in the
Margin, 1. Fig. §6. P. 146. L. 11, 13. dele,
ﬁme the Abfesfs AP (x) begins at A and not at
dc.lcP 190. L g, for Cr. B. P.3o1. L 21,
is, :
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